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We study the possibility of stabilizing a Fulde—Ferrell-Larkin—Ovchinnikov (FFLO) state in an equally populated
two-component Fermi gas trapped in a moving two-dimensional optical lattice. For a system with nearly half filling, we
find that a finite pairing momentum perpendicular to the moving direction can be spontaneously induced for a proper
choice of lattice velocity. As a result, the total pairing momentum is tilted towards the nesting vector to take advantage of

the significant enhancement of the density of states.
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1. Introduction

After its first proposal in 1960s, the search for the uncon-
ventional pairing Fulde—Ferrell-Larkin—Ovchinnikov (FFLO)
states!!?! persists for more than half a century. The original
idea of the previously studied FFLO state is to look for a com-
promised candidate for superconducting states which can sus-
tain a finite magnetization. This exotic pairing state is charac-
terized by a superconducting order parameter with one or more
nonzero components of a finite momentum g, hence breaks
both translational and rotational symmetry and forms a crys-
tal of pairing order. In the past several decades, the existence

(31 including

of FFLO states was studied in various systems,
heavy fermions!* and dense quark matter.>!
Recent progress of the preparation and manipulation of
ultracold Fermi gases provides an ideal experimental platform
of quantum simulation, which features a super clear system
with unprecedented controllability, such that the single par-
ticle properties, the external environment and the inter-atom
coupling can be tuned to a large extent. Thus, motivated by the
first realization of pairing states in resonantly interacting alkali
atoms with population imbalance,[®”! a tremendous amount of
effort has been devoted to the search of FFLO states in these
systems. Many theoretical studies focused on the stable re-
gion of FFLO state in a uniform Fermi gas, and gave different
conclusions by using various methods and approximations. In
particular, some works claimed a fairly wide range of interac-
tion covering both the weakly interacting Bardeen—Cooper—

Schrieffer (BCS) regime and the Bose—FEinstein condensate

DOI: 10.1088/1674-1056/abf346

(BEC) regime for a stable FFLO phase,!3-1% while some oth-
ers concluded a much narrower regime restricted within the

[12] Feshbach resonances.

BCS side of a narrow!!! and a wide
Further studies also took realistic experimental conditions of
finite temperature and harmonic trapping potential under con-
sideration, and found that a stable FFLO state can only exist
in a small region of a trap and at low temperatures with weak
interaction.!!3) With the consideration of these strict condi-
tions, an unambiguous evidence for FFLO state is still lacking
in polarized Fermi gases trapped in harmonic traps.

Another route towards the observation of FFLO state in
ultracold Fermi gases is to implement an optical lattice. The
presence of a lattice potential can assist the stabilization of
FFLO states owing to two aspects. Firstly, the band struc-
ture generated by the lattice can feature von Hove singulari-
ties at an appropriate filling, leading to a nesting effect with
significantly enhanced density of states to assist pairing. /1416
Besides, the optical lattice can also provide an environment
of reduced dimensionality, where a wider stable FFLO region
is suggested.!!7~2*1 Under this consideration, various methods
have been proposed for detecting the FFLO state in optical
lattices.[25-28] However, the FFLO state has so far eluded def-
inite observation in ultracold atomic gases.

In this paper, we propose a scheme to stabilize the FFLO
state in a two-component Fermi gas with equal population. We
consider a two-dimensional (2D) Fermi gas trapped in a mov-
ing square optical lattice. In the frame moving with the lattice,
the Cooper pairs acquire a finite external pair momentum, and
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the superconducting state becomes unstable towards the nor-
mal state at a critical velocity. For systems around half filling,
the underlying Fermi surface has nesting effect, such that the
critical velocity acquires significant anisotropy and reaches its
maximum when the velocity is parallel to the nesting vectors.
When the external velocity is tilted from this optimal direc-
tion, we find that a spontaneous pair momentum of gs can be
generated to take advantage of the nesting effect, leading to
a possibility of a stable FFLO state in this equally polarized
Fermi system.[?"!

The remainder of this manuscript is organized as fol-
lows: In Section 2, we consider an equally populated two-
component Fermi gas in a uniform two-dimensional square
lattice, and present the formalism to derive the thermodynamic
potential. By comparing the thermodynamic potential of the
normal state and the super conducting state, we discuss the
critical velocity of the system in Section 3. Specifically, we
find that around half-filling where the system acquires nesting
effect, the critical velocity is significantly enhanced when the
lattice is moving along the nesting vector. In Section 4, we
discuss the case where the lattice velocity is tilted away from
the nesting vector, and show that the nesting effect can also be
remarkable as it may spontaneously generate a pair momen-
tum and lead to an FFLO state. We also map out the phase
diagram of the system, and show the parameter region where
the FFLO phase is stable against BCS and normal states. The
main conclusions are summarized in Section 5.

2. Formalism

We first consider an equally populated Fermi gas confined
in a static optical lattice and a quasi-two-dimensional trap, as
described by the Hamiltonian (with natural units z=m = 1)

/d3r'P1 [+V01( )+ Vext(r) | ¥o ()
o="1,]

+47a / Sr¥ ()W (1) ()% (1), (1)

where ¥ (11{;‘" ) represents the annihilation (creation) opera-
tor for fermion with spin o, Voi(r) and Ve (7) are the optical
lattice and global harmonic trapping potentials, respectively.
With the natural units, in the following discussion we will use
the symbol of wave vector to denote momentum and veloc-
ity. Here, we consider the case where fermions with opposite
spins interact via a short-range s-wave interaction, which is
characterized by the s-wave scattering length as. The opti-
cal lattice potential takes the form V(1) = —[Vo,sin®(kx) +
Voy sinz(ky) + Vo, sinz(kz)], where Vo., Voy, and Vp, are the
maximum depths of the external potential along correspond-
ing directions, and k = 27 /A with A the laser wavelength of
the optical lattice.

Assuming the optical lattice is strongly confined in the
z-direction, the atoms are localized within a single layer and
all the excited degrees of freedom along the z-direction are
frozen out. Then, this system can be described by a 2D Fermi—
Hubbard model

H—uN = — |1 Z +, Y (@'T"jéﬁwjjéﬁ)
g (id)y

+ UZCTz chichl u Z
4,0=T,{

R )

Here, ¢5; and 61” correspond to the fermionic annihilation and
creation operators of atoms on the ¢-th lattice site with spin
o, respectively, and (i, j ) denotes nearest neighbors in the x-
direction. In principle, the parameter ¢ and U can be computed
numerically using the Wannier functions of the lowest band.
Alternatively, we can also employ a harmonic approximation

and obtain the following analytical expressions:

U 5 1dag 1

Ex =22712 I(sxsysz)‘*7 3)
LN e v

Ex K 5 2 2(1+ 0@

where ag is the s-wave scattering length between two spin
components, Eg = (27t/A)?/2 is the recoil energy with A the
laser wavelength, and s; = Vp;/Er (i = x,y,z) labels the di-
mensionless height of the lattice potential. In the following
discussion, we consider a 2D square lattice with ¢, = ¢, =t and
A = 1064 nm, which is realized as a layer within an anisotropic
quasi-2D optical lattice with sy = s, =2 and s, = 10. We
set the scattering length a; = —151.25ag = —8.004 nm with
ap the Born radius, which corresponds to the case of U/t =
—4.1649 and can be easily realized in experiment near a broad
Feshbach resonance.

The Fermi—Hubbard model Eq. (2) cannot be solved ex-
actly in the sense of thermodynamic limit. By adopting the
mean-field approximation, the interacting term can be written
as

A At \a A AT AT A A
<CTiCli>CiicTi + C%icii (€ritri)
< Tl J,z><CJ(1CTZ> (5)

&l il =

In the BCS theory, one can define an order parameter A =
U(¢|:¢14). Such a definition can be generalized to the FFLO
state as U (¢;¢4;) = Ae?19%. For g = 0, it gives the standard
BCS solution, and for A = 0, it gives the normal state. Us-
ing such an ansatz for the FFLO pairing, the Hamiltonian in

momentum space can be written as

H—uN =) ék(@kﬁk-ﬁ-fi,k@%)
k
A2
+ACTq+kC¢q k+hc —7 y (6)
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where &, = &, — U is the single particle dispersion shifted by
the chemical potential i, and h.c. denotes Hermitian conju-
gate. The summation respected to k is restricted to the first
Brillouin zone. In a 2D square lattice, the dispersion reads

&, =41 —21t(cos(ked) +cos(kyd)), @)

where d = A/2 is the lattice spacing. Considering the
fermionic anticommutator ¢'¢ + é¢7 = 1 and Y, quATk =
Yitq é%k +qCtktq the Hamiltonian can be rearranged in the
matrix form
A o A Ciktq
M= (e ) (572 ) (E0)
; thtq “-kta A" —& kg Clkiq
AP

+ ; (§k+q - U> - ®)

The matrix is then diagonalized to give the quasiparticle eigen-

Ek,q,i:@i /§3+A27 )

where &g = (g +E-k+q)/2, and A = A* is assumed to be
real without loss of generality. In order to diagonalize the

energies

Hamiltonian , we introduce a group of new operators Js . q
and ?;k @ which can be viewed as the quasiparticle annihi-
lation and creation operators, and the relation between these
new operators and the composite fermionic operators reads

P -
( A”i‘TkH_q ) _ <Mk,q _Vk:,q > ( ,:};Tk’q > . (10)
Cl-k+q Vkaq “Ukq ) \V|—kgq

The definitions of the coefficients are

1
”i,q ) 1+§fq ;
\/Ggt+A
q
Vi — 1 1_57‘1
a 2 /53+A2
A
Uk,qVEk,q = (11)

2,/E2+A2

By using these quasiparticle operators, the diagonalized
Hamiltonian can be written as

L Exqs O Vk.q
H—uN =Y (g 2, ( 0 )(* >
;( Th,g ik q) 0 Ekg-)\V-kgq

A2

+§ (E_Hq - U) : (12)

We consider a grand canonical ensemble and the character-
istic function is the grand potential Q = —%anG, where
Zg = Trexp(—PB(H — uN)) is the grand partition function.

Considering the statistic property of the quasiparticles (i.e.,
§79 =0 or 1), the partition function can be written as

z6 =11 (1 + e*ﬁEk-q.+) (1 + eﬁEk-q-f) e BC (13)
k
where C = & g g+ Egq— —A?/U) and B = 1/(kgT). The
thermodynamic potential then takes the form

A2
Q = Z ['ékﬂrq +Ek7qf - U}
k

—éZln (1 n e—ﬁEk=q~+) (1 n eﬁE’Wf) . (14)
k

and can be reduced to the following expression at zero temper-
ature

2

A
Q= Z [é*k#»q +Ek:,q,7 - ?
k

+Eng+®(~Ergt) ~ Eg-0(Erq-)| (15

with ©(x) the Heaviside step function.

The thermodynamic potential is apparently a function of
three parameters, i.e., the order parameter A, the pair momen-
tum q, and the chemical potential y. For a given filling factor
n = N/M with M the total number of lattice sites, the equi-
librium state can be obtained by minimizing £ as a function
of A and g, while the chemical potential is determined self-
consistently via the number equation

n=— Z (f(Exg+)— f(Erg,)) o0

Mg \/E2+A2

where f(x) = 1/(eP*+ 1) is the Fermi function. The solution
with A = 0 is by definition the normal state, while the one with

+1, (16)

finite order parameter is the pairing superfluid state. The lat-
ter category can be further distinguished as the BCS or FFLO
state, which corresponds to a zero or finite pair momentum q.
We stress that the mean-field approach outlined above is com-
monly used to study the pairing physics in Fermi gases in traps

13,151 Such a treatment can give a qualitative

or optical lattices.!
understanding about the stability of different pairing states in
optical lattices, provided that the center-of-mass momentum
remains small and higher band effect is not significant.

Next, we extend the discussion to a moving optical lattice
with velocity q;. A moving optical lattice can be realized by
inducing a small frequency detuning between the lasers form-
ing the lattice, and has been successfully implemented with an
acousto-optical modulator driven by phase-locked frequency
generators.?%3!l Owing to the Galilean invariance, such a
setup is equivalent to a superfluid with center-of-mass momen-
tum —gqy flowing in the lattice frame. Thus, we can still use
the formalism above to obtain the thermodynamic potential as
Eq. (15). However, one should bear in mind that a BCS state

100305-3
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can not be considered in any sense as an FFLO state by such a
frame transformation, as the center-of-mass velocity of the su-
perfluid is imposed externally from the single-particle disper-
sion. An authentic FFLO state, on the other hand, is a result
of interaction effect and should be spontaneously emerged.

3. Anisotropic critical velocity

The fact that the Fermi surface can be shifted by a par-
ticular vector to nest with another part of the Fermi surface is
called Fermi surface nesting effect, and the particular vector
is called the nesting vector, which is (£7m/d,+x/d) for a 2D
square lattice. Nesting effect can significantly alter the ther-
modynamic properties of the system when the lattice is filled
properly. On one hand, the density of states of a 2D square lat-
tice would acquire a divergence at half filling (i.e., n = 1), such
that the pairing instability can be drastically enhanced. On the
other hand, when the optical lattice is moving at a given ve-
locity, it is also natural to expect a lower energy if the velocity
is parallel to the nesting vector than any other directions. As a
consequence, the critical velocity of the superfluid state would
be anisotropic owing to the anisotropy of the Fermi surface.

To show the anisotropy of critical velocity, we plot in
Fig. 1 the amplitude of the critical velocity g = |q.| for an
optical lattice moving along different directions with filling
factor n =0.9,1.0, and 1.1. The critical velocity is determined
by comparing the thermodynamical potential between the pair-
ing state with a finite order parameter and a normal state with
A = 0. For all filling factors, the critical velocity increases
drastically as 6 changes from zero to 7 /4. Here, 6 is defined
as the angle between the moving direction and one of the lat-
tice principal axis, say the x direction. Thus, when 6 — /4,
the moving velocity is aligned with the nesting vector, and
the critical velocity diverges owing to the diverging density
of states. One can also notice that the results of n = 0.9 and
n = 1.1 are exactly identical as required by the particle-hole
symmetry, and are always below the n = 1.0 case of a perfect
nesting. To further analyze the effect of filling factor, we show
in Fig. 2 the critical velocity as a function of n for two dif-
ferent moving directions. Notice that the line of 8 = 0.156 is
always higher than the one of 8 = 0.0, and both curves reach
their corresponding maximum at half filling n = 1.

These results clearly suggest that when the system is
moving along the nesting vector of 6 = 1 /4, the superfluid
state would benefit more from the enhancement of density of
states, and can survive at a higher velocity. Since the mov-
ing velocity is equivalent to the center-of-mass velocity of the
pairing order parameter, one would expect that an FFLO state
can be favored if the pair momentum is tilted along the nesting
vector. More interestingly, if an external movement of velocity
g 1s applied to the lattice along the x-direction, it is possible
to have a spontaneously generated wave vector g, along the

perpendicular direction, which tilts the original g, towards the
nesting vector to reduce energy. The system is then stabilized
at an FFLO state which features a modulating order parameter
along the y-direction. Naively, one may expect that when the
induced wave vector is equal to the external one, i.e., g, = gy,
the overall momentum becomes parallel to the nesting vector,
and the pairing state would be optimally favored. However,
this scenario also has a maximal amplitude of the overall g,
which is detrimental to the survival of superfluidity. As a con-
sequence, the true ground state of the system is determined
by the competition between the nesting effect and the velocity
induced energy increase.

0.247F

0.20f

q./(2m/d)

0 0.1 0.2 0.3 0.4 0.5 0.6

Fig. 1. The critical velocity at different moving directions. For filling factors
n=0.9, 1.0, and 1.1, g, increases monotonically with increasing 6. When
the lattice is moving along the nesting vector with 6 = /4, the critical ve-
locity becomes divergent. The results for n = 0.9 and 1.1 are identical as
required by the particle-hole symmetry of this system.

0.13
0.12
)
N
S 0.11
~
=
0.10
0.09 =— : : : :
0.6 0.8 1.0 1.2 1.4
n

Fig. 2. The critical velocity of different moving directions with respect to
the filling factor. Notice that the anisotropy of ¢, reaches its maximum at
half filling n = 1.0, at which a perfect nesting is reached.

4. FFLO states induced by moving lattice

To investigate the existence and property of the FFLO
state as mentioned above, in this section we calculate the zero
temperature thermodynamic potential 2 of the system, when
subjected to an external velocity g, and a spontaneously gen-
erated modulation g,. In Fig. 3, we show the contour plots of
thermodynamic potential for different choices of g, by varying
the order parameter A and gy, where the filling factor is fixed
at n = 1 by solving the number equation (16) self-consistently.
The value of Q for different panels are shifted to zero at their
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corresponding ground state, such that a clear comparison can
be made.

When the external velocity g, is small, there is only one
minimum of the thermodynamic potential with a finite order
parameter A and g, = 0 as shown in Fig. 3(a), indicating a
conventional BCS state. As increasing g, beyond a certain
value, another minimum starts to appear at A # 0 and g, # 0.
However, this FFLO state is only metastable as depicted in
Fig. 3(b), and the true ground state of the system is still the
BCS state. When ¢ is further elevated, the difference between
the FFLO and BCS state is reduced, and finally the two states
become energetically degenerate. A first order phase transition
would take place at this critical point as shown in Fig. 3(c).
Notice that the value of g, ~ 0.6134¢, at the phase transi-
tion point, which corresponds to an angle of 6 ~ 0.55, and
is significantly deviated from the nesting vector with g, = gy
and 6 = m/4. Beyond this transition point, the FFLO state re-
mains as the global minimum with even larger ¢, as depicted
in Fig. 3(d).

a,/(2m/d)

q,/(27/d)

Fig. 3. The false color plots of zero temperature thermodynamic poten-
tial 2 by varying the order parameter magnitude A and pair momentum
along the y direction gy. In this figure, the filling factor is n = 1.0, and the
external velocity is (a) gx = 0.126, (b) g, = 0.130, (c) g, = 0.13189 and
(d) gx = 0.137. In each panel, the value of € is shifted to be zero at the
corresponding ground state.

According to the analysis above, it is clear that the phase
transition between BCS and FFLO states is of first order, char-
acterizing by a sudden change of the order parameter. In
Fig. 4, we show the amplitude of order parameter at zero tem-
perature with respect to the variation of the external velocity
by fixing n = 1.0. It can be seen that when the external ve-
locity is less than the critical value, i.e., g, ~ 0.13189, the
order parameter of the BCS phase almost has no response to
the variation of g,. However, by crossing the transition point,
a sharp jump occurs which is a doubtless evidence of a first
order phase transition. As we continue to increase the external
velocity, the amplitude of the order parameter decreases, but
does not tend to zero even when ¢, reaches the boundary of

the Brillouin zone. This implies that the system will not enter
the normal phase, which is a natural expectation for a mean-
field approach of a system with perfect nesting and diverging
density of states.

1
1
|
0.5} BCS FFLO .
1
1
1
|
0.130 0.135 0.140 0.145
q./(27/d)

Fig. 4. The change of order parameter by crossing the first order transition
from BCS to FFLO states, showing an abrupt change at the critical point
(dashed line).

The first order transition between BCS and FFLO states
can also be characterized by the direction of the pair momen-
tum q. As shown in Fig. 5, a local minimum of FFLO state
starts to emerge at g, ~ 0.1276 with a momentum tilting of
0 =~ 0.4363. By increasing the external velocity, the angle 6
is also increased monotonically, but the FFLO state remains
metastable until the first order transition point is reached. Be-
yond the phase transition, 0 also increases with g, indicating
that the system tends to take advantage of the perfect nesting
effect at @ = /4. This result implies that although a modula-
tion of the order parameter along the y-axis tends to enhance
the magnitude of the overall wave vector q and is usually con-
sidered to be detrimental to the superfluid state, in the present
case the nesting effect will become more crucial with increas-

ing gy.

0.60}

0.55

0.50

0.45

0.128 0.130

0.132  0.134  0.136
4./ (27/d)

Fig. 5. The change of the direction of pairing order parameter with respect
to the external velocity. With increasing gy, a metastable FFLO state with a
finite 8 (black solid line) starts to appear at g, ~ 0.1276, which becomes the
true ground state (red solid line) beyond the critical point (dashed line).

With the understanding of the emergence FFLO state at
n = 1.0, we generalize the discussion to other filling factors. In
Fig. 6, we show the phase diagram of the system by varying the
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external driving velocity g, and the filling factor 0.2 <n < 1.8.
Apparently, the phase diagram is symmetric with respect to
half filling as required by the particle-hole symmetry. On this
phase diagram, the ground state of each parameter choice is
determined by minimizing the thermodynamic potential as in
Fig. 3 to avoid the possibility of finding a local minimum or
saddle point when solve the gap and number equations.

When the filling factor n is less than 0.59 (or symmet-
rically higher than 1.41), a first order phase transition would
take place from the BCS state to the normal phase as g, in-
creasing. By crossing the transition point, the order parameter
features a sudden change, leading to a discontinuous behavior
in many thermodynamic properties. As a result, a phase sep-
aration regime exists between the BCS and normal states to
minimize the free energy in the canonical ensemble. When the
filling factor n moves towards half filling with 0.59 < n < 0.82
(or symmetrically 1.18 < n < 1.41), an FFLO phase can be
stabilized as increasing g, from the BCS state, and eventu-
ally gives its way to the normal phase with even higher g.
While the BCS-FFLO transition is also of the first order with
a phase separation region between the BCS and FFLO states,
the transition from the FFLO to the normal phase is of the
second order. For filling factor even closer to half filling,
0.82 < n < 1.18, the FFLO state can persist until ¢, reaches
the boundary of the Brillouin zone, owing to the significant
enhancement of density of states induced by the nesting effect.
From this phase diagram, we can clearly notice that the FFLO
phase only exists when the filling factor is around half filling.
This observation gives a further evidence that such an exotic
pairing state crucially relies on the nesting of Fermi surface,
which is significant only near half filling.

1.5

1.0+

0.5
normal

0.06 0.08 010 0.12 0.14 0.16
4./ (27/d)

Fig. 6. The phase diagram of the system at zero temperature. By varying
the filling factor and external velocity, four different phases can be located
by minimizing the thermodynamic potential, including the BCS state (pink),
the FFLO state (yellow), the normal phase (light blue), and a narrow region
of phase separation (cyan).

5. Conclusion

We consider a two-component Fermi gas loaded in a two-
dimensional square optical lattice, which is dragged to move
with a certain velocity ¢, along one of the principal axis (e.g.,

x-axis). Within a mean field approach, we determine the

ground state of such a system by minimizing the thermody-
namic potential at zero temperature. We find that for a filling
factor around half filling, an FFLO state with a finite center-
of-mass paring momentum can be stabilized when the moving
velocity g, exceeds a critical value. This exotic pairing state is
characterized by a spontaneously generated modulation with
wave vector g, along the perpendicular direction, such that the
total pair momentum of the order parameter is tilted towards
the nesting vector Q = (£n/d,£r/d). By doing so, the pair-
ing state can be energetically favorable owing to the enhance-
ment of density of states. We characterize the first order phase
transition between the BCS and the FFLO states with increas-
ing gy, and map out the phase diagram for a wide range of
filling factor. The stability region of the FFLO state may be
even enlarged when considering a more general state with a
combination of multiple pairing momenta, which is usually
energetically more favorable than the single-component solu-
tion.
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