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The generalized cell mapping (GCM) method is used to obtain the stationary response of a single-degree-of-freedom.
Vibro-impact system under a colored noise excitation. In order to show the advantage of the GCM method, the stochastic
averaging method is also presented. Both of the two methods are tested through concrete examples and verified by the direct
numerical simulation. It is shown that the GCM method can well predict the stationary response of this noise-perturbed
system no matter whether the noise is wide-band or narrow-band, while the stochastic averaging method is valid only for

the wide-band noise.
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1. Introduction

The vibro-impact system is an essential kind of non-linear
dynamic system, which has attracted considerable attention in
the past few decades.!'~%! Owing to its non-smooth character-
istics, some interesting and distinguishing phenomena such as
gazing bifurcation, tour bifurcation, chatter, and sticking mo-
tions are observed in the deterministic system.”~'%! In terms of
stochastic dynamics, efforts are made to derive the stationary
response of the vibro-impact system under the excitation of
various noises. The most common ways are the stochastic av-
eraging method and path integration method.'3-151 Huang!'¢!
developed a stochastic averaging method to obtain the station-
ary response of a multi-degree-freedom vibro-impact system
under the white Gaussian noise excitation. Recently, a solu-
tion procedure consisting of Zhuravlev non-smooth transfor-
mation and exponential polynomial closure method has been
proposed to obtain the probability density function (PDF) of a
lightly vibro-impact system excited by different white Gaus-
sian noises.['% In Ref. [17], the path integration was greatly
simplified to accurately obtain the stationary response by in-
troducing a suitable transformation of the state space to deal
with the vibration systems’ discontinuities with strong in-
elastic impact. More recently, an iterative weighted residual
method was employed to obtain the approximate closed-form
solution of the random response of a single-degree-freedom
vibro-impact system under the white Gaussian noise.!'®! More
recent efforts dedicated to the vibro-impact system’s station-
ary responses under various random excitations are available
in Refs. [19-27].

For the stochastic averaging method, one important step
is to transfer the physical process to the Ito diffusion process.

DOI: 10.1088/1674-1056/abf12a

Because the existing theory can only obtain the accurate drift
coefficient and diffusion coefficient for the system under the
physical white noise or the wide-band noise, the application of
the stochastic averaging method is limited.[?®! It can be seen
that almost all the excitations in the above researches are in
white or wide-band. However, in nature, the real noises al-
ways have a finite correlation time. When the noises’ correla-
tion time is considerably long, there are no effective methods
to obtain the stationary response.

In recent years, the stochastic GCM method has been
wildly used to obtain the response PDFs for systems subjected
to white excitations.?*=3 In this paper, based on the Khas-
minskii limit theorem, the GCM method is improved to ob-
tain the stationary response of a vibro-impact system under
a colored noise excitation. Owing to no need to obtain the
precise drift coefficient or diffusion coefficient of the approx-
imated Markov process but the process’s evolution law, the
GCM method can be applied to both the wide-band noise ex-
cited system and the narrow-band noise excited system.

The rest of the paper is organized as follows. In Section 2,
the model of the vibro-impact system is described. The pro-
cedure of the stochastic averaging method for the system is
presented in Section 3. In Section 4, the GCM method for the
white noise excited system is introduced, and its applicability
to the colored noise excited system is investigated. In Sec-
tion 5, both the methods are tested for wide-band noise and
narrow-band noise, and the results are verified by the Monte
Carlo simulation. Finally, the conclusions are summarized in

Section 6.
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2. Vibro-impact system

Vibro-impact systems are encountered in many engineer-
ing applications such as structures and machines with rigid
barriers, clearance, and gaps. Therefore, it is essential to study
the dynamics of the vibro-impact system. Here we consider
a vibro-impact system with a clearance type nonlinearity as

shown in Fig. 1. The motion equation of the system is given
[37]
as

¥+20k+ke=F + f(1), (1)

where x is the system displacement and overhead dot denotes
differentiation with respect to time 7; { is the linear damping
coefficient; k is the linear stiffness; b; is the distance between
the equilibrium position of the mass and the lift barrier; b, is
for the right barrier; F' is the contact force governed by Hertz
contact model when the mass crashes to the barriers %! and it
is expressed as

—nr(x—br)3/2, x> b,
F=<¢0, —b; < x < by, 2)
_nl(x+bl)3/27 x < —by,

where 7)) and 7, represent contact stiffness between the mass
and the barriers on both sides respectively, and they are depen-
dent on their geometries and material properties; the excitation
f in Eq. (1) is assumed to represent a stationary and ergodic
process, which is generated by a white noise passing through
a second-order linear filter, and it satisfies the following equa-
tion:

f+28 @1 f+ ol f =V2DW(1). (3)

Let S (@) be the rational spectral density and can be presented
as
D 1

S(w) =— ,
)= =0 1 aCwra?

“)

where {;, @, and D are constants, and they determine the
bandwidth of the noise; W(¢) is a standard white Gaussian
noise, which can be either a wide-band noise or a narrow-band

noise.

l—'f(t)

b br

N I
i
OX@)

Fig. 1. Schematic model of vibro-impact oscillator.

Combining the contact force F with the spring force kx,
equation (1) can be rewritten as

xX=y,
{y'z 2Ly —g(x) + £(0), ©)

where g(x) is a restoring force of the system and it is expressed

as
kx+n:(x—b)3%  x>by,
g(x) =< kx, —b < x < by, 6)
k)C7T]1(7)C7b1)3/2, x < —b.

The potential energy function and the total energy func-
tion of the system can be obtained as

V(x)

/0 " o(X)dx

k 2
X+ Inx—b)2,  x>b,
2 5
k
=452
k 2
§x2+ gfh(—x—bl)s/z, x < —by,

H = %y2+v(x). )

b <x<b, ()

3. Stochastic averaging method

In this section, the stochastic averaging method is con-
ducted to obtain the stationary responses of the system. Before
moving on, it should be noted that equation (5) is a strongly
nonlinear oscillator and does not meet the requirement of the
stochastic averaging method. According to Ref. [39], the gen-
eralized harmonic transformation should be used to modify the
system into a correct form.

Assuming that the damping coefficient is slight and the
external random excitation is weak, the motion of Eq. (5) is
nearly periodic and can be written as

x=Acos(P(r))+B,
y=—Av(A, ®)sin(D(1)), ©9)
(1) = y(1) + (1),

where

, (10

v(A, @) = dy _ \/2[V(A +BI)42_S‘:1,1(2A;OS(I)+B)]

dr
with B being a deviation process, A an amplitude process, P,
v, and O the phase processes, and v the instantaneous fre-
quency of the oscillator. A and B are related to H by

V(A+B)=V(-A+B)=H. (11)

Transform the variable from x and y into A and 0 respectively,
then equation (5) will become

dA
] +o1f(t),
46 (12)

T =m+ o f(t),

060501-2
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where
" _ 20A*VX(A, @)sin’ @
YT s(A+B)(1+h)
- _ AV(A,P)sin®
YT A BY(1+h)
2 .
py = _ 20Av (A,cb)smcb(cos(b+h)’ (13)
g(A+B)(1+h)
- _ V(A ®)(cosP+h)
2T T T gA+B)(1+h)
P g(—A+B)+g(A+B)
~dA  g(-A+B)—g(A+B)’

On the assumption that the damping coefficient is slight
and the random excitation is weak, the terms on the right-
hand side of transformed equation (12) are indeed small;
hence, the transformed equation (12) is a standard form for the
Stratonovich—Khasminskii limit theorem, A and 6 will con-
verge weakly to a two-dimensional diffusive Markov process
as {, D — 0. Furthermore, when the random excitation is in
the wide-band, the Markov process can be represented by the
following Ito stochastic differential function

{dA_ﬁzldt+(~7]rdBr(t)7 r=1.2 (14)

dé = rpdt + 6,,dB, (1), T

where B, (t) represents the standard Wiener process. ; and
Eij = 66}, are called drift coefficient and diffusion coeffi-
cient, respectively. They can be obtained from the following

formula:
- 0 /do; d0;
i =m;+ [ (aAl|t51|t+r+ ael|z02|z+r) R¢(7)d1,
7 =~ = T (15)
bij = 6y6jr = [ (6i[:0j|i+c)Re(7)dT,
i7j7r: 1727

where Ry is the correlation function of the random noise.

Considering the fact that the A and 6 are the slowly vary-
ing variables, the drift and diffusion coefficient in Eq. (14)
can be smoothened by time-averaging. Denoting the time-
averaged drift and diffusion coefficient by

1
i = (A, ®)dD,

o - 1 . .
GG = bij = — [T Gi(A, )Gj(A, D)dp, (16)

_ 2
GuGjk =bij=0, (i#])i,j=1,2,

the Ito equation becomes

dA =mdt+ 61,dB, (1),
{ d6 = mydt + 65,dB, (t), r=1,2. 17

It can be seen that the smoothed A process becomes indepen-
dent of 6. Hence it can be presented by the following one-
dimensional Ito equation:

dA = mydA+ b}/ 2dB (1). (18)

The associated FPK equation has the form

ap 9 .. 19*

where p = p(A,t]A) is the transition probability density of A
with the initial condition

P (A,0|A0) == 5(A —A()). (20)

Assuming that the boundary condition p at A = 0 is finite,
and

p,dp/dA — 0, as A — oo, 201

the stationary solution of FPK equation can be derived analyt-
ically as

_C A 21y (x) }
P = e | [ 3 ] @

where C is the normalization constant.
As the stationary p(A) is solved, the stationary PDF of
the total energy p (H) can be derived from p (A) as

p(A)

= JaH/dA] : @3

A=V-1(H)

p(H)

where A = V-1 (H) is the inverse function of H = V(A +
B(A)).

The stationary joint PDF of displacement and velocity can
be further obtained as

p(H)

T @) | ey

H=1y21v(x)

pxy) =

where T is the instantaneous period of the system and ex-

pressed as
27
T— / 1/v(A, ®)d. (25)
0
The stationary PDFs of displacement and velocity can be ex-
pressed as
px) = / p(x,y)dy, (26)
p0) = [ play)ar @

Finally, it is mentioned that as the stochastic averaging
method isoperated, v, m;, and o; in Egs. (10) and (13) are usu-
ally approximated by only the first 6 terms of the Fourier series
to simplify the computation procedure with a relative error of
less than 0.03% %!

oo

v (A, @) = Co(A)+ Y Ci(A)cos (n®), (28)

n=1

060501-3



Chin. Phys. B Vol. 30, No. 6 (2021) 060501

m; (A, D) = my (A)+ E m§, (A) cos (n®)
+m, (A)sin (nCD) (29)
ci (A, D) = o (A) + Z )cos (nd)
+0;,(A)sin (nCD) . (30)

4. Generalized cell mapping method

In recent years, the stochastic GCM method is greatly de-
veloped to obtain the response PDFs for systems subjected to
random excitations.*3¢1 Compared with the traditional nu-
merical methods, the GCM can greatly reduce the simulation
time and achieve a very accurate result. However, the appli-
cation of the GCM method requires the response process of
the random excited system to be a Markov process. Hence its
application is limited only to the white noise excited system.
So far, no work has been done on the applicability of the GCM
method to the colored noise excited system.

In this section, we introduce the GCM method for the sys-
tems subjected to the white noise, then the possibility of ex-
tending the GCM method to our colored noise excited vibro-
impact system is investigated.

4.1. GCM for system with white noise

First, we give the theoretical mechanism for the GCM
method. As is well known, the response x = (x,y) in Eq. (5)
will form a Markov process if the excitation f is a white noise.
Therefore according to the Markov property, for any finite

value 0 <t <1 < --- < ty, the following equations hold

X ) = (%, lx, ), @31
p(x,t]x0,%0) :/ p (x,t|x',t')p (x/,t/|xo,to) dx', (32)
Q

p (xtn ‘xtl ,th, .

where 1y <1’ <t, Q is the state space for x. Dividing the inter-
val [t,1o] into n subinterval t) < ] < --- < f, = f, equation (32)

can be rewritten as

pltbonto) = [ pletlniti)d,
X /_Q P (xn—latn—l |xn—27tn—2)dxn—2 T
X/QP(X27I2|X17Z1)P(X1,11 [xo0,0)dx1. (33)
Note that equation (5) is the time-homogenous
p(xnatn|xn—1»tn—1) :p(xnatn _tn—1|xn—lao) and#; —t;_; = At,
Vi € 1,...,n. Then the PDF p(x,t) at any time ¢ can be ob-

tained as
p(x,t) = p(x,00+nAr) :/Qp(x7At|x,,_1)dx,,_1
X/Qp(xnflvAﬂxan)dxan X

X /Q p (x1,At|x0) p (x0,0) dxo. (34)

Now, we give the detailed procedure of operating the
GCM method. First, we discretize the continuous state space
Dinto N small cells C; (i = 1,2,...,N
pi (n) denote the probability of the cell C; at n-th step in steps

) as shown in Fig. 2. Let

of mapping length A¢, and p;;, the one-step transition proba-
bility from cell C; to cell C; is

pi( / p (x,t0+nAt)dx,

p,j—// (x, Ar]x’) dx' dx.

Then the probability evolution of the system can be de-

(33)

(36)

scribed by a homogeneous Markov chain

p(n)=P-p(n—1)=P"-p(0),

where p (0) denotes the initial probability distribution and P

(37

is the one-step transition probability matrix with elements p;;.
Thus, once the one-step transition probability matrix P and the
initial probability distribution p (0) are given, the transient and
the stationary PDF can be computed.

Fig. 2. Schematic diagram for GCM method.

Finally, we take p;; for example to show how to obtain
the matrix P by using the GCM method. First, Q; inner points
are uniformly selected in the cell C; and s random sample tra-
jectories are generated from each point. In this manner, there
are total § = sQ); trajectories constructed in the cell C;. Itis as-
sumed that there are S; trajectories of time duration At falling
into cell C;, then the one-step transition probability from cell
C;j to cell C; can be calculated from p;; = S;/S.

4.2. GCM for colored noise excited system

The method mentioned above is based on the fact that the
response process under white noise is a homogenous Markov
process.
At =t, —
colored noise in our system, the response process of Eq. (5) is

Hence, equation (31) is always tenable whatever
t,—1 1s chosen. However, when the excitation is a

no longer a Markov process. Therefore, will the GCM method
not be applicable to our system anymore? The following anal-
ysis will indicate that the answer is yes.

For the systems having the following form:

dX;

ditj =e2f;(X)+egp(X)&(r), O<e<, (38)

060501-4
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where the f; and gj; are deterministic functions and &; are
stationary random excitations with zero means, the Khasmin-
skii limit theorem*%! shows that the process X () will con-
verge weakly to a Markov diffusion process in a semi-infinite
time interval as € — 0. Furthermore, supposing that X (¢) is
not observed continuously, but discretely, beginning from ¢
in time intervals of At’. Then, if the observation time inter-
val At > T, where Ty is the correlation time between &, and
&, the authors in Refs. [28,41] show that the observed incre-
ment X (£ +At") — X () between those time intervals will be-
come independent. The stochastic averaging method is exactly
based on this theory and uses the time-averaged first and sec-

1 t+A
aj(X,t)zszfj(Xt)—i-sz—/t du

At
t4+At

1 t+A
ba(X,t :82—/ du/
.Ik( ) At'.t Ji

The physical process equation (12) approximated by the Ito
stochastic differential function Eq. (14) in Section 3 is exactly
based on Eq. (40). When the noises’ correlation time is con-
siderably long, the observation time interval Ar’ should also
be chosen long. In this time interval, f; and g; change sig-
nificantly, and equation (40) will no longer hold. As a conse-
quence, the stochastic averaging method will become invalid.
While for the application of the GCM method, we do not need
to calculate precisely the drift coefficient or the diffusion co-
efficient but only use the conclusion that the observed pro-
cess X (¢) is a Markov-like process when A’ > 7. Hence,
no matter whether the noise is wide-band or narrow-band, if
only the one-step mapping time in Eq. (12) is chosen to be
At > T, the transition probability p (x,n X, ~~~,Xzz,le) can
be approximated by p (x,|x;, ) and the GCM method will be
applicable. Furthermore, according to the transformation in
Eq. (9), the observed original process equation (5) should also
be a Markov chain. Therefore, if the one-step mapping time Az
of the GCM method is chosen to be greater than the correla-
tion time of noise f, the GCM method can be directly applied
to the original process Eq. (5).

S. Examples

In this section, both the Stochastic averaging method and
the generalized cell mapping method are tested by using con-
crete examples, and the MC simulation is conducted to vali-
date their effectiveness.

The system parameters are givenas { = 0.1, k=1, =
N = 80, by = 0.2, and b, = 0.1. In the first case, the noise’s
parameters are chosen as {; = 0.6, @ = 6, and D = 0.4. With
such specified parameters, the excitation is in wide band. The
excitation’s correlation function is shown in Fig. 3. It can be

ond increment moments as the drift coefficient and diffusion

coefficient as follows: 28]

1
aj(X’t) = HE[AX] 1],

bjk(X,l‘):ﬁE[AXjAXHXt]. (39)

Especially when the noise is wide-band (7,5 < 1), the ob-

servation time interval can be chosen as 0 < Ts < At < 1;

in this short interval, the variation of the f; and g are very

slight, the drift coefficient and the diffusion coefficient of the
diffusion process can be given accurately as!?®!

u

[0 ) 3 (K E LG @ ()] 0

(40)

8jr (Xi)gxs (Xi) E [&r (u) & (v)] dv.

seen that when the absolute value of the time difference 7 is
greater than 2 s, the two forces f(¢) and f (¢ + T) become un-
correlated E [f (¢) f (t 4+ 7)] =~ 0.

0.0015

0.001

E
&~
0.00

J ol U~ 2 4

T

—4 —2
Fig. 3. Correlation function of excitation f.

The concrete steps of the GCM method are given as fol-
lows. First, we choose the domain of interest, Z = { — 0.4 <
x <04, —0.4 <y < 0.4}, in the state space and divide the
domain Z into 80 x 80 cells. After that, 5 X 5 interior points
are uniformly selected within each cell, and 1000 sample tra-
jectories with the time duration At are generated from each of
these points. Hence, the one-step transition probability matrix
P is constructed by the total 2.5 x 10* sample trajectories in
each cell. The initial probability is assumed to be a uniform
distribution, then the stationary PDF of the response process
can be computed according to Eq. (37).

The stationary PDFs of amplitude, total energy, displace-
ment, and velocity derived by the stochastic averaging method
are shown in Fig. 4 with the solid lines; those of the GCM
method with different one-step mapping times are shown with
dot-dash lines. From Fig. 4, we can see that the results ob-
tained by the averaging method agree well with those from the
MC simulation method. Meanwhile, the results of the GCM
method gradually converge to those of the averaging method
as the one-step mapping time At increases. When At is chosen

060501-5
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to be greater than 5 s, it is sufficient to have a good result with
a high accuracy. The joint probability densities of velocity and
displacement shown in Fig. 5 are also in good agreement with
the results from all the methods.

Now, we choose another set of noise parameters §; = 0.6,
o) = 0.5, D =0.0005, and D = 0.002. The low frequency
@) = 0.5 in Eq. (3) ensures that the noise is a narrow-band
noise, while the small D ensures that the noise is weak. The
excitation’s correlation function is shown in Fig. 6, and when
the time difference 7 is greater than 20s, E [f (¢) f (t + 7)] = 0.
Hence, when the GCM method is applied, the one-step map-
ping time A¢ must be chosen to be greater than 20 s, and here

25
(a)_ ~--At=05s
LN --- At=0.8s
2010 708 At=20s
RS ---At=50s
15}/ N x MC
< I R ——Sto. Ave
210} 3
0 ' -l 3
0 0.05 0.10 0.15 0.20
A
15 T
(c)
10
&
IsH
5
0 A
—-0.3 —-0.2 —-0.1 O 0.1 0.2 0.3

x

we chose At =30 s.

The stationary PDFs of amplitude, total energy, displace-
ment, and velocity derived by both the stochastic averaging
method and the GCM method are shown in Fig. 7. In this
case, the stochastic averaging method is not valid anymore.
The reason is that as the correlation time of the noise increases,
the observation time gap should also be increased, leading the
drift coefficient and diffusion coefficient of the Markov diffu-
sion process 1 not to be in the form of Eq. (40) anymore. In
contrast, since the GCM method does not need to calculate
those specific quantities but only to obtain the evolution law
of the process, it can still predict the results well.

1200 T
. (b) == At=0.5s
1000 - At=0.8s
H At=2.0s
---At=5.0s
800 " x MC
E 600 x“\'\‘ — Sto. Ave
= .
400
200
00 0.002 0.004 0.006 0.008 0.010
H
15 . . . o
A~ === At=0.5s
() fL - At=08s
",‘ ' At=2.0s
Lxv == At=5.0s
10 x MC
§ ——Sto. Ave.
s
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Fig. 4. Stationary probability densities: (a) amplitude, (b) total energy, (c) displacement, and (d) velocity. (dash line: stochastic averaging; solid line:

generalized cell mapping; Cross x: Monte Carlo simulation).
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6. Conclusions

Based on the Hertz impact model, the response of a
single-degree-of-freedom vibro-impact system under the ran-
dom colored noise is investigated. First, the stochastic averag-
ing method is carried out routinely. Then the GCM method,
which is theoretically only applicable to the Markov process,
is also tried for this colored noise excited system. The re-
sults show that if the one-step mapping time is chosen to be
greater than the correlation time of the noise, the probabil-
ity evolution of the system can be approximated by the one-
step transition probability matrix. The application examples
show that the GCM method can well predict the results no
matter whether the noise is wide-band or narrow-band, while
the stochastic averaging method is valid only for the wide-
band noise. Hence, the GCM method’s application is greatly
extended. It is no longer limited to the white noise excited sys-
tem, but still to the colored noise excited system. On the other
hand, due to the successful prediction of the GCM method, if
we accurately work out the drift coefficient and diffusion co-
efficient of the approximated Markov process, the application
of the stochastic averaging method to a narrow-band noise ex-
cited system still seems possible.
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