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Capacity of dense coding via correlated noisy channel is greater than that via uncorrelated noisy channel. It is shown
that the weak measurement and reversal measurement need to further improve their quantum dense coding capacity in cor-
related amplitude damping channel, but this improvement is very small in correlated phase damping channel and correlated

depolarizing channel.
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1. Introduction

Since the concept of quantum dense coding (sometimes
called superdense coding) was first introduced by Bennett and
Wiesner, [ this field has been discussed widely. To realize this
communication protocol, it is essential to share an entangled
state between the sender (Alice) and receiver (Bob) initially.
The entangled state has the property that can be transformed
by the sender into another state via a local operation by tak-
ing some sets of operations. Then Alice transmits her qubit
to Bob, who performs an measurement on the global state to-
gether with the received qubit and his original one. The sig-
nal state that Alice sent is distinguished unambiguously by the
measurement. Thus, the sending of one single qubit transmits
two bits of classical information. This is absolutely impossible
without entanglement; the amount of information conveyed by
an isolated qubit cannot exceed one bit. Mattle ez al.!?! have
experimentally realized quantum dense coding in optical ex-
periments on polarization-entangled photons.

It is straightforward to focus on the amount of classical
information that a quantum state can reliably transmit, i.e.,
the subsequent intensive dence coding capacity. It has been
proved that for noiseless channels and unitary encoding, the
dense coding capacity is given by

2 =5(p) —S(po), )]

where pg is the initial resource state shared between Alice
and Bob, p represents the density matrix after quantum dense
coding, S is the von Neumann entropy, and y is the capac-
ity of quantum dense coding. For the density matrix po,
the von Neumann entropy is written explicitly is expressed
as S(po) = — Yz Azlog, Az, with Az being the eigenvalue of
the density matrix pg. In recent decades, attention has been
paid to many scenarios of super dense coding over noiseless

DOI: 10.1088/1674-1056/abf34f

channels.®*! Barenco and Ekert discussed the maximally en-
tangled state and more general initial state of the two particles
as well.[>%1 More general case for higher-dimensional!”! en-
tanglement have been argued, which provides more capacity
of quantum dense coding than conventional qubit entangle-
ment. Dense coding for continuous variables has been argued
by Braunstein and Kimbl.®)

In addition, the case of uncorrelated noisy channel (i.e.,
memoryless channel) has also been discussed.[”) Because
noise exists unavoidably in reality, optical fibers and an un-
modulated spin chain!!%! are practically applied to such quan-
tum noisy channels which are appropriate for long- and short-
distance quantum communication, respectively. Physically,
noise is a process that arises through the interaction with the
environment. Mathematically, a noisy quantum channel can
be described as a completely positive trace preserving (CPTP)
linear map A, acting on the quantum state. For uncorrelated
cases (channels and states) where the von Neumann entropy
fulfills a specific condition, the superdense coding capacity
was derived.

The above studies discussed the sequence of qubits pass-
ing through an uncorrelated channel by neglecting the corre-
lations between multiple uses of quantum channels. However,
neither the correlation effects of the quantum channel nor the
transmission rate raising in quantum channel can be neglected,
as it has been practically explored in the solid-state imple-
mentation of fiber!'!l or quantum hardware that suffers low-
frequency noise.!'”) The quantum correlated channels have
thus received a lot of attention recently.

In this work, we consider the quantum dense coding in
correlated noisy channels. Three common noise sources are
taken into account: the amplitude damping channel, phase
damping channel, and depolarizing channel. Additionally, we
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analyze the effects of weak measurement and reversal mea-
surement on the capacity of dense coding. The particular plan
without weak measurement or reversal measurement is that
the initial state directly passes through the correlated channel
and then we make a dense coding. As an improvement in the
former, the plan with weak measurement and reversal mea-
surement is “weak measurement + correlated noise channel 4
reversal measurement + dense coding”.

The rest of this paper is organized as follows. In Sec-
tion 2, the correlated quantum channel and the quantum dense
coding capacity are briefly introdiced. In Section 3, are dis-
cussed the influence of correlation strength of the channel and
the initial entanglement on the capacity of quantum dense cod-
ing for different noisy models. The effects of weak measure-
ment and reversal measurement on capacity are also discussed
in this section. Finally, the conclusions are drawn from the
present study in Section 4.

2. Correlated quantum channel and optimal
dense coding capacity

Correlated noisy channel is the further approximation to
actual transmission of memoryless noisy channel.!'3! The gen-
eral memoryless noise channel is first discussed. The effect of
transmission channels is described by using the Kraus oper-
ator Ej, satisfing ZkEZEk = 1. That means that sending one
qubit in density operator py through the channel the output
state is determined by the map po — A (po) = Y EkpoEZ. Itis
helpful to think about the example of Pauli channels in which
the Kraus operators on individual qubit can be described by
the Pauli operators Oy, i.e., Ex = \/prOk, wWith Y pr =1,
k= 0,x,y,z and o9 = I, i.e., the identity operator of second
order, where py, py, and p, are the probabilities of the rota-
tion of an angle 7 around the corresponding axes %, ¥, Z in the
qubit state, respectively, and pg is the probability of identity.
A channel is memoryless when its effect on arbitrary state p,
consisting of n qubits (including entangled ones), is described
by A(p) = Liyk, (Et, @+ @Eg, ) p(Ef @ ®E] ). Pauli
channels are given by Kraus operators in the following form:
Ey .k, = \/mckl -+ Oy,, With Zkl"'kn DPky-ky = 1, ki =
0,x,y,z. The quantity py,...t, can be understood as the prob-
ability that a given random sequence of rotations of an an-
gle w along axes kj---k, is applied to the sequence of n
qubits sent through the channel. For a memoryless channel,
Dy = Pl Phyliy
as the conditional probability that a 7 rotation around the k,

“Phylky_, » Where py i can be explained

axis is applied to the n-th qubit given that a 7 rotation around
the k,_; axis is exerted on the (n — 1)-th qubit. Here we con-
sider the case of two consecutive uses of a channel with partial
memory, where the following equation is assumed:

pkn‘knfl = (1 _nu“)pkn +lu5knkn—l : (2)

This means that after the (n— 1)-th qubit rotates an angle 7
around axis k,_1, the n-th qubit implements the same rotation
with probability p or rotates an angle 7 around axis k, with
probability (1 — u)py,. Thus, p € [0,1] can be understood as
the degree of classical correlation in the channel. When u =0,
the model depicts an uncorrelated channel, while for u =1,
the model depicts a fully correlated channel.

This so-called correlated noise channel can describe such
situations in which time correlations cannot be neglected in the
system. For example,  is a function of time lapsing between
the two channel uses. If two qubits are sent almost at the same
time, the properties of the channel, which controls the rotation,
will be unchanged, and it is rational to assume that the oper-
ators on both qubits will be in the manner of E; = /p; 0y 0,

“ Lh)

where the superscript means “correlated”, which means
two qubits perform the same rotation of an angle 7 around axis
k with probability py. It is easy to check that the Bell states
|y ) = \[{|Ol>:i:|10> , ) :%{|OO>:I:\11>} are eigen-

states of the operators Ef, where |0) and |1) are eigenstates

of the operator o,. As a result, they will pass undisturbedly
through the correlated Pauli noisy channel.

If the time interval between the channel uses is so long
that the channel properties have changed, then the operator
will be E,‘j ky = \/Pki\/Pky Ok, Oky» where the superscript “u”
means “uncorrelated”, which means that the first qubit rotates
an angle 7 around axis k; with probability p;, while the sec-
ond qubit rotates 7t around axis k, with probability py,.

An intermediate case is described in the form of E}q ky =

\/Pkl

means intermediate, which refers to “after the first qubit ro-

“ 2

ka + ﬂ5k1kz] O%, Ok, wWhere the superscript “i

tates an angle 7 around axis k; with probability py,”, and the
second qubit rotates an angle 7 around axis kjwith probabil-
ity U or rotates an angle m around axis k, with probability
(1 — u)pr,. The Kraus operator for two consecutive uses of a
general partial correlated channel (not only Pauli channel), is
in the form of

Ex ik, = \/ Piy [(

where By, and By, are the Kraus operators for a single qubit of

W) Pk, + MOk ky | Bi, © Biy (3)

the corresponding channel.
With the above description, we can obtain the final state
of the system through a correlated noise channel as follows:

1) Y EqioPoEf +uZEkkpoEk . @
kiky

p1=(

where Ej,, represents the Kraus operator in uncorrelated
noise channel and Ej; refers to that in the correlated noise
channel.

Then we introduce the capacity for dense coding. Refer-
ence [14] showed that the d” signal state (imax = d> — 1) gen-
erated by mutually orthogonal unitary transformations with
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equal probabilities yields a maximum value . The set of mu-
tually orthogonal unitary transformations of dense coding for
two qubits are

Uno |x) = |x) ,

Uio |x) = &™),

Uoi |x) = |x+ 1(mod 2)),

Uyt |x) = ™ x4 1(mod 2)), (3)

where |x) is the single qubit computational basis. The aver-
age state of the ensemble of signal states generated by above
equation is

_ 1
p— ;Lwy (W@Q, 6)

where [ is the second-order identity matrix and p represents
the density matrix that needs to make dense coding. For sim-
plicity, we suppose 0 — 00, 1 — 01, 2 — 10, and 3 — 11.

3. Capacity in three correlated noise channels

The capacity of dense coding through correlated noisy
channel is given by

=S(p1) —S(p1), 7

where p; is given by Eq. (4) and p; is given by Eq. (6). The
initial entangled state is changed after having passed through
the correlated noisy channel. So the density matrices that we
use are different from Eq. (1). Below we mainly discuss the
above problems in three common correlated noise channels:
amplitude damping channel, phase damping channel, and de-
polarizing channel.

3.1. Capacity in correlated amplitude damping channel

The amplitude damping (AD) channel can also be used to
describe the spontaneous emission of a photon by a two-level
atom at low or zero temperature.!'>!61 The Kraus operators for
one qubit are

1 0 —
B=(oyr) B=(0"0 ") ®

where AL = e T

is the decay of the excited population and
I' is the dissipation rate. Two qubits transmitting through the
partial correlated AD channel can be described by Eq. (4). We
should pay attention to the Kraus operators Ej , in uncorre-
lated AD channel for two-qubit transmission, which are con-

sidered in the following form:
Ek1k2 :Bk1 ®Bk2a (k17k2 :Oal)a (9)

while the Kraus operators Ej; in full-memory amplitude
damping channel introduced in Ref. [17], different from Ej ,

are given by

100 0 000+V1I—-2
(o100 ~looo o

Eo=19010 | Bu=] 000 o [ (1O
000 VA 000 O

In this paper, we take into account the initial state py =
|D) (P|, where & = a|00) + B]11) corresponds to the Bell-
like state with O < o < 1. Since this communication protocol
is based on quantum entanglement, let & and B be v/2/2 in
discussion in this paper, thereby being able to take advantage
of maximum entanglement. According to Eq. (4), in the cor-
related AD channel, the evolved density matrix p; of the two-
qubit system, whose elements in the standard computational
basis {|1) = |11),]2) =110),|3) = |01),|4) = |00)} are

pii =07 —(=14+2) B> [1+ A (—=1+p)],

pn = (—1+A)AB* (—1+pn),

p33 = (—1+2)AB* (~1+p),
pas=AB* (A +p—Ap),

p1a=par = —Aaf (~1+u)+VAiaBu.  (11)

Based on Eq. (6), we can obtain the density matrix of p;. Then
according to Eq. (7), the capacity of quantum dense coding can
be obtained analytically, but it is too long to be written here.
By confirming the capacity J, the influences of the correlation
strength of channel y on capacity are depicted in Fig. 1. The
blue line with empty squares in Fig. 1 corresponds to u = 0,
which means that the correlation strength of channel is zero,
and what is more, it corresponds to the uncorrelated channel.
The purple line with empty circles, the yellow line with empty
rhombuses, the green line with empty triangles and the light
blue with empty inverted triangles represent u = 0.25, 0.5,
0.75, 1, respectively. From this figure, we can reasonably in-
fer that the capacity of quantum dense coding increases mono-
tonically with the increase of correlation strength y when the
damping coefficient A of AD channel is fixed. So we can
conclude that the correlated channel increases the capacity of
quantum dense coding in comparison with the uncorrelated
channel.

It is indicated in Ref. [18] that the weak measurement and
reversal measurement improve the capacity of dense coding.
So we consider the influence of weak measurement on capac-
ity in correlated noise channel.

We know that standard quantum measuring procedure
brings an initial state collapse to an eigenstate of the observ-
able. Unlike standard measurement, weak measurement!'?)
makes so little influence on initial state that almost no initial
state collapse happens to its eigenstate. Weak measurement

and reversal measurement have been studied theoretically?"]

and experimentally.*!]
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0 02 04 06 08 10

Fig. 1. Variations of capacity of quantum dense coding with damping coeffi-
cient A in correlated amplitude damping channel, where a@ = B = v/2/2, and
blue line with empty squares, purple line with empty circles, yellow line with
empty rhombuses, green line with empty triangles, and light blue line with
empty inverted triangles correspond to correlation strength of channel p =0,
0.25, 0.5, 0.75, 1, respectively.

Weak measurement operator and reversal measurement
operator for two qubits can be written as

My (my,my) = <(1) \/1(171> ® <(1) \/10_—,"2)

Myey(n1,m2) = ( Y 16"‘ (1)) ® ( v 1(;”2 ?) (12)

Here, My, (m1,my) is a weak measurement operator, m; and
my are the weak measurement strengths. In the same presen-
tation, Mey(ny,n2) is the reversal measurement operator, 7
and n are reversal measurement strengths. For simplicity, we
assume that m; =my =mand ny =np = n.

The capacity of quantum dense coding with weak mea-
surement and reversal measurement is

X =S(p2) —S(p2), (13)

where p; is the density matrix in the “with weak measurement
and reversal measurement” plan and p, is that the matrix af-
ter dense coding given by Eq. (6). The density matrix can be
described as

piu 0 0 pu

1 0 pn O 0
P2=71 0 0 py 0 |

par 0 0 puy

(14)

where T is the normalized factor. In this equation,

pii = (=1+n)*(0?+(=14+A)
X (—14+m)* B2 (—1+ A —Ap)),
P2 = p33=—(—1+A)A(=1+m)* (=1 +n)B*(—1+u),
Pas = AB—mB)*(A+p—Au),
pia = par = VA(1—m)(1—n)ap
X (—VA(=1+p) +p). (15)

According to Eq. (13), the capacity x of quantum dense coding
with weak measurement and reversal measurement is shown in

Fig. 2. As for the research of the capacity of quantum dense
coding under the influence of weak measurement and reversal
measurement, we learn that no matter how the damping co-
efficient A changes, the maximum value can be obtained by
adjusting the weak measurement strength and reversal mea-
surement strength. For simplicity, assume that the damping
coefficient A is a certain value, then we will discuss the effects
of weak measurement and reversal measurement. To make it
easier to understand, we use a point to analyze. For example,
the capacity of quantum dense coding with weak measurement
and reversal measurement is 1.7494 for weak measurement
strength m = 0.9 and reversal measurement strength n = 0.95
when the damping coefficient of AD channel A = 0.5 and the
correlation strength of channel u = 0.5. Meanwhile, the ca-
pacity of quantum dense coding without weak measurement
or reversal measurement is 0.8842. In this case, the capacity
of quantum dense coding under the weak measurement and
reversal measurement is greater than that without weak mea-
surement or reversal measurement. Furthermore, the method
for weak measurement and reversal measurement can be used
for different values of damping coefficient A, which can make
dense coding successful and improve the capacity of dense
coding in AD channel.

Fig. 2. Capacity of quantum dense coding versus weak measurement strength
m and reversal measurement strength n, with damping coefficient A being 0.5,
correlation strength y being 0.5, and o = B = v/2/2.

3.2. Capacity in correlated phase damping channel

The phase damping channel describes a decoherencing
process without exchanging energy with the environment. The
Kraus operators of a single qubit in the phase damped channel
are represented as the Pauli operators /po0p and /p;0;. As
we discussed in Section 2, the Kraus operators for two qubits
passing through a memoryless phase damping channel can be
written as

Ex\ky = \/Pk, Pky Ok; @ Ok, (16)

where ki, ko = (0,z), po = (1+A1)/2, p, = (1—2)/2, and
A =exp(—TI't). For the partial correlated phase damping chan-
nel, the Kraus operators Ey; are given as

Ey = \/pror @0y, (k=0,z). (17

110302-4



Chin. Phys. B Vol. 30, No. 11 (2021) 110302

Substituting Eqgs. (14) and (15) into Eq. (4), the density ma-
trix elements of the two qubits in the correlated phase damped
channel can be expressed in the following form:

P11 = o,
p2 =B,
Pia=par = 0B (A% (—1+p)+pu). (18)

Based on Eq. (7), the capacity of quantum dense coding can
be obtained analytically. The influences of the correlation
strength of channel y on capacity are depicted in Fig. 3. The
blue line with empty squares in Fig. 3 corresponds to the case
u = 0, which refers to the uncorrelated channel. The purple
line with empty circles, the yellow line with empty rhombuses,
the green line with empty triangles and the light blue line with
empty inverted triangles refers to u = 0.25, 0.5, 0.75, 1, re-
spectively. On the other hand, as discussed in Section 2, the
Bell states are eigenstates of the Kraus operators, Ef, in corre-
lated Pauli channel. As a result, they can pass through undis-
turbed channel via the full-correlated channel. So when ut =1,
i.e., the channel becomes full-correlated, the capacity of dense
coding y is kept at 2. Based on the above discussion, we can
reasonably infer that the capacity of quantum dense coding in-
creases monotonically with the correlation strength u increas-
ing when the phase damping coefficient A is fixed. So we
can conclude that the correlated channel increases the capacity
of quantum dense coding in comparison with the uncorrelated
channel.

0 0.2 0.4 0.6 0.8 1.0

Fig. 3. Variations of capacity of quantum dense coding with phase damping
coefficient A, where & = B = v/2/2. The blue line with solid squares, purple
line with empty circles, yellow line with empty rhombuses, green line with
empty triangles, and light blue line with empty inverted triangles correspond
to the correlation strength of channel u =0, 0.25, 0.5, 0.75, 1, respectively.

We discuss how the weak measurement and reversal mea-
surement affect the capacity of quantum dense coding in phase
damped channel as we did in the above section. Besides the
normalized factor, the density matrix is

pi = (—1+n)%a?,
Paga = (_1 +m)2ﬁ27
Pia=par = (—1+m)(1—n)af(A*(—=1+p) — ). (19)

According to Eq. (13), the capacity ) of quantum dense cod-
ing with weak measurement and reversal measurement can be

obtained analytically, but it is too long to be written here. Be-
cause the weak measurement strength m = 1 and reversal mea-
surement strength n = 1 is a singular point, we are difficult to
find the maximum value of the capacity of quantum dense cod-
ing in phase damped channel. For simplicity, we use a point to
analyze it. For example, the capacity with weak measurement
is larger than that without weak measurement for m = 0.95
and n = 0.95 when the phase damping coefficient A = 0.5 and
correlation parameter it = 0.5. But we find the influence of
weak measurement and reversal measurement on the capacity
to be so weak that it can be neglected.

3.3. Capacity in correlated depolarizing channel

The depolarizing noise is the quantum operation that de-
polarizes the state into a completely mixed state. The Kraus
operators for a single qubit are By = \/prox (k=0,x,y,z),
where po = (1+1)/2, py=py=p.=(1—-2)/6, and A =
exp(—I't). Assuming the time interval between channel con-
secutive applications to the two qubits is very small, the corre-
lated depolarizing channel model is applicable. At this point,

the Kraus operators E;,;, can be written as

102

Etky = \/ Pk, Pky Oty @ Ok,

The Kraus operators Ey; are given as

(ki,ko =0,x,y,z).  (20)

Ekk:\/lTka®Gka (kl7k2:Oax7yaZ)' 21

According to Eq. (4), the density matrix elements of the two
qubits are

pi = é(—(2+/l)a2(—2+/l(—l+u)—u)

— (1) B> (1+ A (~1+p) +2u)),
P2 = P33 :é(—2+/1+12) (=1+pu),
Pt = é(—(—l+l)a2(1+/1(—1+u)+2u)
B2+ 1) = (—2+A+2D)p)),

1
p1a = pa1 = §aﬁ(1—4l(1+l)(—1+u)+8u). (22)

Based on Eq. (7), the capacity of quantum dense coding can
be obtained analytically, but the expression is too long to be
written here. The influences of the correlation strength of
channel u on capacity are depicted in Fig. 4. The blue line
in Fig. 4 corresponds to y = 0, which corresponds to the un-
correlated channel. The purple line with empty circles, the
yellow line with empty rhombuses, the green line with empty
triangles, and the light blue line with empty inverted triangles
refer to u = 0.25, 0.5, 0.75, 1, respectively. This correlated
noise channel also adapts to the situation in Section 2, i.e., the
Bell states are eigenstates of the Kraus operators E}, in the cor-
related Pauli channel. As a result, they can pass through the
undisturbed channel via the full-correlated channel. So when

110302-5
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u =1, i.e., the channel becomes full-correlated, the capacity
of dense coding y is kept at 2. Like the above part, we can
reasonably infer that the capacity of quantum dense coding
increases monotonically with correlation strength u increas-
ing when the phase damping coefficient A is fixed. So we
can conclude that the correlated channel increases the capacity
of quantum dense coding in comparison with the uncorrelated
channel.

- - - - ~ = - - - =

2.0f——=
--1.00

0 02 04 06 08 10

Fig. 4. Variations of capacity of quantum dense coding with depolarizing
damping coefficient A, where & = 8 = v/2/2, blue line with empty squares,
purple line with empty circles, yellow line with empty rhombuses, green line
with empty triangles, and light blue line with empty inversed triangle corre-
spond to the correlation strength of channel p = 0,0.25,0.5,0.75, 1, respec-
tively.

Then we discuss the influence of weak measurement and

reversal measurement on the capacity.

P11 = (—1+n)2<—;(2+x)a2(—2+x<—1+u)—u)

TR T m2B2(1 A1 +u)+zu)>,

1
P2 = P33 = —5(—24‘14‘/12)(—1 +n)

X (04 (—1+m)B2)(—1 + p),
puu = 5((1-A)Q2(1+A(~1+1) +24)
+(=14+m)?B>((24+2)* = (=2+A+21%)p)),

P4 = pa1 = —é(l —m)(1—n)of
X(—=14+4A(14+A)(—1+pn)—8u). (23)

We find that the capacity with weak measurement is larger than
without weak measurement for m = 0.99 and n = 0.99 when
the depolarizing damping coefficient A = 0.5 and correlation
strength 1 = 0.5. But the influence of weak measurement and
reversal measurement on the capacity is very weak, specifi-
cally on the order of 1072,

4. Conclusions

In this paper, we studied the dense coding capacity in cor-
related noise channels and the influence of weak measurement

and reversal measurement on the capacity. We find two con-
clusions: the first one is that the correlated noisy channel can
improve the capacity of dense coding in comparison with un-
correlated noisy channel. It is easy to understand in physics.
The correlated noisy channel is the situation where time cor-
relations cannot be neglected. It means that two qubits are
sent almost at the same time, and the channel properties will
be unchanged. But time lapse is larger in uncorrelated noisy
channel. So the capacity of the correlated noisy channel is
larger than that of uncorrelated noisy channel. The second
conclusion is that the weak measurement and reversal mea-
surement can further improve the capacity of dense coding in
correlated amplitude damping channel, but this improvement
is very small in correlated phase damping channel and corre-
lated depolarizing channel. The explanations about this are
correlated with the amplitude damping channel that is non-
Pauli channel, but correlated phase damping channel and cor-
related depolarizing channel are Pauli channel, so the improve-
ments by weak measurement and reversal measurement are
different.
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