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By using the beat frequency technique, the dual-wavelength digital holography (DWDH) can greatly increase the
measurement range of the system. However, the beat frequency technique has a limitation in measurement range. The
measurement range is not larger than a synthetic wavelength. Here, to break through this limitation, we propose a novel
DWDH method based on the constrained underdetermined equations, which consists of three parts: (i) prove that the
constrained underdetermined equation has a unique integer solution, (ii) design an algorithm to search for the unique integer
solution, (iii) introduce a third wavelength into the DWDH system, and design a corresponding algorithm to enhance the
anti-noise performance of DWDH. As far as we know, it is the first time that we have discovered that the problem of
DWDH can belong in a problem of contained underdetermined equations, and it is also the first time that we have given
the mathematical proof for breaking through the limitation of the measurement range. A series of results is shown to
test the theory and the corresponding algorithms. More importantly, since the principle of proposed DWDH is based on
basic mathematical principles, it can be further extended to various fields, such as dual-wavelength microwave imaging and
dual-wavelength coherent diffraction imaging.

Keywords: digital holography, dual-wavelength interferometry, holographic interferometry
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1. Introduction
Beat frequency is a basic phenomenon in nature and is

widely used in digital holography.[1–5] In beat frequency dig-
ital holography, two wavelengths are usually needed for il-
lumination. Therefore, the beat digital holography is also
known as dual-wavelength digital holography (DWDH).[6–10]

The DWDH has a large measurement range, so it has aroused
the great interest of many researchers in recent years.[11–14] At
present, on the one hand, various kinds of DWDH have been
proposed to enhance the imaging speed of the DWDH such
as deep learning DWDH[15] and single-shot DWDH.[16–20]

On the other hand, various noise suppression methods for
DWDH have also been proposed to improve the image quality
of DWDH, such as linear programming algorithm,[21,22] total
variation regularization,[23] additive synthetic-wavelength,[24]

and a third illumination wavelength.[25,26] These excellent
researches have significantly promoted the development of
DWDH.

However, in the DWDH method the beat frequency tech-
nique is adopted to integrate two smaller wavelengths into a
larger synthetic wavelength. According to the principle of

beat frequency, the measurement range of the system should
not be greater than one synthetic wavelength. When the
height variation of an object is greater than a synthetic wave-
length, the DWDH becomes ineffective.[14,15,22] An algo-
rithm is proposed to increase the measurement range to im-
prove DWDH.[27] However, there is no rigorous mathematical
proof for why the measurement range can exceed a synthetic
wavelength.[27] And the article does not propose how to im-
prove anti-noise performance. Owing to the lack of mathe-
matic support for the algorithm, compared with the conven-
tional DWDH based on beat-frequency, this method has not
been widely used.

In this paper, we propose another DWDH method based
on constrained undetermined equations. We mathematically
prove that the measurement range of this method can exceed
a synthetic wavelength. Furthermore, a third wavelength is
introduced into the DWDH system, and the corresponding
algorithm based on constrained underdetermined equation is
designed, which significantly enhances the anti-noise perfor-
mance of the proposed method. To the best of our knowledge,
it is the first time that we have discovered that the DWDH can
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belong in a problem of underdetermined equations, and it is
also the first time that we have strictly mathematically proven
that the measurement range of the equivalent wavelength can
be exceeded.

Compared with conventional DWDH, it has two advan-
tages: (i) the measurement range is not related to λ 1 or λ 2

anymore, which provides convenience for laser selection, and
(ii) the measurement range can be larger than the synthetic
wavelength. For example, in this study, the two working wave-
lengths are 532 nm and 632 nm and thus the corresponding
synthetic wavelength is 4.34 µm. However, we achieve a mea-
surement range of 30 µm by using the proposed DWDH.

2. Principle review of the conventional DWDH
Figure 1 shows the scheme of the DWDH. In the DWDH

two wavelengths lasers (λ1 and λ2) are used as an illumination
source, in which a longer synthetic-wavelength is introduced
and expressed as follows:

Λ =
λ1λ2

λ1 −λ2
. (1)

Equation (1) show that the smaller the difference between
λ1 and λ2, the larger the synthetic wavelength Λ is. And the
phase of measured sample can be calculated from

ϕsyn = ϕ2 −ϕ1. (2)

The corresponding height variation of the sample is

h =
ϕsubΛ

2π
. (3)

If the height variation of the object is less than the syn-
thetic wavelength, the true phase distribution of the object can
be acquired by DWI method. But if the surface thickness of
the object is greater than the synthetic wavelength, the DWI
method does not hold true anymore due to exceeding the mea-
surement range.

3. Principle of proposed DWDH method
We transform the problem of DWDH into a question of

constrained undetermined equation. The content of proposed
method can be divided into three parts: i) construct a con-
strained undetermined equation, ii) demonstrate that the con-
strained undetermined equation has a unique solution, iii) de-
sign a searching algorithm to find the unique solution and the
height variation of the specimen, and iv) design another corre-
sponding algorithm to enhance the anti-noise performance of
DWDH by introducing a third wavelength.

3.1. Constructing constrained undetermined equation

The constrained undetermined equation is constructed
here. According to Fig. 1, when the laser passes through the

specimen, there is

Φλ1 =
2πnλ1h

λ1
= 2mλ1π +ϕλ1 (mλ1 = 0,1,2, . . .) ,

Φλ2 =
2πnλ2h

λ2
= 2mλ2π +ϕλ2 (mλ2 = 0,1,2, . . .) , (4)

in which Φλ1 and Φλ2 are the two unwrapped phases to be
obtained; nλ1 and nλ2 are the refractive index corresponding
to λ1 and λ2, respectively; h is the height variation of the spec-
imen, mλ1 and mλ2 are two integers to be obtained; ϕλ1 and
ϕλ1 are the two wrapped phases, respectively, which is dis-
tributed in [0,2π].

BE1

laser: 632 nm
P1

HR2

BS1

HR3

HR1
laser: 532 nm

BS3Obs CCDP2

BE2

Fig. 1. Schematic diagram of dual-wavelength digital holography.

Note that the difference between nλ1 and nλ2 is neglected
in conventional DWDH. In the proposed DWDH, the differ-
ence between nλ1 and nλ2 is considered for the sake of ac-
curacy. For the convenience of mathematical analysis, equa-
tion (4) is written as

2πnλ1h
λ1

= 2mλ1π +ϕλ1 (mλ1 = 0,1,2, . . .) ,

2πnλ2h
λ2

= 2mλ2π +ϕλ2 (mλ2 = 0,1,2, . . .) . (5)

In the DWDH, it is often considered that the refractive in-
dex is known. And ϕλ1 and ϕλ1 are also known which can be
acquired from the interferograms. Thus, in Eq. (5), there are
three unknowns (h, mλ1, and mλ2) and two equations. Equa-
tion (5) is an undetermined equation which should have infi-
nite solutions. However, since mλ1 and mλ2 must be integers,
equation (5) is a constrained undetermined equation.

3.2. Unique solution demonstration of constrained unde-
termined equation

We have demonstrated that the equation (5) has a unique
solution. And the process of demonstration is given in the fol-
lowing:

Inserting the first equation into the second equation in
Eq. (5), one can obtain

mλ2 = K ·mλ1 +K · ϕλ1

2π
− ϕλ2

2π
. (6)

The slope K in Eq. (6) is

K =
nλ2λ1

nλ1λ2
. (7)

Here, equation (5) is supposed to have innumerable solu-
tions. The

(
m′

λ1,m
′
λ2

)
and

(
m′′

λ1,m
′′
λ2

)
are two arbitrary so-

lutions among the innumerable solutions (m′
λ1 ̸= m′′

λ1, m′
λ2 ̸=
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m′′
λ2). Thus, according to Eqs. (5) and (6), one can have

m′
λ2 = K ·m′

λ1 +K · ϕλ1

2π
− ϕλ2

2π
, (8)

m′′
λ2 = K ·m′′

λ1 +K · ϕλ1

2π
− ϕλ2

2π
. (9)

Equations (8) and (9) can yield(
m′′

λ2 −m′
λ2
)
= K

(
m′′

λ1 −m′
λ1
)
. (10)

Because each of m′′
λ2, m′

λ2, m′′
λ1, and m′

λ1 is a positive
integer, (m′′

λ2 −m′
λ2) and (m′′

λ1 −m′
λ1) are also non-zero in-

tegers. It is worth pointing out that the parameters (λ1, λ2,
n1, and n2) determine that the slope K is a number with many
decimals according to Eq. (7). For example, if λ1, λ2, nλ1,
and nλ2 are respectively equal to 532 nm, 632.8 nm, 1.630,
1.624, respectively, the calculation can obtain the slope K to
be approximately equal to 0.78882883.

On the left-hand side of Eq. (10),
(
m′′

λ2 −m′
λ2

)
is a non-

zero integer. To make both sides of Eq. (10) equal, the
K
(
m′′

λ1 −m′
λ1

)
on the right-hand side of Eq. (10) must also

be a non-zero integer. Therefore, when the slope K is equal to
78882883. m′′

λ1−m′
λ1 must be equal to an integral multiple of

108. That is to say, the minimum value of m′′
λ1 −m′

λ1 is equal
to 1×108.

Now, m′′
λ1 −m′

λ1 is assumed to be equal to 1×108. Since
m′′

λ1 and m′
λ1 each must be a positive integer, the minimum

value of m′
λ1 is 0. If m′

λ1 = 0, there is m′′
λ1 = 1 × 108.

If m′
λ1 = 1, there is m′′

λ1 = 1 × 108 + 1, if m′′
λ1 = 2, then

m′′
λ1 = 1× 108 + 2, . . . . Therefore, the minimum value m′′

λ1
of is 1×108.

According to Eq. (5), the smaller the m′′
λ1, the smaller

the h is. Substituting m′
λ1 = 1 × 108 (the minimum value),

λ1 = 488 nm, and n1 = 1.632 into Eq. (5), we can obtain the
surface thickness h not less than 32.6 m. In other words, when
the surface thickness of the object exceeds 32.6 m, the second
set of solutions may appear in Eq. (5). As long as the sur-
face thickness of the object does not exceed 32.6 m, there is
only a single solution to the underdetermined equation. When
performing surface measurement by the use of digital hologra-
phy, the surface thickness of the object cannot exceed 32.6 m
in practice. Therefore, this condition is automatically satis-
fied. In summary, in the scope of digital holography, we can
consider that the underdetermined constraint equation has a
unique solution.

Till now, we have demonstrated that equation (5) has a
unique solution in the view of digital holography. Therefore,
as long as an algorithm for searching for a unique solution is
designed, we can directly find the height variations of the ob-
ject h. Therefore, in theory, no matter how large h is, we can
obtain h by searching for the unique solution of the constrained
underdetermined Eq. (5).

3.3. Algorithm to search for unique solution of constrained
undetermined equations

We design two algorithms to search for the unique solu-
tion of the constrained undetermined equation. One algorithm
is based on the system of DWDH. The other algorithm is based
on the system of three-wavelength digital holography. The
algorithm of three-wavelength digital holography has higher
anti-noise performance than the algorithm of DWDH.

Algorithm of DWDH We design the following algo-
rithm to search for the unique integer solution and the height
variation of the specimen. The flowchart of the algorithm is
shown in Fig. 2.

mλ1/↪ i/

i/N

Yes

No

p/P

q/Q

p/p⇁

q/q⇁

Yes

Yes

No

No

Y/fıX1↩round(X1↽℘

mλ2/K1*mλ1⇁K1*↼ϕλ1/2π↽↩↼ϕλ2/2π↽

X1↼i↽/mλ2↪ i/i⇁↪ mλ1/mλ1⇁

h↼pDx↪ qDy↽/[λ3Φλ2↼pDx↪qDy↽]/πnλ2

Φλ2↼pDx↪qDy↽/πγ↼pDx↪qDy↽⇁ϕλ3↼pDx↪qDy↽

Fig. 2. Flowchart of DWDH algorithm.

The height variation of the object is h (p∆x, q∆y), where
p = 1, 2, . . . , P, q = 1, 2, . . . , Q. The initial value of the vector
X(i) (i = 1, 2. . . , N) is a zero vector (N can be selected based
on the practical situation). The proposed algorithm is shown
as follows.

Step 1: let m1 = 0 and i = 1;
Step 2: substitute the value of m1 into Eq. (6) and calcu-

late the value of m2;
Step 3: perform the operation X(i) = m2, i = i + 1,

m1 = m1 +1;
Step 4: repeat Steps 2 and 3 until i = N, then stop the

loop;
Step 5: perform the function transformation Y (p∆x,

q∆y) = f{X − rount(X)} which contains the two following
operations:

s = min{|X − rount(X)|} , (11)

Y (p∆x,q∆y) = rount(X(s)) , (12)
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where round(·) represents rounding off, min(·) represents tak-
ing minimum value of a vector, s represents the coordinate of
the minimum value in a vector;

Step 6: perform the operation p = p+1;
Step 7: repeat Steps 2–7 until p = P, and stop the loop;
Step 8: perform the operation q = q+1;
Step 9: repeat Steps 2–9 until q = Q, and stop the loop;
Step 10: perform the operation

Φ (p∆x,q∆y)

= 2π ·Y (p∆x,q∆y)+ϕλ2 (p∆x,q∆y) , (13)

where Φ (p∆x,q∆y) is the unwrapped phase of ϕλ2;
Step 11: according to Eq. (4), the height variation of the

object is

h(p∆x,q∆y) =
λ2Φ2 (p∆x,q∆y)

2πnλ2
. (14)

Till now, the height variation of object is obtained and the
measurement process is finished.

Algorithm of three-wavelength digital holography We
also design the algorithm of three-wavelength digital holog-
raphy. Compared with the algorithm of DWDH, the algo-
rithm of three-wavelength digital holography enhances the
anti-noise performance of DWDH. The schematic diagram of
the three-wavelength digital holography is shown in Fig. 3.
And the flowchart of the algorithm of the three-wavelength
digital holography is illustrated in Fig. 4.

laser: 632 nm
P1

HR3

BS1

HR1

laser: 532 nm

BS3Obs CCD
P2

HR2

P3

laser: 474 nm

BS2

HR4

BE2

BE2

Fig. 3. Schematic diagram of three-wavelength digital holography.

The height variation of the object is h (p∆x, q∆y), where
p = 1, 2, . . . , P, q = 1, 2, . . . , Q. The initial value of X1(i)
and X2(i) (i = 0, 1, 2. . . , N) are all set to be zero vectors (N
can be selected based on the practical situation). The proposed
algorithm is shown as follows.

Construct the following constrained undetermined equa-
tions:

2πnλ1h
λ1

= 2mλ1π +ϕλ1 (mλ1 = 0,1,2 . . .) ,

2πnλ3h
λ3

= 2mλ3π +ϕλ3 (mλ3 = 0,1,2 . . .) ,
(15)

2πnλ2h
λ2

= 2mλ2π +ϕλ2 (mλ2 = 0,1,2, . . .) ,

2πnλ3h
λ3

= 2mλ3π +ϕλ3 (mλ3 = 0,1,2, . . .) .
(16)

Step 1: let m1 = 0 and i = 1;
Step 2: perform the operation

m3 = K1 ·m1 +K1 ·
ϕλ1

2π
−

ϕλ3

2π
, (17)

where K1 = nλ3λ1/nλ1λ3;

Step 3: perform the operation X1(i) = m2, i = i + 1,
m1 = m1 +1;

Step 4: repeat Steps 2 and 3 until i = N, then stop the
loop;

Step 5: perform the function transformation Y1 =

f1{|X1 − rount(X1)|} which contains the two following opera-
tions:

{s1,s2,s3,s4,s5}= fivemin{|X1 − rount(X1)|} , (18)

Y1 = rount{X1 (s1) ,X1 (s2) ,X1 (s3) ,X1 (s4) ,X1 (s5)} , (19)

where round(·) represents the rounding off, fivemin{·} refers
to the search for the five smallest values of a vector, and [s1, s2,
s3, s4, s5] denotes the coordinates of the smallest five values in
the vector;

Step 6: m1 = 0, i = 1, and b = 5;
Step 7: perform the operation

m3 = K2 ·m2 +K2 ·
ϕλ2

2π
−

ϕλ3

2π
, (20)

where K2 = nλ3λ2/nλ2λ3;
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Step 8: perform the operation X2(i) = m3, replace i by
i+1, and m2 by m2 +1;

Step 9: repeat Steps 7 and 8 until i = N, then stop the
loop;

Step 10: perform the function transformation Y2 =

f2{|X2 − round(X2)|} which represents the two following op-
erations:{

s′1,s
′
2,s

′
3,s

′
4,s

′
5
}
= fivemin{|X2 − round(X2)|} , (21)

Y2 = round
{

X2
(
s′1
)
,X2

(
s′2
)
,X2

(
s′3
)
,X2

(
s′4
)
,X2

(
s′5
)}

, (22)

where round(·) represents rounding off, fivemin{·} refers
to the search for the five smallest values of a vector, and
[s′1,s

′
2,s

′
3,s

′
4,s

′
5] denotes the coordinates of the five smallest

values in the vector;
Step 11: perform the operation

M(p∆x,q∆y) = fivejiao(Y1,Y2), (23)

where fivejiao{·} represents the search for the intersection el-
ement of two vectors;

Step 12: perform the operation p = p+1;
Step 13: repeat the Steps 2–12 until p = P, and stop the

loop.
Step 14: perform the operation q = q+1;
Step 15: repeat the Steps 2–14 until q = Q, and stop the

loop;
Step 16: perform the following operation:

Φλ3 (p∆x,q∆y) = 2π ·M (p∆x,q∆y)+ϕλ3 (p∆x,q∆y) , (24)

where Φ(p∆x,q∆y) is the unwrapped phase;
Step 17: According to Eq. (4), the height variation of the

object is

h(p∆x,q∆y) =
λ3Φλ3 (p∆x,q∆y)

2πnλ3

. (25)

Till now, the height variation of object is obtained and the
measurement process is finished.

p/p⇁

Y1/f1ıX1↩round(X1↽℘

Y2/f2ıX2↩round(X2↽℘

i/N
Yes

No

No
i/N

Yes

Yes

Yes

No

No

mλ1/↪ i/

mλ1/↪ i/

mλ2/K1*mλ1⇁K1*↼ϕλ1/2π↽↩↼ϕλ2/2π↽

mλ3/K2*mλ1⇁K2*↼ϕλ1/2π↽↩↼ϕλ3/2π↽

X1↼i↽/mλ2↪ i/i⇁↪ mλ1/mλ1⇁

X2↼i↽/mλ3↪ i/i⇁↪ mλ1/mλ1⇁

p/P

q/Q

q/q⇁

h↼pDx↪ qDy↽/[λ3Φλ3↼pDx↪qDy↽]/πnλ3

Φλ3↼pDx↪qDy↽/πM↼pDx↪qDy↽⇁ϕλ3↼pDx↪qDy↽

M↼pDx↪qDy↽/f3↼Y1↪Y2↽

Fig. 4. Flowchart of algorithm of three-wavelength digital holography.

4. Results and analysis
Before verifying the proposed method, we make the some

statements below.
Whether the off-axis or in-line DWDH system is used,

the reconstruction process of conventional DWDH is divided
into two steps:.[13–16] (I) two wrapped phase maps (ϕλ1 and
ϕλ2) are retrieved from the interferograms, and (II) by using
the beat frequency technique, the two wrapped phase maps are
integrated into an unwrapped phase map.

The reconstruction process of the proposed DWDH is

also divided into two steps: I) retrieve the wrapped phase maps

from the interferograms, and II) by using the constrained unde-

termined equation, the two wrapped phase maps are integrated

into an unwrapped phase map.

A comparison between the conventional DWDH and the

proposed DWDH shows that their first steps are the same, but

their second steps are different. Therefore, for simplicity in the

following tests, we omit the first step of the proposed method

094201-5



Chin. Phys. B Vol. 30, No. 9 (2021) 094201

(on the assumption that ϕλ1 and ϕλ2 are both known) and per-
form the demonstration starting from the second step directly.

4.1. Results obtained by using dual-wavelength algorithm

Two working wavelengths applied are chosen as 474 nm
and 532 nm, respectively. Thus, the synthetic wavelength is
4.34 µm. Two specimens are tested. One specimen is an in-
clined plane, the other specimen is a specimen with large dis-
continuity. And the maximum height variations of the two
specimens are both set to be 30 µm, which exceeds the syn-
thetic wavelength.

Figure 5(a) shows the original height map of the inclined
plane. The two corresponding wrapped phase maps (ϕλ1 and
ϕλ2) of the inclined plane are illustrated in Figs. 5(b) and 5(c),
respectively, which are both distributed in [0, 2π]. Figure 5(d)

shows the retrieved height map of the incline plane by us-

ing the proposed algorithm of DWDH. A comparison between

Fig. 5(c) and Fig. 5(d) indicates that the retrieved height map

is nearly the same as the original height map.

To further demonstrate the validity of the DWDH algo-

rithm, we test the specimen with high discontinuity which is

shown in Fig. 5(e). The two wrapped phase maps of the speci-

men are illustrated Figs. 5(f) and 5(g), respectively, which are

both distributed in [0, 2π]. Figure 5(h) shows the retrieved

height map by using the proposed algorithm of DWDH. Com-

paring Fig. 5(e) with Fig. 5(h), the retrieved height map is

found to be nearly the same as the original height map.

These results demonstrate that the proposed algorithm of

DWDH is effective.
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Fig. 5. Results obtained by using dual-wavelength algorithm, showing (a) height map of inclined plane, ((b), (c)) wrapped phase maps of 474 nm and 532 nm
which are distributed in [0,2π], (d) retrieved height map of inclined plane, (e) height map of another specimen with large discontinuity, ((f)–(g)) wrapped
phase map of 474 nm and 532 nm which are distributed in [0, 2π], and (h) retrieved height map of another specimen with large discontinuity.

4.2. Results obtained by three-wavelength digital hologra-
phy

Three working wavelengths are chosen as 474 nm,
532 nm, and 632 nm, respectively. Thus, the maximum syn-
thetic wavelength is 4.34 µm. Two different specimens are
tested here. One specimen is a Gaussian plane, and the other
specimen is a specimen with large height discontinuity. And
the maximum height variations of the both the specimens are
set to be 30 µm, which exceeds the measurement range of
DWDH based on beat frequency.

Figure 6(a) shows the original height map of Gaussian
plane. The three wrapped phase maps (ϕλ1, ϕλ2, and ϕλ3) of
the Gaussian plane are illustrated Figs. 6(c)–6(e), respectively,
which are all distributed in [0, 2π]. Figure 6(i) shows the re-

trieved results of the incline plane. Comparing Fig. 6(a) with
Fig. 6(i), we can see that the retrieved height map is nearly the
same as the original height map.

To further demonstrate the validity of the method, we
choose the specimen with high discontinuity as shown in
Fig. 6(b). The three wrapped phase maps of the specimen
are illustrated Figs. 6(f)–6(h), respectively, which are all dis-
tributed in [0, 2π]. Figure 6(j) shows the retrieved results
by using the proposed algorithm of three-wavelength digital
holography. A comparison between Fig. 6(b) and Fig. 6(j)
shows that the retrieved height map is nearly the same as the
original height map.

These results demonstrate that the three-wavelength algo-
rithm is effective.
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Fig. 6. Results obtained by using three-wavelength algorithm, showing (a) height map of Gaussian plane: ((c)–(e)) wrapped phase maps of 474 nm,
532 nm, and 632.8 nm which are distributed in [0,2π], (i) retrieved height map of Gaussian plane; (b) height map of another specimen with large
discontinuity, ((f)–(h)) wrapped phase maps of 474 nm, 532 nm, and 632.8 nm which are distributed in [0,2π], and (j) retrieved height map of another
specimen with large discontinuity.

4.3. Comparison and analysis

We compare the anti-noise performance of dual-
wavelength algorithm with the anti-noise performance of
three-wavelength algorithm.

Anti-noise performance of dual-wavelength algorithm
We test the anti-noise performance of the dual-wavelength al-
gorithm. As the wrapped phases (ϕλ1 and ϕλ2) may be con-
taminated by the noise in a practical case, the algorithm of

dual-wavelength is tested in the noise contaminated condition.
Assume that the wrapped phases (ϕλ1 and ϕλ2) are both con-
taminated by random noise. The random noise is generated by
({Mean[|ϕ|]}/SNR) *V , where Mean denotes a mean value
of the wrapped phase, V is a two-dimensional (2D) variable
randomly distributed in a range of [−0.5, 0.5], and SNR rep-
resents the signal-to-noise ratio.[28] Figures 7(a)–7(f) show the
reconstructed results when ϕλ1 and ϕλ2 are contaminated by
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noise to different degrees (SNR = 120, 110, 100, 60, 50, and
40), respectively. These results show that for slight noise, the
negative effect for reconstruction is legible. As random noise
increases, the fidelity of reconstructed result is degraded. This

problem can be solved by the noise suppression methods of
DWDH.[21–26] Further, based on the undetermined equations
method, we develop the three-wavelength algorithm to solve
the noise problem.
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Fig. 7. Retrieved height maps of the inclined plane in the case that ϕλ1 and ϕλ2 are contaminated by noise, indicating: (a)–(f) unwrapped results
obtained by using dual-wavelength algorithm when ϕλ1 and ϕλ2 are contaminated with random noise to different degrees (SNR = 120, 110, 100, 60,
50, 40) respectively.

Anti-noise performance of three-wavelength algo-
rithm We test the anti-noise performance of the three-
wavelength algorithm. As the wrapped phases (ϕλ1, ϕλ2, and
ϕλ3) may be contaminated by the noise in a practical case, the
three-wavelength digital holography is tested in the noise con-
taminated condition. Assume that the wrapped phases (ϕλ1,
ϕλ2, and ϕλ3) are all contaminated by random noise.[28] Fig-
ures 8(a)–8(f) are the results when ϕλ1, ϕλ2, and ϕλ3 are con-
taminated by noise to different degrees (SNR = 120, 110, 100,

60, 50, and 40), respectively. A comparison between Figs. 7
and 8 shows that the three-wavelength algorithm is more ro-
bust than the dual-wavelength algorithm. Note that although
the three-wavelength algorithm has higher anti-noise perfor-
mance than the algorithm of DWDH, the system of three-
wavelength digital holography is more complex than the sys-
tem of DWDH. Therefore, whether the method of DWDH or
the method of three-wavelength digital holography is chosen,
one should follow the actual situations.
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Fig. 8. Retrieved height maps of inclined plane in the case that ϕλ1, ϕλ2, and ϕλ3 are contaminated by noise, obtained from ((a)–(f)) unwrapped results
by using three-wavelength algorithm when the ϕλ1, ϕλ2, and ϕλ3 are contaminated with random noise to different degrees (SNR = 120, 110, 100, 60,
50, 40) respectively.
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Finally, we analyze the noise and accuracy of DWDH.
Owing to the use of beat frequency principle, the problem
of noise synchronous amplification is inherent in the conven-
tional DWDH. Now, the relative noise is assumed to be εm =

2% (m = 1, 2). The optical path error of single-wavelength is
λmεm, and the optical path error of the synthetic wavelength
is 2Λεm. If the recording wavelength λm is equal to 600 nm,
we can calculate the optical path error of single-wavelength
and the optical path error of synthetic wavelength to be 12 nm
and 160 nm, respectively. The optical path error of synthetic
wavelength is about 13 times larger than the optical path error
of single wavelength. This is the noise amplification problem
of DWDH. It is worth pointing out that the proposed method
based on underdetermined equations does not use the syn-
thetic wavelength and thus it does not experience the above-
mentioned noise amplification process. Therefore, this method
has stronger anti-noise performance and higher accuracy the-
oretically.

5. Conclusions and perspectives
In this work, we proposed a DWDH method which is

based on undetermined equations. To the best of our knowl-
edge, it is the first time to show the thermical possibility of
breaking the measurement range of the DWDH method. Fur-
ther, a third wavelength is introduced into the DWDH method
and a corresponding algorithm is designed, which enhances
the anti-noise performance of the proposed DWDH method.
A series of simulations is obtained to demonstrate the effec-
tiveness of the proposed method. More importantly, since the
principle of proposed DWDH method is based on basic math-
ematical principles, it can be further extended to the various
fields, such as dual-wavelength microwave imaging and dual-
wavelength coherent diffraction imaging. This research may
provide a good tool for the DWDH to break the measurement
range in conventional DWDH method.
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