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The cooperative behaviors resulted from the interaction of coupled identical oscillators have been investigated inten-
sively. However, the coupled oscillators in practice are nonidentical, and there exist mismatched parameters. It has been
proved that under certain conditions, complete synchronization can take place in coupled nonidentical oscillators with the
same equilibrium points, yet other cooperative behaviors are not addressed. In this paper, we further consider two coupled
nonidentical oscillators with the same equilibrium points, where one oscillator is convergent while the other is chaotic,
and explore their cooperative behaviors. We find that the coupling mode and the coupling strength can bring the coupled
oscillators to different cooperation behaviors in unidirectional or undirected couplings. In the case of directed coupling,
death islands appear in two-parameter spaces. The mechanism inducing these transitions is presented.

Keywords: amplitude death, bounded chaotic synchronization, mismatched parameter

PACS: 05.45.Xt, 05.45.Gg

1. Introduction

Due to potential applications in biological and social
systems, coupled identical oscillators have received much
attention recently.!'?! The vibration behavior is a com-
mon phenomenon appearing in them and is useful for fault
diagnosis.>*! In addition to this, lots of cooperative phenom-
ena such as complete synchronization (CS), amplitude death
(AD), and oscillation death (OD) happen on account of their
interactions with other oscillators.>~#! CS means the complete
coincidence of the states of all oscillators no matter what the
states will be, which appears only if the interacting oscilla-
tors are identical.>~!! If the oscillators cannot achieve CS
by themselves, various approaches such as linear feedback

16-19] 20-23]

control,['>=151 adaptive control,! pinning control,!

time-triggered impulsive control,24-26]

event-triggered impul-
sive control,!?7?8 and sampled control™®®! have been put for-
ward to guide all the oscillators to reach the desired goal.
AD refers to a coupling-induced suppression of oscillating
by stabilizing an existing homogeneous steady state.% It is
a special form of complete synchronization, that is, not only
the states of all oscillators are coincident, but also the am-
plitudes of all oscillators are zero. Yamaguchi and Shimizu
considered Kuramoto oscillators and found that sufficiently
strong coupling and sufficient wide distribution of natural

frequencies are needed for amplitude death to be stable.3!]

DOI: 10.1088/1674-1056/abf101

Since amplitude death corresponds to the cessation of rhyth-
micity in a system and may be relevant to certain pathol-
ogy of biological oscillators, it has drawn greater attention.
Mirollo and Strogatz analyzed an array of coupled limit-
cycle oscillators with mean-field coupling and randomly dis-
tributed natural frequencies, found the conditions that the sys-
tem underwent amplitude death, and determined the region
for which amplitude death was stable.[*?! Atay studied am-
plitude death phenomenon theoretically in distributed time-
delay. 33! Prasad found that amplitude death can occur in iden-
tical as well nonidentical coupled chaotic systems by delayed

34331 Liu and Yang discovered the partial amplitude

coupling.!
death in coupled chaotic oscillators when the interaction was
strong enough. 34371 Kruths analyzed the mechanisms of am-
plitude versus oscillation death in oscillation quenching. %!
Different from AD, OD is characterized by a newly born inho-
mogeneous steady state. It has been reported that CS (includ-
ing AD) is impossible except that the nonidentical oscillators
have the same equilibrium points. ]

A common feature in the above works is that all the os-
cillators are assumed to have similar dynamics, either chaotic
or periodic. However, many nonidentical oscillators in prac-
tice have entirely different dynamics. A well-known example
is the Lorenz oscillator which has chaotic or convergent or pe-

riodic dynamic behavior when some parameter goes through
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a change. It is challenging to explore what kinds of coop-
erative behaviors can emerge in coupled nonidentical oscil-
lators with the same equilibrium points, whose dynamics are
totally different. We find that a new regime called bounded
chaotic synchronization (BCS) can also happen besides AD.
In this regime, the errors satisfy }LT°||Y(Z) —X(@@)| < € for
some € > 0, and two oscillators are chaotic, especially whose
maximum Lyapunov exponent is positive. More specifically,
in the unidirectionally coupled oscillators, AD and BCS are
determined by coupling strength and coupling directivity. In
the undirected coupled oscillators, the coupling strength can
bring the oscillators to different cooperative behaviors. As the
coupling increases, the transition from a nonsynchronous state
to a non-chaotic synchronization-AD happens. When the cou-
pling is larger than a threshold value, two coupled oscillators
are revived again from AD, and BCS occurs. In the directed
and weighted coupled oscillators, death islands are established
in two-parameter spaces. We show that these transitions are
related to the changes in the spectrum of Lyapunov exponents
(LE).

The rest of the paper is organized as follows. In Sec-
tion 2, we present our considered model. In Section 3, we
demonstrate amplitude death and bounded chaotic synchro-

nization of two coupled nonidentical oscillators with different
coupling modes and coupling strength. Finally, a brief sum-

mary is made in Section 4.

2. Theoretical analysis and experimental results

The isolated Lorenz oscillator is described as

x=a(y—x),
y=x(28-2z) -y, (1)
Z:xyi %Zv

where a is a variable parameter. The three fixed points are
0 =(0,0,0), P* = (\/b(r—1),\/b(r—1),r—1),and P~ =
(=v/b(r—1),—+/b(r—1),r—1), where O is unstable regard-
less of a, and the eigenvalues of the other two fixed points

P* and P~ are the same and is dependent on a. The two
largest Lyapunov exponents are depicted in Fig. 1 as parameter
a varies. Itis clear that the two largest Lyapunov exponents are
negative when a is smaller than ag = 4.0, which implies that
P and P~ are stable. When a is larger than ap = 4.0, Lorenz
system is chaotic since it has one positive Lyapunov exponent,
one negative Lyapunov exponent and one zero Lyapunov ex-

ponent (omitted here).
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Fig. 1. The two largest Lyapunov exponents versus parameter a for a single Lorenz system.
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Fig. 2. The dynamics of two uncoupled oscillators with initial value (3,—3,1,15,2,3). (a) The phase portraits in the x—y plane. (b) The time
sequence of x. (c) The time sequence of y. (d) The time sequence of z. The top are for the oscillator 1 and the bottom for the oscillator 2.
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Two coupled Lorenz oscillators can be described by

i1 =ai(y1 —x1)+di(x2—x1),
yi=xi(r—z1) =y,

21 = x1y1 — bz,

X =ax(y2 —x2) +da(x) —x2),
V2 =x2(r—22) — 2,

2 =xoy2 — bza,

2)

where a1 = 1 and ap = 12 are mismatched parameters. dj
are the coupling strengths. In the absence of coupling, oscil-
lator 1 is unchaotic, and its trajectories converge to its fixed
points Pt or P~ depending on the initial condition; while os-
cillator 2 displays chaotic motion for the same initial value
(3,—3,1,15,2,3), which can be seen from Fig. 2.

For convenience, Eq. (2) can be written as

{X(t) = fay (0, X (1)) +di T (Y (1) = X (1)),

V() = fuy (1, (1)) +daT (X (1) — Y (1)), )

where X = (x1,x2,%3)%, Y = (y1,52,53)T € R>. fa, fur :
R" x [0,00] — R" are continuous vector functions. I' =
diag{1,0,0} is the inner coupling matrix, which represents the
inner coupled configuration between two oscillators. We as-
sume that two uncoupled oscillators X (¢) = f,, (t,X(¢)) and
Y(1) = f4,(t,Y(¢)) have the same equilibrium points, i..,
fa, (1,X%) = fu,(t,X*) = 0. Furthermore, f,, (t,X), fa,(t,Y) €
C([0,00) x R" R") satisfy

(X1 =X0) [fa, (1.X1) — fu, (1, X0) = ki T (X) — X3)]
< —a (X X)X —X),

(Y1 = 12) o (1, V1) = fu (1, 2) =l (Y1 = 2]
< - -1n)(NM-N),

fork; >0,k >0, >0, >0,X1,X5, Y1, Y2 €R"and t > 0.

This assumption is moderate, and many chaotic systems
such as Chua’s oscillators, Rossler systems, Lorenz systems,
Chen systems, and Lii systems satisfy this assumption.

2.1. Unidirectional couplings

(I) While d| # 0, d» = 0, the chaotic oscillator is the drive
system, while the nonchaotic oscillator is the response system,
Eq. (2) is turned into

{X(I) = fa, (1, X (1)) + i T (Y () = X (1)),
Y(t) = fo, (1, (1))

Let e(t) = X(¢t) — Y(¢), and choose a Lyapunov function

“)

candidate as

V(e(r)) = %e(I)Te(t).

The derivative of V (e(¢)) along the trajectories of Eq. (4) is

V(e(t)) = " (1) [fuy (1, X (1)) = fur (t,Y (1)) —diTe(1)]

e (1) [fuy (1. X(1)) = fuy (1,Y (1)) = ki Te()

+ (ki —d)e(t) + fa, (8, Y (2)) — far (£, (1))]
—grel (t)e(t) +e" (1)[(ky —dy)Te(r)

+ fay (1,Y (1)) = far (£,Y (1))]

—etlle(®)||* + (ki —dy)e" (t)Te(r)

+ @)1 fa, (2,Y (1)) — far (8, Y (1)) |-

IN

IN

Since the drive system Y (¢) is chaotic and bounded,
then f,, (¢,Y (1)), fa,(¢,Y(t)) are nonzero and bounded. Be-
cause of the continuity of f, (-), fu,(-), we assume M| =

max{|| fo, (£, Y (t)) — fa, (t,Y (¢))||}. Thus,
V(e(t))

< —etlle(@)|* + (ky —d)T|[le(t)[* + le(z) 1M1
1
< —81He(t)||2+(kl—dl)IIFIIHe(t)IIZJr?’l\le(t)llz+ﬁMl2
— 2 ki —d)IT 2 iM2
= —alle@[” + (ki =d) ][+ n]lle@)] oM
where y; > 0.

If (k] —dl)HFH +hn < 0, then

. 2 1o |

Vie(r)) < —glle(t)]|” + ?Ml = —2¢eV(e(t))+ ?Ml.
i |

We get
M;
2en’

and |le(t)|| < 1/M?/(en). Therefore, bounded chaotic syn-

chronization takes place.

V(e(r)) < V(e(0))e 2 +

Figure 3 illustrates the two largest Lyapunov exponents
versus the coupling strength d;, in which the first-largest Lya-
punov exponent is positive while the second-largest Lyapunov
exponent is zero with d; increasing. Figure 4 shows the phase
portraits in the x—y plane for two unidirectional coupled oscil-
lators with the coupling strength di = 20 in (a) and the time
sequences of x, y, z in (b), (c) and (d). It is clear that the un-
chaotic oscillator 1 can synchronize to the chaotic trajectories
of oscillator 2. Bounded chaotic synchronization (BCS) oc-

curs.
1.22} (@)
) i
£ 1.18f
~
1.14 . e
0 40 80 120
0~02 -(b)
Bl
1
—0.02
0 20 ) 120

Parameter d;

Fig. 3. The two largest Lyapunov exponents versus the coupling
strength d; (d, = 0) for two unidirectional coupled oscillators.

100504-3



Chin. Phys. B Vol. 30, No. 10 (2021) 100504

b c d
0 (1) " (© y @
20
10 40
10
30
g 0 5 0 N
20
~10
~10
90 10
_ —92 _
3050 "0 o 10 20 00 20 20 60 =20 100 3% 20 40 60 80 100 00 20 40 60 80 100
T t t t
30 20 30 50
20 20 40
10
1 10
0 30
30 g 0 5 0 S
20
—10 —10
~10
—20 90 10
—30 —20 —30 0
Y20 —10 0 10 20 0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
p t t t

Fig. 4. The dynamics of two unidirectional coupled oscillators with the coupling strength d; = 20 (d» = 0) and initial value (3,—3,1,15,2,3).
(a) The phase portraits in the x—y plane. (b) The time sequence of x. (c) The time sequence of y. (d) The time sequence of z.

(II) When d; = 0, dy # 0, the chaotic oscillator is the re-  does not run away since that is also its own equilibrium point.
sponse system, while the nonchaotic oscillator is the drive sys- ~ Namely, amplitude death appears. Figure 6 shows the phase
tem, Eq. (2) is changed into portraits in the x—y plane for two unidirectional coupled oscil-

{ X(t) = fu, (1,X (1)), - lators with t;lehcoupllni:clg strengtlll d2b =30 md(a()j and the time
Y(t) = fo, (1,Y (1)) + daT (X () — Y (1)) sequences of the variable x, y, z in (b), (c) and (d).

In the unidirectional coupled non-identical oscillators, the

The derivative of V (e(r)) along the trajectories of Eq. (5) is response system can synchronize to the drive system even with

Vie(t)) = o7 () fuy (1, X(6)) = fur (8,Y (1)) — doTe(t))] gl;sr.natch.ei paramleterds.bDlll’ferent synhchro(iuiatlg.n pa.ttf?rn olf
is mainly regulated by the strength and the directivity o
= e (1) fur (1, X(1)) = fu (1, Y (1)) — koTe(r) :
the coupling d; (d3).
+ (ko —d2)le(t) + fay (1, X (2)) = fa, (8, X (2))]

IN

—gel (t)e(t) + e (1)[(ky — do)Te(t)

1.of (a)
+Jay (8, X(1)) = far (£, X (1))] ERIN
< —ealle(t) P+ (k2 — )™ (1)) T b N\
t t,X(t)) — t,X(t))]. L. . . . | | A
el 1. X(0) = fur 1. X O] _———
Since the drive system X (¢) converges to one of its equi- Of (b)
librium points, then f,, (t,X(¢)) = f, (t,X(¢)) = 0. Thus, 2 _3'2:
~ 2 2 N of
V(e(t) < ~lle(t)|*+ (ko —da) T e(r) bl
, s o 40 80 120
If ky —dp <0, then V(e(r)) < —&]le(r)||*. We get V(e(r)) < Parameter d
—2¢&pt :
V(e(O))e *. Thus, e(t) — 0 and amplitude death occurs. Fig. 5. The two largest Lyapunov exponents versus the coupling
Figure 5 illustrates the two largest Lyapunov exponents strength d» (d; = 0) for two unidirectional coupled oscillators.
versus the coupling strength d,, in which the first-largest and
the second-largest Lyapunov exponents are negative as the When the couplings are undirected or directed, theoreti-
coupling strength d> increases. Under the drive of oscilla-  cal analysis similar to the above is very difficult due to the het-

tor 1, the chaotic oscillator 2 can evolve into one of two fixed  erogeneity of nonidentical oscillators. However, we get some

points of oscillator 1 depending on the initial condition and  interesting numerical results.
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Fig. 6. The dynamics of two unidirectional coupled oscillators with the coupling strength d» = 20 (d; = 0) and initial value (3,-3,1,15,2,3).
(a) The phase portraits in the x—y plane. (b) The time sequence of x. (c) The time sequence of y. (d) The time sequence of z.

2.2. Undirected couplings

When the coupling is undirected, the dynamics of the coupled oscillators are more complex and controlled by the coupling
strength d. As the coupling strength increases, some intriguing new phenomena can occur. The two largest Lyapunov exponents
versus the coupling strength d are plotted in Fig. 7.

1.0} Of 8
0 @] _ouf (b)
% L o o
CI & —o0.s}
—1.0f = —1.2F
L. . L . . . L —1.6E . L . . . .
0 40 80 120 0 40 80 120
Parameter d Parameter d

Fig. 7. The two largest Lyapunov exponents versus the coupling strength d for two undirected coupled Lorenz systems.
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Fig. 8. The dynamics of two undirected coupled oscillators with the coupling strength d = 0.1 and initial value (3,-3,1,15,2,3). (a) The
phase portraits in the x—y plane. (b) The time sequence of x. (c) The time sequence of y. (d) The time sequence of z.
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From Fig. 7, we can see that the two largest Lyapunov
exponents are negative when d(l) <d < dY, creating a death in-
terval (d,dY), and that the two largest Lyapunov exponents
are positive when d > d9, generating chaotic synchroniza-
tion interval (d9,+o0), where d ~ 1.2, d9 ~ 22.0. The cou-
pling strength d can bring the oscillators to the AD state when
dY < d < d) and again can revive the systems to oscillatory
states when d > dg .

To get more information about the dynamical behaviors
implicit in Fig. 7, we depict the phase portraits and the time
sequences of x, y, and z. As the coupling between the oscil-
lators is turned on, especially the coupling strength d is very
small, the interaction between them is not enough to change

their dynamics much. Oscillator 1 oscillates near its equilib-
rium point, while oscillator 2 oscillates near its chaotic trajec-
tories. Figure 8 shows the phase portraits in the x—y plane for
two undirected coupled oscillators with d = 0.1 in (a) and the
time sequences of x, y, z in (b), (c) and (d).

As the coupling strength d increases to the interval
(d),d), oscillator 1 pulls the chaotic trajectories of oscillator
2 to its equilibrium point. Figure 9 shows the phase portraits
in the x—y plane for two undirected coupled oscillators with
d =20 in (a) and the time sequences of x, y, z in (b), (c) and
(d). Old fixed points are stabilized again by the coupling and

become the attractors of the whole system.

a b c d
» (@) » (b) » © - (@
10 15 15 40
0 30
5 5 10 510 &
—10 20
—20 5 0 10
—30 0 0
—20 —10 O 10 20 0 50 100 0 50 100 00 50 100
1 t t t
20 20 20 50
1 4
0 15 15 0
o 0 30
> g 10 S 10 N
—10 . . 20
—20 5 5 10
—30 0
—20 —10 O 10 20 00 50 100 OO 50 100 0 50 100
€2 t t t

Fig. 9. The dynamics of two undirected coupled oscillators with the coupling strength d = 20 and initial value (3,—3,1,15,2,3). (a) The phase
portraits in the x—y plane. (b) The time sequence of x. (c) The time sequence of y. (d) The time sequence of z.

b c d
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5 0 5 10 S 8
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o Wk
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_30—20 —10 O 10 20 00 50 100 0 50
t
20
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3 10 8
5 H ‘
0 1 ‘I‘ HHI. I M 0
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t t

Fig. 10. The dynamics of two undirected coupled oscillators with the coupling strength d = 42 and initial value (3,—3,1,15,2,3). (a) The
phase portraits in the x—y plane. (b) The time sequence of x. (c) The time sequence of y. (d) The time sequence of z.
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When the coupling strength d goes beyond a critical cou-
pling strength d9, oscillator 1 can be pulled to the chaotic tra-
jectories of oscillator 2. Figure 10 shows the phase portraits
in the x—y plane for two undirected coupled oscillators with
d =42 in (a) and the time sequences of x, y, z in (b), (c) and
(d). Interestingly enough, the AD states of oscillator 1 are re-
vived again by the coupling and become chaotic attractors.

2.3. Directed couplings

When the coupling is directed and weighted, the dynam-
ics of the coupled oscillators are regulated by two coupling
strengths d; and dp. The two largest Lyapunov exponents
versus the coupling strength d; and d, are plotted in Fig. 11,
where the two largest Lyapunov exponents are negative in the
blue area and positive in the gray area. We find that differ-
ent cooperative behaviors of two coupled oscillators with mis-
matched parameters emerge according to the variation of d;
and d>. In the blue lower triangular overlapping region in
Figs. 11(a) and 11(b), the non-chaotic synchronization, i.e.,
amplitude death happens. In the other regions, the bounded
chaotic synchronization takes place, resulting in the oscilla-
tors oscillating.

When we put d; = 20 and d» = 4 in the bounded chaotic
synchronization region (the gray areas in Fig. 11(a) and the
blue areas in Fig. 11(b)), where the first-largest Lyapunov ex-
ponent is positive while the second-largest Lyapunov expo-
nent is negative, bounded chaotic synchronization occurs. Fig-
ure 12 shows the phase portraits in the x—y plane for two di-
rected and weighted coupled oscillators in (a) and the time

(2) (®)

|
I
\

—20 —10 O 10 20 0 20 40 60 80 100
T t
30
20
10
80
—10
—20
_3920 —10 O 10 20 _200 20 40 60 80 100
o t

sequences of x, y, z in (b), (c) and (d), which are in agreement
with Fig. 11.

When we put di = 4 and d; = 16 in the amplitude death
region (the blue areas in Figs. 11(a) and 11(b)) where the
two largest Lyapunov exponents are negative, amplitude death
takes place. Figure 13 shows the phase portraits in the x—y
plane for two directed and weighted coupled oscillators in (a)
and the time sequences of x, y, z in (b), (c) and (d).

The above analysis concludes that the coupling strength
d; is intended for oscillating, while the coupling strength d;
is valid for converging. Thus, there is a trade-off between
making oscillators oscillate and making them convergent. The
competition between the coupling strength d; and d; is the
critical factor that induced these transitions between amplitude

death and bounded chaotic synchronization.

—0.010
201

—1.450

151

d;

104

2 6 10 14 18

da

2 6 10 14 18
do

Fig. 11. The two largest Lyapunov exponents versus the variation of
dy,d, for two directed and weighted coupled Lorenz systems. (a) The
first-largest Lyapunov exponent. (b) The second-largest Lyapunov ex-
ponent.
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Fig. 12. The dynamics of two directed and weighted coupled oscillators with d; = 20, dy = 4 and initial value (3,—3,1,15,2,3). (a) The phase
portraits in the x—y plane. (b) The time sequence of x. (c) The time sequence of y. (d) The time sequence of z.
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Fig. 13. The dynamics of two directed and weighted coupled oscillators with d; = 4, d, = 16 and initial value (3,—3,1,15,2,3). (a) The phase
portraits in the x—y plane. (b) The time sequence of x. (c) The time sequence of y. (d) The time sequence of z.

3. Conclusions

We have investigated the cooperative behaviors of cou-
pled nonidentical oscillators with the same equilibrium points,
where one oscillator is convergent while the other is chaotic.
We find that when the coupling is unidirectional, the respond-
ing system can easily synchronize to the driving system with
the coupling strength increasing. When the coupling is undi-
rected, it can bring the coupled oscillators to different coop-
erative behaviors. Specifically, the non-chaotic synchroniza-
tion, including amplitude death and the existence of death in-
tervals, occurs as the interaction is strong; while the coupling
is beyond a certain threshold, bounded chaotic synchroniza-
tion takes place. In the case of directed and weighted coupling,
amplitude death islands appear in two-parameter spaces. Our
next concern is how to use our proposed methods to revive or
cease the rhythmicity of certain biological oscillators, which
is helpful for the recovery of some diseases.
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