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We investigate the monogamy and polygamy inequalities of arbitrary multipartite quantum states, and provide new
classes of monogamy and polygamy inequalities of multiqubit entanglement in terms o f concurrence, entanglement of for-
mation, negativity, and Tsallis-g entanglement, respectively. We show that these new monogamy and polygamy inequality
relations are tighter than the existing ones with detailed examples.
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1. Introduction

Quantum entanglement is a quintessential manifestation
of the quantum mechanics. It is an essential feature of quan-
tum mechanics which distinguishes the quantum from the clas-
sical world. While the entanglement in bipartite quantum sys-
tems has been intensively studied with rich understanding, the
entanglement of multipartite quantum systems is less known
in characterization and quantification. One interesting feature
of multipartite entanglement is known as the monogamy of
entanglement (MOE),[-?] that is, the impossibility of sharing
entanglement unconditionally among many subsystems of a
composite quantum system. For example, for three two-level
quantum systems, denoted by A, B and C, if A and B are in a
maximally entangled state, then A cannot be entangled with C
at all.

The first mathematical characterization of the MOE
was expressed as a form of inequality for three-qubit
state.[3] Osborne and Verstraete proved the Coffman—Kundu—
Wootters (CKW) monogamy constraints for concurrence.!
New classes of monogamy relations have been presented for
other entanglement measures.>~8! It has been shown that the
ath power of concurrence and the convex-roof extended nega-
tivity (CREN) satisfy the monogamy inequalities in multiqubit
systems for o0 > 2, and o-th power of entanglement of forma-
tion (EoF), Tsallis-g entanglement and Rényi-o entanglement
show similar monogamy properties.[®~12]

Monogamy relations help people to understand the dis-

DOI: 10.1088/1674-1056/abf12e

tribution of entanglement in multipartite systems. They also
play an important role in the security analysis of quantum key
distribution,!' condensed-matter physics,!'* and even black-
hole physics.['>! On the other hand, the assisted entangle-
ment, which is a dual amount to bipartite entanglement mea-
sures, is also shown to have a polygamous of entanglement
(POE). POE can be considered as another kind of entangle-
ment constraints in multiparty quantum systems. A polygamy
inequality was first established for arbitrary multiqubit sys-
tems by using the squared concurrence of assistance,/'%!7]
and it was generalized to multiqubit systems and arbitrary
dimensional quantum systems in terms of various assisted
[18-201 POE is characterized by the polygamy

inequality, Eq(Papc) < Ea(Pap) + Ea(pac) for a tripar-
tite quantum state papc, where Eq(pajpc) is the assisted

entanglements.

entanglement!!® between A and BC. It provides an upper
bound for the distribution of bipartite entanglement in a mul-
tipartite system. 6]

In recent years, tight classes of monogamy and polygamy
inequalities of multiqubit entanglement using the non-negative
a-th power of various entanglement measures were also
proposed.[1%-18:21=251 T this paper, we optimize the monogamy
and polygamy inequalities of multipartite entanglement for ar-
bitrary quantum states, based on the ¢-th power of the mul-
tipartite qubit entanglement. Furthermore, we show that our
optimized monogamy and polygamy relations are tighter in-
equalities than the results in Refs. [10,16-18,21-26].
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2. Optimized relations for concurrence

For a bipartite pure state |y)4p in Hilbert space Hy ® Hp,
\/2(1 —tr(p?)) with
! For a bipartite mixed state py, the

the concurrence is defined as C(|y)ap) =

27,28
pa = trp(|W)as(wl).B"
concurrence is defined by the convex-roof extension

C(pAB) = ( min

pi7‘ i

_PiC(|Wi)ag),

where the minimum is taken over all possible decompositions

of pap = ZPi|V/i>AB<V/i| with }. p; = 1 and p; > 0. For a dual
l ]

quantity to C, the concurrence of assistance of state pap is de-

fined as the maximum average entanglement!!©!

Cu = max Cly; ,
(Pas) {ni-,lll'i>}2i"p (I¥ia)

where the maximum is taken over all possible pure-state de-
compositions of pyp.[*!

For any N-qubit quantum state pap,..3y ; € Hs ® Hp, ®
-+ ® Hp,_,, the concurrence C(pyp,..p, ) Of the state

Pa|B,--By_, across the bipartition A : By -+ By_| satisfies]

Ca(pA\Bl'"BNq) ZCOC(pAB|)+COC (PA32)+’ ’ 'Jrca(pABNq)v (1)

for a¢ > 2, where PaB; denote two-qubit reduced density ma-
trices of subsystems AB; for j =1,2,...,N — 1. Generally, a
bipartite entanglement measure E is said to be monogamous if

the following inequality is satisfied:>!
N-1
E*(Pajp-sy-) = ), E*(pas,), 2
i=1

where pap, = trp,..B, 1B, 1By i (PalB,-By_,)» and O is the
minimum value such that Eq. (2) holds.

In Ref. [25], the authors have shown that for 0 < x < %
k> 1and u > 1, the following inequality holds:

ku I
> 1+ [(k+ D — k]t 3)

In order to investigate the monogamy relations of multipartite
entanglement, we need the following lemma.

Lemma 2.1 For & > 2, k > 1 and any 2®2 ® 2V~2 quan-
tum state pagc, if Cap > \/%CAC’ then

a ) e (a2
Cilpc = Chp+ mcﬁc (kC/(;; a9 ))
+ |+ 1)E - k8] i, @)

where A and B are qubit systems, C is a 2¥~2-dimensional
qudit system, consisting of N — 2 qubit systems, and Cqp =
C(pag).

Proof If Cyg =0, then Cac =0, pap and pyc are separa-
ble, hence Eq. (4) holds.

Otherwise, according to Cﬁ‘ se = Clp+Cic. and Cyp >
VkCac, we have

C:lx\BC > (Cip+Cic)

@
2

[] C/2\C %
= CAB (1"'62)
AB

ka Ci
14 o ~hc
2(k+1)C2,

et ()] ()]

o -2 4 -2
= G+ 557 Cic (kegy - kScie™)

+ (k1) k8] g,

> Cip

where the second inequality is due to inequality (3).

Note Lemma 2.1 shows that there exits a new trade-off
relation among subsystems A, B and C of a composite quan-
tum system, i.e., the entanglement shared among subsystems
A, B and C is restricted by inequality (4).

In term of Lemma 2.1, we get a new general monogamy
relation of concurrence for pag,..5y_,-

Proposition 2.1 For a > 2, k > 1 and any quantum state
PAB,--By_,» if Cap, > \/];CA|B,~+]---BN,1, for i =1,2,...,m and
\/IECABJ. < CA‘BjJrl"'BN—l’ for j=m+1,...,N—2, then

m
i1
Cf(\x|B]Bz~-~BN,] > Z}hl (CAB, +JaB;)
s

+h" .Niz | (hCip, +Ja;) +1"Clgy s ()
j=m+
where
Jag, = ﬁcfiwﬁl'“BN—l (kch—f _ k%CXC\EilmBNq) ,
J_ABj B ﬁc‘%i (kCX“EmeBNil 7k%CXCB_f2) ’

h=(k+1)% k7.

Proof Fori=1,2,... ,m, using the monogamy inequal-
ity (4), we have

C'(AxlBlBZ'“BN—l
o 2
= CX‘BI +hc1?\32“'31v71 + 2(k+ ])CA‘BZ'”BN—I
-2 4 -2
x (kegg2—kicg2 4 )

L@
2(k+1) AlB3By-i

Y

Cip, +h [C:\XBZ +hCip,.py , +

-2 4 -2
x (kC/‘j‘BZ kzc;;‘BMNl)]

o 2 a—2 1 %nra-2
+2(k+1)CA‘BZ”'BN—I (kCAB1 _kZCA|BZ...BN71>

Y

m

Z K (CXBi +JAB") +h" :‘X\Bmﬂ “By-1” (6)
i=1

Y

Similarly, for j=m+1,...,N —2, we get
(04 o o x 2
Calbir-y1 2 Calyzny s F 1B+ 5057y CaBe

100310-2
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a-2 2 a2
% (kCAleJrT“BN—l —ke CABm+1)
N-2 B
> Z (thBJ +JABI~) +C§BN71 . (7)
j=m+1
By combining inequalities (6) and (7), we come to the conclu-
sion.

Remark In Proposition 2.1, the conditions Cap, >
\/];CA‘BH—I'”BN—I and \/];CABj < CAlBj-H'”BN—I make those Jyp;
and J;‘Bj greater than O, thus our results can be tighter than
those inequalities in Ref. [22].

In particular, if Cap, > \/];CA‘BHI'”BN—I
1,2,...,N —2, then the following monogamy relation holds.

for i =

Proposition 2.2 For any N-qubit quantum state

PAB|-By_;> if CAB,- > \/];CA‘BFA”'BN—] , then

N—2
ClpyByby | = Y hl_l(CAaB,- +Jas;) +hN_ZCXBN,17 @®)
i=1
where

h=(k+1)% k%,

_ G 2 -2 1902
Jap; = mCA‘BHI“‘BN—I (kCABi _kZCA‘BHl'”BN—l) :

Proof From the inequality (4), we have

o
CA\Ble'"BN—l
o

[0 o] 2
2 Cap, ThCAlp, 5y, + 20+ 1)CA\BZ‘~BN71

o2 2 a2
X (kCA31 _kZCA\Bz~-~BN,1)
o 2

o o o
2 CAB] +l’l |:CA32 +hCA‘B3-~-BN_1 + WCA‘B?”BNfl

-2 @ -2
X (kC/’j’B2 —k2 Cl‘(‘x‘BS'“BN—l )}

« 2 a2 _ 1 %na-2
+2(k+l)CA|BZ“'BN71 (kCABl _kZCA‘Bz...BN,l)

Z .
> % 4+ hCY, WN-2c8 LU
= Cap, ThCpp, +--+ ABy_, T+ 20 1) A8
-2 a 2
x (keg2, ~ kg )
ah o a-2_ %pa-2
+et 2(k+ I)CA|B3~-~BN71 (kCABz —k>2 CA‘B3...BN_1)

o 2 -2 %502
+2(k+ I)CAlBZ'"BN*I (kCABl _kZCA\Bz'"BN—l)'

Setting Jup, = 2(]{;11)03”13#1“'31\/71 (Cglf_cl‘;“gilm&v_]), one
gets the result.

The new monogamy relations of concurrence (5) and (8)
are tighter than (16) in Ref. [22].

Example 2.1 Consider the three-qubit state |y)pc in the

generalized Schmidt decomposition form 3!

[W)asc = A0|000) + A1 e'?[100) + 12| 101)
+A3]110) 4+ A4|111), )

4
where ¥ A2 =1(4,>0),i=+v—Tand0< ¢ <7 Ac-
m=0
cording to the definition of concurrence, we have Cyjpc =

2000/ A3 + A3+ A2, Cap = 220A2 and Cac = 240A3. In the
light of Cap, > \/]ECA‘BHI“'BN—I in Proposition 2.2, we take

).QZ%,/IQ: %,M:M:w%andhz%,then
« (49
alsc = \ 73
@ 2 2 % ha-2
> CXB+hCXC+mCAC(kCXB —k2C5c7)

(3) +(3) " e
ST ()T

For k = 2, our monogamy inequality of concurrence is tighter

a/2_ . .
than the formula CJp + %C/‘j‘c (r = 0.5) given in
Ref. [22] for o@ > 2. The larger the k is, the tighter the

monogamy inequality of concurrence becomes (see Fig. 1).

0.7F

0.6

0.5}

o

04}

0.3}

~
~

0.2}

3 4 5 6

Fig. 1. The axis C* stands for the a-th power concurrence of |y). The
blue solid line represents the concurrence of |y) in Example 2.1. The black
dotted (purple dashed) line represents the lower bound from our result when
k =2 (k =3), while the orange dotdashed line represents the lower bound
from the corresponding result » = 0.5 in Ref. [22].

In order to discuss the polygamy relations of the concur-
rence of assistance (CoA) Cy|p,...y_,» We need the following
inequality./®! For 0 <x < 1/k,k>1land0<pu <1,

(10 < 1 B e () (k- 1 =k
< 14 [(k+ D* — kMM < 1+ pxt. (10)

Using inequality (10), we have the following polygamy rela-
tion.

Lemma22For0< o <2andany2®2® ON-2 quantum
state Wagpc, if Caap > VkCaac With k > 1, then

ka -2) ¢ ,(a-2
Cane < Caap+ WCL%AC (kC,EX‘B '—kfege ))

T (k+1)%—k%} < (11)

where Ciap = Ca(PaB). Pap = tre|W)apc(y|, and pac =

trp| W) apc (V|-

Proof If Ciup =0, then C uc = 0, and C%

ABC = 0, hence

the polygamy relation (11) holds.

100310-3
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Otherwise, according to C2 wAlBe < C2,p+C2, 11 and
Canp > VkCuac, we have
X\BC < (Coap+Canc)?
C-\ 2
— 1+ aAC)
B
‘ ( Coan
ka C2
< CaAB |:1+ aAC
¢ 2(k+1)2C2,p
[ a o] (C2c 7
+(k+1)2—(1+ )z (fl ) ]
2(k+1)2 C2is
ka _9 o« (g2
= Gl 3y e (RCitn” — k¥ €5C”)

+ {(k"‘ 13 _k%} ACH
where the second inequality is due to inequality (10).

Note Lemma 2.2 shows that there exits another trade-off
relation among subsystems A, B and C of a composite quan-
tum system, namely polygamy relation, the information shared
among A, B and C is restricted by the inequality (11).

Associated with the Lemma 2.2, we obtain the following
two new polygamy relations.

Proposition 2.3 For 0 < o < 2, k > 1 and N-qubit
quantum state |W)ap,..By ,» if Caap; > \/];CaA|B,-+1~-~BN,1 for
i=1,2,...,m, and \/I;CaABj < Ca,g\|3j+1...;ng1 for j =m+
1,...,N—2, then

i— 1
aA\Ble By S Zh (Coap, +Jans;)

N-2
+nm Y (hCoap, +Janp,)+h"Coap,. ,» (12)
j=m+1
where
h=(k+1)% —k2,
ko 5 ) )

Jaas; = 2(k+1)2CaA|Bi+1“‘BN—1 (kcﬂABi CaAle ‘BN 1)
7 kot 2 -2 ¢ Ha-2
Jas; = 2(k+ 1)2CaABj (kCaA\B_,-H...BN,l _kZCaABj) :

Proof Fori=1,...,m, using inequality (11), we have
o
CaA‘BlBZ-"BN_l
ko

o o
S CaA31 +hCaA‘Bz“‘BN71 + 2(k—|— 1)2

2 -2 2
XC“A\Bz-"BNq (kcg“Bl Cz‘\\Bz “Bn— 1)
ko
S ‘%Bl +h|: :ZABZ +thA|B3~-~BN,] + 2(k+ 1)2
2 -2 2
XCaA\By.-BN,, (kCgABz CZ‘A\B; -By_ 1)]
ka 2 o—2 o—2
+mcaA\BszN,l <kCuAB — k3 CorlByBy 1)
<.
< th I(C _|_k7a ) hmc
= & aAB; 2(k+1)2 JarB; aA|Byy1By-1’

forj=m+1,..., N=2,
CgA|Bm+1 “By-1
ko
o
< CaAle+2 ‘By-1 +hCaABm+1 + 2(k—|— 1)2
2 2 g o2
X, (kc;j;m,;m+2 . kzc:j‘AB,,,H)

N-2

< (hCarp, + 577 vaJaas;) +Capy_,-

Remark The conditions Caap, > \/IECW” Biyi--By., and
\/IECaAB/. < CaA\BH]---BNf] make those Ju4p, and J_uABj greater
than 0, thus our results can be tighter than those inequalities in

Ref. [22].

In particular, if i = 1,2,...,N — 2, then we obtain follow-
ing new polygamy relation.

Proposition 2.4 For 0 < o < 2, k > 1 and quantum state

|W)aB,.-By_,» if Canp, > \/];CaA|B,~+1 ..By_,» then we have

1 2
aA\Ble ‘By_1 — Z hl aAB +J(lAB)+hN aABN 1’ (13)
=1

where
a a
h=(k+1)2 —k2,
kot 2 o2 a2
J‘ZABi: 2(k+ 1)2CaA\B,-+1---BN,1 (kCaAB k CaA‘BH] ~By_ 1) '
Proof By partitioning the last qubit system
BiBii1---By—1 (i=1,2,...N —2) into two subsystems and

using the above inequality (11) repeatedly, one gets the result.

The Propositions 2.3 and 2.4 show that the new polygamy
inequalities (12) and (13) are tighter than (18) and (19) in
Ref. [22]. Let us illustrate this by an example.

Example 2.2 Consider the three-qubit state pspc =
|W)apc(y| (9). By direct calculation we have C,apc =

20\ A3+ A} +2A7, Caap = 220\/A3+A} and Cuc =

2M04/A3 + A}, In view of Cuap > \/];CaAC’ we set g = %
o /b A= a2 — e ()
and

" o ka 2 -2 _ 1 %nra-2

aap T hCanc + mCaAC (kCaap — k2 Canc’)

— ﬂ %_|_h E %
A\ 72 72
k )\ 3\’
o o
k(2] k(2
TRE 12 ( 72) < 72)

For k > 2, our polygamy inequality of concurrence is tighter

o2 _
than the formula C%,, + %

Ref. [22] for & > 2 (see Fig. 2).

Cle (r=0.5) given in

100310-4
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Fig. 2. The axis CZ stands for the aith power CoA of | y). The blue solid line
represents the upper bound of concurrence of |y) in Example 2.2, the orange
dotdashed line represents the upper bound of polygamy of CoA in Ref. [22],
the the black dotted (purple dashed) line represents the upper bound from
our result when k =2 (k = 3).

3. Optimized relations for entanglement nega-

tivity

Entanglement negativity is a quantifier of bipartite entan-
glement. The negativity of a bipartite state pap in Hy ® Hp
is defined by Ref. [31], N(pap) = (||pA§ | —1)/2, where pgg
is the partial transposed matrix of p4p with respect to the sub-
system A, and ||x|| = trv/xxT is the trace norm of x. The neg-
ativity vanishes if and only if psp is separable for the 2 ® 2
and 2 ® 3 systems.!*?! For the sake of convenience, we use
N(pas) = llpsall — 1.
For a bipartite pure state |y)ap, the negativity is given by

N(|w)as) ZZ\//’UL tr\/;TA —1, where A; >0, Z?L—

land py = trBW)AB(W
To give a discrimination of positive partial transposed

the following definition of negativity,

bound entangled states3>33] and separable states in any bi-
partite quantum systems, one modification of negativity is
convex-roof extended negativity (CREN). 4]

For a mixed state psp, the CREN is defined as

Ne(pas) manPz (lwi)as) (14)

where the minimum is taken over all possible pure state de-

compositions {p;, |W;)ap} of pas.
The convex-roof extended negativity of assistance
(CRENOA) of p4p is defined by

= max Z piN

with the maximum taking over all possible pure state decom-

positions {p;, |Wi)ap} of pas-
It has been showed that the negativity is equivalent to con-

Na(pag) (lwi)as) (15)

currence for any pure states with Schmidt rank 2.1*1 Conse-
quently, it follows that for any two-qubit mixed state ppp =

Y. pilWi)as(Wil,

Ne(pap) = mmzpz (Iwi)ap)
= mlHZPi (lwi)a) = C(pas), (16)
Na(pag) = mapr, (lwi)as)

= max ) piC(|yi)ap) =Calpas)-  (17)

Analogously, we obtain a new monogamy relation as fol-
lows.

Lemma 3.1 For any 2 ® 2 ® 2¥~2 quantum state pspc
such that N.ap > VAN, Ac> We have

(=2

o a _
Negipe = Negp+ WNQZAC (kNCAB — KNS 2))

+ [+ 1) F —kF | N, (1)
with o¢ > 2 and k > 1.
Proof The prove is similar with Lemma 2.1.

Note N.4pc stands for the negativity of papc, which
quantifies the entanglement between the subsystem A and BC,
and Ncy pc = 0 implies papc is separable. Lemma 3.1 shows
that there exits limited shareability among the subsystem A, B
and C. If N, AlBC ~ Neap = 1, then pap is a maximally entan-
gled state and N4 ~ 0.

According to Lemma 3.1, we obtain a new monogamy
relation of negativity.

Proposition 3.1 For a > 2, k > 1 and any N-qubit state
PAB,By--By_1» if Neap; > VkNeajp,..py_, fori=1,2,...,m, and
VkNcag, < Nejg;5y_, for j=m+1,...,N —2, then the fol-
lowing monogamy relation holds:

NCA‘BIBZ ‘By_1 = Zhl 1( CAB; +QaAB)

=1

N=2
+H" Y (BNfp,+Oans))+H"Neflp, - (19)
Jj=m+l1
where
h=(k+1)% —k%,
. a (a—2) (0-2)
Quap, = 2(k+1)NCA\Bt+1 ‘By-1 (kNCAB k% NCA\BIH ‘By- 1)
-« 2 (a—2) _ 1%y (0-2)
QaABj*mNcABj(chMBM...BMI k2Neag, ™)
Proof Fori=1,2,...,m, according to the inequality (4),
we have
NCX‘B]BZ'”BN—I
o
o o
> Neas, +hNCA\Bz---BN71 + m
2 (@=2) (@=2)
XNCAIBZH-BN_| (kNCAB k NCA|BZ ‘By— 1)
> N +h hN& _
= LABI + cA32+ CA|By- BN*1+2(k—|—1)
2 (2=2) (2=2)
X Neaiy-By_, (kNCAB — k3 NCA|Bg -By_ 1)}
o 2 (@=2) (@=2)
+2(k+1)NCA|BZWBN,1 (kNCAB k NCAle BN 1)
> .
i—1
> Zh ( CAB +QaAB)+h NCA‘B L1By_1? (20)

i=1
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for j=m+1,...,N—2, and get
a

a a a
NepiB,, 1By = Nealg,, oy, +MNeas,, ., + 2(k+1)

2 (a—2) o, (a=2)
x NCAB»Hrl (kNCA‘Bm_'_z-"BN_] B k : NCABm+l )
N-2 B
>y (thfx‘Bj +Qasp;) +Neapy - 2D
Jj=m+1

Combining (20) and (21), one gets the results.

In particular, if i = 1,2,...,N — 2, then we get a new
monogamy relation.
state

Proposition 3.2 For any N-qubit mixed

PABBy--By_1» 1 Neap; 2> \/ENCA\B,-H ~-By_y» then

N=2
1 2
NgA\Ble-»-BN,I > Z h' (NgABi+QaABi)+hN N apy - (22)

=

where
h=(k+1)% —k%,
__ G« 2 a2 1% a2
Qansi = 5 1) NeAlb -y (kNCAB,- —k>Negj, | "‘BN—I) :

Example 3.1 Let us consider again the three-qubit state
|y) (9). From the definition of CREN, we have (N;),5c =

2M00/ A3+ A3+ A2, (No)ap = 2MoAy and (N,)4e = 220As.
Accounting to Negp, > \/ENL.A‘B we take Ay = %,
Ay = % M=M=
o
\ ‘7‘*9’ (Ne)ap = \/; (Ne)ac = %» and (NC)/?\BC = (%) ’
2 2 -2
(Ne)ip +h(Ne)ae + 5y (Ne)ac (k(Ne)ap ™ — k2 (Ne)je ™) =
(Y% +h (1) + ey (/Do — k% (§)* 7). For k=
a 1 a/2_q
1/r, one has (No)fpe = () = (Ne)ip + e (Vo)
from Ref. [22]. Our monogamy inequality is tighter than the

i+1Bn_1°

1/% and A3 = _%, then (Ne)yjpc =

Y

corresponding result (r = 0.5) in Ref. [22] for @ > 2 and any
k > 2 (see Fig. 3).

0.7F

0.6

0.5¢1

0.4

0.3

0.2 3

3 4 5 6

Fig. 3. The axis N is the CREN of |y). The blue solid line represents the
CREN of |y) in Example 3.1. The black dotted (purple dashed) line repre-
sents the lower bound from our result for k = 2 (k = 3). The green dashed
line represents the lower bound from the result (k = 0.5) in Ref. [22].

Next, we investigate the polygamy relations of the nega-
tivity of assistant N,. We first introduce a lemma.

Lemma 3.2 For0 < a <2, k> 1and 202 ®2"~? quan-
tum state |Y)apc, if Naap > VkNaac, then we have

ko -2
Nafipc < (NaAB)a+WN3AC (kNaXZ :

kN )

+ [+ 1)E - k8 | Mg (23)

Using the Lemma 3.2, we can get a new polygamy rela-

tion.

Proposition 3.3 For a N-qubit state
(W) aB,--By_y» if Naag, > VkNaajs,, 5y, for i=1,2,....m,
and \/l;NuABj < NuA\B,-H---BN,] for j=m+1,...,N—2, then
the following polygamy relation holds with 0 < o < 2 and

k>1:

quantum

(04
Nll A‘B]Bz-"BN,l

m
< ZhFl (NfABi + QaAB,»)
i=1

N-2
+n" Z (hNL?CABj+QaABj)+thgABN,17 24)
Jj=m+1
where
h=(k+1)% —k%,

kot 2 a2_ ;% a2
Qaap, = 2(k+1)2NaA‘Bi+l“‘BN—1 (kN“AB[ 7k2NaA‘Bi+l"'BN—l) ’

5 ka 2 -2 Lo a2
Quag; = WNaABj (kNaA|Bj+l...BN71 — k2 Nayp, ) :

Proof The proof is similar to the proof of Proposition 2.3
by using inequality (23).

In particular, for i = 1,...,N — 2, we get the following
polygamy relation.

Proposition 3.4 For 0 < o < 2 and quantum state
\W)AB, By if Naag, > VkNaajp,, .5y , With k > 1, then

N-2
Najig, 5,8y | < Z W (Nafp,+Qaap,)+h" N, |, (25)

=1
where

(4 o
2 2

h=(k+1)% —k?,

kot 2 a2 % 02
Qanp, = mNaA‘BHI'“BN—I (kN”ABi —kz N”A\Bi+| "'BN—I) '
Proof The proof is similar to the proof of Proposition 2.4.

The inequalities (24) and (25) give the upper bounds of
polygamy relations of Ny(pa|s,...8y_,) fOF PAB,--By._; -

Example 3.2 Consider again the three-qubit state
pasc (9). We have Nygpc = 2404/A7 + A3+ A7, Naag =

ZA() 2,224—2,42 and NaAC = 2%{) 1324'2/42
Naap > VkNaac, we set g = %, A = \/; A=A =

2 and 23 = §. Then N2 . = (%)%, Nofp + NG +

In view of

72

k o 13, ¢ k 4 \o—
s NaickNaag)? + h(35)? + et lk(y57)% 2 -

k%(\/%)“‘z]. Our polygamy inequality of negativity of
/2
assistant is tighter than the formula N,%; + %Nag‘c

(r=0.5) given in Ref. [22] for o > 2 and k > 2 (see Fig. 4).
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1.00
0.95F
0.90f

=z 0.85} AN

0.80F RN
0.75F =~

/1
s
Y
/1
/7

0.70f

0.5 1.0 1.5 2.0
o
Fig. 4. The axis N, is the negativity of assistant of |y), as a function of
o.. The blue solid line represents the negativity of |y) in Example 3.1. The
black dotted (purple dashed) line represents the lower bound from our result
for k =2 (k= 3). The orange dotdashed line represents lower bound from
the result (k = 0.5) in Ref. [22].

4. Optimized relations for EoF and EoA

The EoF*>3¢ is a well defined important measure of en-
tanglement for bipartite systems. Let H4 and Hp be m and n
dimensional (m < n) vector spaces, respectively. The EoF of
a pure state |Y)4p € Hy ® Hp is defined by

E(|w)as) = S(pa),

where ps = trg(|W)ap(y|) and S(p) = —tr(pInp). For a bi-
partite mixed state psp € Hy ® Hp, the EoF is given by

nnn Zp,

with the minimum taklng over all possible pure state decom-

(26)

E(pag) = (lwi)as) 27)

positions of pap. The entanglement of assistance (EoA) of a
bipartite mixed state pap € Hy ® Hp is defined by

Ea(pag) = max Y piE(|vi)as), (28)

{pilwid} 5

with the maximum taking over all possible pure state decom-
positions of pap.

Denote f(x) =H %) , where H(x) = —xlog, (x) —
(I —x)log,(1—x). From Egs. (26) and (27), one has E(|y)) =
F(C*(|y))) for 2@m (m > 2) pure state |y), and E(p) =
f(C3(p)) for two-qubit mixed state p.1*"! It has been shown
that f(x) is a monotonically increasing function for 0 < x <
1,137) and satisfies the following relations:

PR = 2 + Y208,
FO2+3%) < FO) + 0.

For an arbitrary N-qubit state pap, B,.-By_,» it Was shown
that

(29)
(30)

Ea(pAlBle---BN,l)
> E%(pag,)+E%(pag,)+--+E%(Pasy_,)-
with o > /2, where A|B1B;--
and pag, (i=1,2,...,N —1) is the reduced density matrices."!
Lemma 4.1 For o > V2, and k >1,ifx > \/I;y, then
FHE4Y) 2 ) + [k 1)V =k | £407)
o \/E 2
+—="f
V2(k+1) 0%

(€29

-By_1 is a bipartition system,

x [ereV20) — ki V20 32)
Proof Due to inequalities (3) and (29), we can obtain

FE) = (1)

> (202 +207)
> foR)+ [+ 1)V =3 ] £207)

(04 V2.2

+7ﬁ(k+l)f )

x [kreVR0) - P27

Lemma 4.2 For any 2 ® 2 ® 2V~2 mixed state papc, if
Cap > VkCac, then

Efipc > Efp+[(k+1)2 —kV1]EfL
@ V2 (1Ea—V2 _ 1 pa—V2
T (kESG -k ER?) . 33)

with & > V2 and k > 1.
Proof The proof is similar to the prove of Lemma 4.1.

Note E, pc stands for the EoF of the state papc, which
quantifies the entanglement between the subsystems A, B and
C. Lemma 4.1 implies that there exits restrictive condition
among the subsystems A, B and C when they sharing informa-
tion.

According to Lemma 4.1, we can obtain a new

monogamy relation based on EoF.
Proposition 4.1 For o > /2, k > 1 and any N-qubit state
PABy BBy > if Cap, = \/];CAlBiJrl"'BN—l » then

EX\B]BZNBN,, lez‘;hiI(EXB,»‘FRAB,-)-FthEZBN_I, (34)
where
_ 5D <E£+l+“.+E£N 1)
x (KEgs 2R EG Y2 L.
)

i AlBi1+By-1

Proof Let pyp 5,8y, = LPil¥i)ap,p,-By_, (Wil be
1
an optimal decomposition such that E(pA|3132‘.‘3N71) =

ZipiE<|lVi>A\Ble---BN_| ) Because |lVi>A|Ble~-~BN_1 is aN-qubit
pure state, then

Zp,
= Zp,

> f(ZPz (IWi)aiB,B,--By_ 1))

E(pA|B|Bz~-~BN | (lwi) A|B1By-By_ )

|‘I’z A|ByBy--By_ 1))

> f (Z(\/ITJZ Z(\/ECO ‘I’i>AB]Bz-~-BN_1))2>
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2

>f ZPiC(|‘I/i>A|BlBZ---BN,l)
>f (Cz(pA\&Bz---BN_] )) ; (35)

where the first inequality is due to that f(x) is a convex func-
tion. The second inequality is due to the Cauchy—Schwarz
inequality. Due to the definition of concurrence and that f(x)
is a monotonically increasing function, we obtain the third in-
equality. Therefore, we have

E*(P|B,By-By 1)

¢ (C'ABHFCABZ+ +CABN )
f(CRp,) +hf*(Cag, ++ +Cip, )
+

o V3
f(k+1)f (CABZJr +CABN,,)

X [kfaiﬁ(ciBl)*k%faiﬁ(cﬁBz+"'+C§BN,.)]

v

Y

> f%(Cap,)+hf*(Cip, ++Cip, )
o V22 V22
+ m [f (Cap,) +--+f (CABN,I)]

x [kr V2 K3 1A

> f*(CRp,) +hf*(Chp,) + -+ 2 f(Chp, )
(XhN_3

+ -

V2(k+1)

x k(G

Y25, )

CABN—I
) - kA Ve, )

[PV e+ 1Y Chy )]

V2(k+1)
x [kre 2 CRe) kB £ g, )]

(XhN 3
> ESp +hEgy +-+ WV 2ES |+ ) (EX3. )

\/E(k—‘—l ABy_1
x [kE“*ﬁ—k%E“*ﬁ] o

+ (B Y ) (kB PKBESY

= i s,.) 0O

where the first inequality is obtained by using the monogamy
inequality (31). Due to the monotonicity of the function
f V2 (x) and inequality(33), we get the third and the fourth in-
= f[C*(pas,)].

one gets the last inequality accounting to inequality (35).

equalities. As for any 2 ®2 state pap;, E(pas;)

Our monogamy relation (34) is tighter than the for-

mula (30) in Ref. [22], and we illustrate this with an example.

Example 4.1 Let us consider the three-qubit state

Pagc (9). Accounting to the conditions Cap, > \/];CAlB,-H---BN,l

in Proposition 4.1, we take Ay = 3, A = \/%, M =
Then E¢

1,4 =1\/7 i and 243 = % AlBC — (0 7554) B+
hEX‘C+f(k+1>(Ef) (kE“"/i—kao‘ f) — (0.6009)% +

(0.1873)V2
V2(k+1)

Assuming k = 1/r, one has E

h(0.1873)% +

(14+n)*2 1 g
Efipc = Exg+—am—Ejc

given in Ref. [22]. When k = 2, our monogamy inequality is
tighter than the results (r = 0.5) in Ref. [22] for a > V2. The

[(0.6009) v k%(o.1873)“—ﬁ].

larger the k is, the tighter the monogamy inequality becomes
(see Fig. 5).

0.7F
0.6 £
0.5F
0.4F
0.3F
0.2F
0.1F

EoF

Fig. 5. EoF as a function of a. The blue solid line represents the EOF of the
state |y) in Example 4.1. The black dotted (purple dashed) line represents
the lower bound from our result for k =2 (k = 3). The orange dotdashed
line represents the lower bound from the corresponding result (k = 0.5) in
Ref. [22].

Before investigating the polygamy relations of EoA, we
introduce a lemma.

Lemma 4.3 For 0 < o < 1 and 2®2® 2V~ state pazc,
if E;ap > kE ac (k> 1), then

W (kP Bl

E% <E%p+——"—o
aAlBC = FarB ﬂ(k+1)2 aAC

(k+1)¥ =2 | Sy (37)

Proof By using inequality (10) and the polygamy relation
EuA| sc < Eqap + Eqac, we achieve the result.

Note Lemma 4.3 implies that the information shared
among the subsystems A, B and C restricted by the polygamy
relation (37).

According to Lemma 4.3, we obtain a new polygamy re-
lation of EoA as follows.

Proposition 4.2 For 0 < o < 1 and any N-qubit quantum

state Pag,.-By_,» if EaaB, > kEqa|B, ,..By_,» then
N i N—
Egu g8y By = <Y W N ES g ARaas)+H" Eals, ,, (38)
=1
where
h=(k+1)Vi —kV2,
ka v V2
R = 75 (B i)
o— f a2
(kE kﬁEﬂA|Bz+1 ‘By_ 1)

Proof Firstly, let us consider a multiparty quantum state
PA|B,B,--By_, Tather than just three parties, then

Eguig,gy-By_, < (Ears, +Eaaly-8y )% (39)

by using the inequality (10) and iterating inequality (37) on
the last term of inequality (39), we obtain the result.

Proposition 4.2 implies that polygamy inequality (38)
tightens again the upper bounds of E,(p4p,..5, ,) given in
Ref. [22].
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5. Optimized relations for Tsallis entanglement

The Tsallis-g entropy®® with respect to a non-negative
number ¢ can be used to characterize the classical statistical
correlations inherent in quantum states.”! For a bipartite pure

state | W) 4p, the Tsallis-g entanglement is defined by!!!!

%1 (1—tr(p))

for any ¢ > 0 and g # 1. T,(p) converges to the von Neumann

T,(|w)aB) = S4(pa) =

entropy if ¢ tends to 1. For a bipartite mixed state psp, the
Tsallis-g entanglement is defined via the convex-roof exten-

=min Z piTy

over all possible pure state decompositions of p4p.

sion, T, (pag) (|wi)ap), with the minimum taking

As a dual quantity to Tsallis-¢g entanglement, the Tsallis-g
entanglement of assistant is defined as!!]

mapr,

with the maximum taking over all possible pure state decom-

Tya (PaB) (|wi)aB)

positions of p4p.

In Ref. [40] the authors have proved an analytic rela-
tion between the Tsallis-g entanglement and the concurrence,
T,(|W)as) = 84(C*(|W)ag)). Generally, for 2@m (m > 2) pure
state [y), T,(|y)) = g, (C*(|y))), and for two-qubit mixed
state p, T,(p) = g4 (C*(p)).!""1 where the function g, (x) is

defined by g,(x) = 1 [1— (‘*F)q— (‘*m)q} It

has been further proved that 7,
5— f <q 5+\F

qA‘BB BN 1 Z qA‘B r

It has been shown that g, (x) is monotonically increasing
and convex with ¢, in particular, g,(x) satisfies the following
relation for 2 < ¢ < 3:

2q( +37) > g4 (%) +84(°)- (40)

For the case when 1 < ¢ <2 or 3 < g < 4, the function
84(x) satisfies

8q(F +7) < gg(?) +84()- (41)

Due to the relation (40), we can obtain the following in-
equality.
Lemma 5.1 Fora>1landk>1,if x > \/l;y, then
gq(x2 +y2) > gqa(xz) +((k+1)% — ka)gqa(yz)
o _ .

+ g () (kg™ () —k%g," 7 (7)) - (42)

k+1

Proof Due to inequalities (3) and (40), we have

g2 (7 +)%) > (24() +2400")"
a2 24(")\*
= gq( ) (1 +gq(x2))
gqa(XZ) + _ka)gqa(yZ)

((k+1)*
89(5%) (kgg* ' () —k%g,*1(0%) . (43)

v

Lo
k+1

Lemma 5.2 For any 2 ® 2 ® 2¥~2-dimensional mixed
state pagc, if Cap > VkCac, then T,(p) satisfies

Topise = Tapp+ ((k+1)% —k*) Ty

o 1 1
T 1 Type KTy —kOTy5c) (44)

witha >1and2 < g <3.

Proof The proof is similar with the proof of Lemma 5.1.

Note 7, AlBC stands for the Tsallis-g entanglement be-
tween the subsystems A and BC, thus the Lemma 5.2 shows
that there exits limitation among the subsystem when they
sharing information.

Due to Lemma 5.2, we have the following new
monogamy relation of Tsallis-g entanglement.

Proposition 5.1 For an arbitrary N-qubit mixed state
pABl"'BN—l’ if CAB,— > \/I;CA‘BI‘#»I.“BN*l for i = 1,2,...,N— 2,
then Tsallis-g entanglement satisfies the following monogamy
relations with oc > 1 and k > 1:

N-2
(Tq)g\BlBg~~~BN,1 ZZ hH( T, )AB +Gas, )+hN °T, qABN ; (45)
i=1

where
o
GABl—m(( )ABi+l+ +(T)ABN 1)
a—1
x (KT, K (TS5 o)
h=(k+1)%— k“
Note that (7) 4)A|B,B, By, duantifies the Tsallis entangle-
ment in the partition A|B1B2 -By_1 and (T) AB quantifies
that in two-qubit subsystem AB; with i =1,2,. —1.

Proof Let pyp 5,8y, = ZPi|‘I’i>A|BlemBN,1 (yi| be a
1

optimal decomposition, then

Zp,
= ;Pigq [CA\Ble---BN_, (|‘l’z>)]

(Tq)(pA|Ble~~~BN 1) |lljl A‘BIBZ ‘By_ 1)

> 8 [ZpiciBle---BNl (|‘I’z>)]

2

%

8q |‘ZpiCABle~~BN1(IWi>)

= & [C/§|3132~-~BN_1 (P)} ) (46)
where the first inequality is due to that g,(x) is a convex func-
tion. The second inequality is due to the Cauchy—Schwarz
inequality. In terms of the definition of Tsallis-g entanglement
and that g,(x) is a monotonically increasing function, we ob-
tain the third inequality. Therefore, we have

T (Pl By-By 1)

g:]x lzcz(pABi)‘|

> g% (Cp,) +hg(Chp,) +---+hN 3

Y]

)g;x (C,%BN,Z)
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+h<N72)gqa(C§BN,l ) +hN3) mgqa(ciBN,l )

% |keq" ! (Chny ) — k"8, (Cp, )]
o 2 2
+- er{gqa(CABz)+"'+gqa(CABN_1)}
X [kgq B (CAB.)—kagqafl(ciwz.-.BN ])}
> (T))p, + 1Ty g+ -+ (T +H (TS

3) & ~1
D T (T KT

9/ABy

-1
7ka(Tq),(ZBN,1:| +...

k+1
o o

+ m ((Tq)A32 + (T‘I)ABN_l)

X KT8 = KTty | @7)

where we have used the monogamy inequality in (36) for N-
qubit states to obtain the first inequality. Using (43) that g,(x)
is a monotonically increasing function and the similar consid-
eration in the proof of Proposition 2.1, we get the second in-
equality. Since for any 2 ® 2-dimensional quantum state Pap;,
T,(Pag,) = 84 [C*(Pag,)]. one gets the last inequality due to
(46).

Example 5.1 Let us consider again the three-qubit state
|v) (9). By using the definition of Tsallis-¢g entanglement, we

have T, pc = 8 | (2R0y/23 + 23 +22)% . Ty = 8,(4333)

and 7, = g4(422A}). Accounting to Cap, > \/>CA‘BI'+1"'BN—1’
we take Ag = %,12: %,/11 =M= \/%and}@:%. When
q =2, one gets (T2)fpc = (49/144)% > (T2)j5 + h(D2)5c +
2 (B (MB)G' —k (T ) = (174 +h<1/18>“
"D { (1/4)@=1 —ga(1 /18)(“*1 } Assuming k = 1, one

1+r)%/2 -1
has the relation (7)) - = (% ) > (T))ap+ %(%)Ac
given in Ref. [22]. Our monogamy inequality is tighter than
the corresponding results (r = 0.5) given in Ref. [22] for a > 1

(see Fig. 6).

T,

Fig. 6. The axis 75 is the Tsallis-g (¢ = 2) entanglement of |y), which
is functions of a. The blue solid line represents the lower bound of the
Tsallis-g of |y) (¢ = 2) in Example 5.1. The black dotted (purple dashed)
line represents the lower bound from our result for k =2 (k = 3). The or-
ange dotdashed line represents the lower bound from the result (k = 0.5) in
Ref. [22].

Next,
Tsallis-g entanglement of assistant (ToA). Firstly, we intro-

we investigate the polygamy relations of the

duce a new polygamy relation of mixed state pspc as follows.

Lemma 5.3 For any 2 ® 2 ®2V~2 quantum state papc, if
(Tya)aB = k(Tga)ac, then
koo

(Tya)dipe < (Tya)an+ W(Tqa)fxc
< (kL) =k (e )
+ [(k+1)%* = k%] (Tga) 4c (48)

withO<a<landk>1.

Analogously, due to Lemma 5.3, we can obtain a new
polygamy relation for T, (paB,.-By_,)-

Proposition 5.2 For any N-qubit quantum state
PAB,-By_;> if (Tqa)ABi > k(T‘I“)A\BHl'”BNﬂ withO < a <1 and
k > 1, then

N-2
(Tqa)§|3132~-~BN_1 < Z W ((Tqa)gg,- +Gang,)
=1
+hV 2 (Th) 8, s (49)

where

ka
Gapp, = m ((Tqa)AB,+1 +-+ (Tya)aBy 1)

< (KT K Tl )
h=(k+1)% — k%,

Note that, the new polygamy inequality (49) gives upper
bounds of Ty4(pap, ..., ) Which is tighter than the ones given
in Ref. [22].

6. Conclusion

Multipartite entanglement is of particular significance in
quantum information processing. Monogamy and polygamy
relations characterize the multipartite entanglement distribu-

tions among the subsystems. Using the a-th power of the

bipartite entanglement, we have presented new monogamy
and polygamy inequalities related to the ath power of con-
currence, EoF, CREN and Tsallis-q entanglement, which
are tighter than the existing entanglement monogamy and
polygamy inequalities.?>>*2%] Qur approach may be also ap-
plied to the investigation on monogamy and polygamy in-
equalities of other entanglement measures.
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