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We investigate a modified Anderson model at the large-N limit, where the Coulomb interaction is replaced by the
Sachdev—Ye—Kitaev random interaction. The resistivity of conduction electron p. has a minimum value around temperature
T*, which is similar to the Kondo system, but the impurity electron’s density of state Aq(®) demonstrates no sharp-peak like
the Kondo resonance around the Fermi surface. This provides a counterintuitive example where resistivity minimum exists
without Kondo resonance. The impurity electron’s entropy Sq and specific heat capacity C, show a crossover from Fermi
liquid to a non-Fermi liquid behavior dependent on temperature. The system is a Fermi liquid at 7 < T*, and becomes
a non-Fermi liquid at 7 > T*, and then becomes a Fermi gas at sufficiently high temperatures 7' > T*. The non-Fermi
liquid at the intermediate-T regime does not occur in the standard Anderson model. We also make a renormalization group
analysis, which confirms the crossover from Fermi liquid to the non-Fermi behavior. It is emphasized that the resistivity
minimum emerges in our model when the system behaves as a non-Fermi liquid rather than Fermi liquid, which provides
an alternative example showing resistivity minimum in condensed matter physics.

Keywords: Anderson model, Sachdev—Ye—Kitaev interaction, non-Fermi liquid

PACS: 71.27 4a, 71.10.—w

1. Introduction

The Anderson model is at the heart position to understand
Kondo physics and heavy fermion compounds.!'~7) As the first
microscopic model for magnetic moments formation in met-
als, it implies that local moments form once the Coulomb in-
teraction between d-electrons becomes large.!®! A low-energy
effective Hamiltonian of the Anderson model is the Kondo
model, which is derived from the Anderson model via the
Schrieffer—Wolff transformation,®! and it demonstrates that
resistivity ultimately rises as temperature is lowered. This
leads to the conduction electron’s resistivity emerges mini-
mum versus temperature, which is one of the characteristics of
the Kondo effect.!'%! Correspondingly, there presents a sharp-
peak of the impurity electron’s spectral function at the Fermi
surface, i.e., a Kondo resonance, when the Kondo screening
appears to quench the local moments.[®! The evolution from
localized magnetic moment state to the non-magnetic state,
i.e., from Landau Fermi liquid to the localized Landau Fermi
liquid, is a crossover among some rare-earth alloy and actinide
compounds. -]

The Landau Fermi liquid theory has been the workhorse
of the physics of interacting electrons for over 60 years.!!!]
However, some heavy-fermion quantum critical compounds
such as CeCug_,Auy, YbRh,Siy and B-YbAIB4 display the

DOI: 10.1088/1674-1056/abefcb

non-Fermi liquid (NFL) behavior in which the transport prop-
erties and specific heat capacity cannot be derived from the
Fermi liquid (FL) theory.[!>~'4! This attracts much attention to
the NFL behavior, and many theories have been proposed to
interpret this phenomenon.!>2!1 The lack of controlled theo-
retical techniques hinders the understanding of the strong elec-
tron correlation in the NFL; nevertheless, the invention of the
Sachdev-Ye—Kitaev (SYK) model provides a chance to un-
derstand the correlation physics in related systems accurately
since its solvable nature.[??-2]

The SYK model is a quantum many-body model with
random all-to-all interactions for fermions, which was stud-
ied in the 1990s and later as models for novel NFL or spin-

[26-32

glass states. I Tt provides a solvable example in zero di-

mension and has been extended to higher dimensions. 3331
In recent years, many exotic physical phenomena have been
found in SYK models, e.g., supersymmetry,[*?) quantum
chaos,?*#1=43] many-body localization,***3 strongly corre-

46471 and quantum phase transition, 242343511

lated metal,[

In a recent work!>?! with an aim to provide a solvable
model for a heavy-fermion system, the standard periodic An-
derson model was modified with the SYK random interaction.
This modified model was found to have a low temperature
FL, and more interestingly, an NFL solution at elevated tem-

perature and the rising of resistivity at high temperature can
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be attributed to the single SYK quantum impurity.5?! In the
present paper, we consider the distinction between the impu-
rity and the lattice models and study the SYK quantum im-
purity problem, modeled by the Anderson model with SYK
random interaction. We call it Sachdev—Ye—Kitaev Anderson
model (SYKAM). Importantly, SYKAM provides an interest-
ing and counterintuitive example where resistivity minimum
exists in the absence of Kondo resonance. In a conventional
picture, the resistivity minimum is due to the formation of
Kondo resonance.

> T
0 T*
Fig. 1. Schematic phase diagram of the SYKAM. Our system has an

FL behavior at T < T* and behaves like the NFL at T > T*, while it is
FGatT > T*.

Under the large-N limit, the qualitative analysis of the
conduction electron resistivity p. elucidates that the SYKAM
behaves as an FL. when temperature 7 < T and is an NFL
at temperature T > T*, where T* is a scaling temperature.
The quantitative calculation gives a phase diagram as shown in
Fig. 1, where p. exists a minimum at temperature 7*, demon-
strating SYKAM behaves as an FL. when T < T* and the NFL
at low temperature 7 > T*, and at high temperature 7 > T*,
a free Fermi gas (FG) forms in SYKAM. It is emphasized that
the NFL does not display in the standard Anderson model.
From impurity electron’s entropy Sq and specific heat capac-
ity Cy, a crossover, not a phase transition, exists between FL
and the NFL. This is confirmed by a renormalization group
(RG) analysis, whose flow equation is similar to the Kondo
problem. (1]

What is the relation between the standard Anderson and
the SYK model?
model, the SYK random interaction does not provide local-

Compared with the standard Anderson

ized interaction to the onsite different impurity spin states,
leading to no local moment forming in our model. The hy-
bridization between conduction and impurity electrons con-
tributes to extending the localized impurity electron’s density
of state (DOS) to the Lorentz-like lineshape, and the impurity
electron has the scattering with conduction electron sea, but
its DOS shows that there is no sharp-peak at the Fermi sur-

[5.6,53,54] The resistivity mini-

face like the Kondo resonance.
mum emerges in our model when the system behaves as an
NFL rather than FL, while the system is localized FL. when
it presents the resistivity minimum in the standard Anderson
model. Compared with the SYK model, our model includes
the hybridization between the conduction electrons and the im-
purity electron. Such hybridization has an effect on the trans-
port property; the resistivity is a constant line when V = 0 and
has the resistivity minimum when hybridization is available,
which the random interaction SYK system does not have. Both

the SYK model, the standard Anderson model, and our model
have similar thermodynamic properties (the entropy and the
specific heat capacity). Our model and the standard Anderson
model have the resistivity minimum, but the resistivity mini-
mum emerges in our model approaching the non-Fermi liquid
regime. Since the resistivity minimum and the Kondo reso-
nance are two characteristics of the Kondo effect, in which
the conduction electron screens the impurity electron’s local

moments, [5:0:53:54

1 The Kondo resonance is the most important
feature to detect Kondo screening, and the resistivity minimum
may be not enough to interpret the Kondo effect.

The paper is organized as follows. In Section 2, we intro-
duce SYKAM and derive self-energy and the impurity elec-
tron Green’s function. In Section 3, we present the conduction
electron resistivity p.. In Section 4, we compute thermody-
namical behaviors of our model, i.e., impurity electron’s en-
tropy Sq and its specific heat capacity Cy. In Section 5, we
apply RG theory to analyze the above results. Finally, Sec-
tion 6 is devoted to a brief conclusion and perspective.

2. Model and method

The Hamiltonian of SYKAM can be written as
A=Y eada+ Y (é,ijci,» +df,"fék,) +E Y dd;
kj kj J

+ (21\/1)%/2 ijzm“l Ujmid} ddd). (1)
Here 6,: y (Ck;) and djf (cf ;) denote the creation (annihilation) op-
erator of conduction and impurity electrons with pseudospin
j=12,....N, respectively. In Eq. (1), conduction elec-
trons have energy dispersion & and hybridize with impurity
electron via strength V. For simplicity, we assume V;, =V
for all momentum. The impurity electron has degenerated
energy level E4. In contrast to the usual Anderson impu-
rity model with the on-site Hubbard interaction, there exists
the SYK-like random all-to-all interaction U, between dif-
ferent pseudospin states of impurity electron, wherein Ujj,,

satisfies a standard Gaussian random distribution P(x) =

\'2 —
L_ 7207 with Uijml = fiow dUijklP(Uijkl)Uijkl = 0 and

\V2rU

U2ijmi = % dUijuP(Uija)Ufyy = U?, as shown in Fig. 2.

1

Fig. 2. (a) Schematic crystal lattice of SYKAM, where the red dots are
the conduction electrons, and the black dots are the impurity electron pseu-
dospin states. (b) The SYK random interaction U;;,; between different im-
purity electron pseudospin states 1,2,...,16,...,N.
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To solve the mentioned model Eq. (1), we consider the
large-N limit as done in the SYK model, which means that the
number of the component of pseudospin j =1,2,...,N is ar-
tificially enlarged to infinity. As a result, the partition function
of our system can be approximated by its saddle point value
(see the appendix). Equivalently, the large-N limit means that
after the disorder average over Uy, the self-energy of impu-
rity electron X (iw,) is dominated by the watermelon diagram
as shown in Fig. 3,

2(1) = U[Ga(~7)]* Ga(2). o)
Therefore, via the Dyson equation, the resulting Green’s func-
tion for the impurity electron reads
1

Ga(iwy) = - 2 ; ) 3)
10, —Eq— Yy iw‘n/,gk —Z(io,)

where @, = (2n+ 1)nT denotes the fermionic Matsubara fre-
quency withn =0,41,42, ..., doo.

(@ <+ (b)) K

g

Fig. 3. The leading impurity electron self-energy Feynman diagrams
for SYKAM under the large-N limit. (a) is the bare interaction vertex
before average over random interaction U;j,;. (b) illustrates the self-
energy after average.

@- - - - -
~
-

For conduction electron, its Green’s function G.(k,i®,)
is derived from the equation of motion[®! and reads
1 V2

Ge(k,iw,) =
olkr10) iwn_£k+(ia)n—€k)

SGa(im,). (@)

Consequently, G4(i®@,) and G.(k,i®,) can be found by solv-
ing Egs. (2)-(4) self-consistently.

For simplicity, the DOS of conduction electrons is as-
sumed to be N(€) = 5560(D — |e), with 6(x) being a step
function, and 2D is the band-width of conduction electrons.
Under the above assumption, the hybridization contribution to
the impurity electron is

> .
Zvi — _V2N(0)In [D_”"] . 5)

~io,—& —-D—iw,
When D >> |@,|, we get

1
iw, —Eq+iAsgn(io,) —Z(iw,)’

Ga(im,) = ©6)

where A = 7V2N(0), and N(0) = 55 is the DOS of the con-

duction electron at Fermi energy. >

According to the Feynman diagrams, we can get the im-
purity electron self-energy

E(i0) =V [ dor [ do, [ doy [Ad(wl)Ad(aa)Adw)

L S(@)f(—an) f(—03) + f(—o) f(an) f(@3)
iwn+ 0] — @ — 03

} (N

where f(x) is the Fermi-Dirac distribution function.

Therefore, we can obtain G4(i®w,) and G.(k,i®,) by
solving Egs. (4), (6), and (7) self-consistently. Before present-
ing the numerical results, one can inspect two limiting cases
(weak and strong coupling) and extract useful analytic formu-
las.

2.1. Weak coupling limit

In the weak coupling limit, the self-energy correction
X(im,) is assumed to be small compared with the free part
i@, —Eq+iA in G4(i®,). At zero temperature, one can use
non-interacting impurity electron Green’s function

1

0
)= ——
Ga(®) o—Eq+iA’

®)

and we use the analytic continuation i@, — @ + 10 to get the
zero temperature impurity electron self-energy

£(0) =0 [ do [ do [ do [A8<wl>A8<wz>A2<w3>

" 0(—m)0()0(w3)+6(w)0(—an)0(—w3)
0+id+ o —w— s

], €))

with A(w) = 1 where 8 denotes the infinitesimal

A
7T (0—Eq)?+A2°
positive parameter. To proceed, we set Eq = 0 and consider
the low-energy limit with |®| < A, A}(w) ~ 1/(7A). Thus,

the imaginary part of self-energy is approximated to be

Urn
2(mA)3

* + 0(0*) = 0,

ImX(0) = —

which indicates a local FL behavior.l’®! Via the Kramers—
Kronig relation, its real part is ReX (®) o .

As a matter of fact, we can go beyond perturbation theory
analysis by showing that FL-like Green’s function G4(®) =
ﬁ is the self-consistent solution if one inserts it into
Eq. (9). As a result, one finds the quasiparticle weight Z =
1/[1+ (%)% and B=2Z.

We conclude that the system behaves like a local FL in
the weak coupling limit, which is similar to the ground state

of the standard Anderson impurity model. >’

2.2. Strong coupling limit

In the strong coupling limit, the self-energy correction
Z(iw,) seems to be large. If Z(iw,) > A, one can approx-
imate impurity electron Green’s function as

Gd(iw,,) = —

X(iw,)’

047106-3
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which is identical to the cases in the SYK models. Thus, ana-
lytic continuation, the self-energy is found to be

1
xz =-
syk(®) r 2 VE g(_@)—iZil VE §(@)
V2U /]l V2U /ol
the quasiparticle weight is defined as
1 ||
= ——7— — —0,
1—dpReX |, U o0
(38]

which corresponds to the NFL behavior.
However, when comparing the SYK self-energy Xsyk (@)

with the remaining hybridization term iA in our model, we

find the SYK physics dominates at high-energy regime @ > E*

while the FL-like behavior works if @ < E*. Here, E* ~ A% /U

Ulo| ~ A

Therefore, at strong coupling, the self-energy should be

is obtained via Xgyg ~

approximated a mixture of FL. and SYK form as

ZSYK(w) ~ G(E* — ‘(DDZFL(CO) + 9(‘0)| —E*)ZSYK(G)), (10)

where Xy (@) has an FL-like form.

Combining the results from weak and strong coupling
analysis, one finds that our system is always an (local) FL at
low-temperature or low energy below a characteristic energy
scale E*. When elevating temperature or jumping into high
energy regime above E*, the NFL behavior is driven by the

SYK interaction.

3. Transport properties

Before performing calculations of transport quantities, we
inspect the behavior of the single-particle Green’s functions.

* A2
E :kBT*NF, (11)

and here we set Boltzmann’s constant kg = 1, we have

A2
T~ —. 12
U (12)

At || > E*, the impurity electron Green’s function is domi-
nated by the self-energy term and has an NFL feature. When
|o| < E*, it shows FL-like behavior, the detailed formulas of
Green’s function of the impurity electron and the conduction
electron are given in the appendix.

Since the static resistivity is inversely proportional to the
static limit of optical conductivity, we can compute the latter
quantitatively via the Kubo formula!®

on(0) = %H”(m+i5), (13)

and

el ([f(1), 4x(0)]), (14)

denotes the current—current response function. Here, the x-

component of current operator J, is given by®”)
~ e 8£k +
L=2Y Sk . (15)
h o ok,
where the conduction electron dispersion is & =

2tX;_y.cos(kja) with r the nearest-neighbor hopping, and
a is the crystal constant. Inserting G¢(k, ) into Oy, (®), the
static conductivity is

Gxx(w 0)

/ { daKgZ‘C)z[Ac(kven)lz, (16)

where the spectral function of conduction electrons is given in
the appendix.

At zero temperature, the term [—df/de|] becomes the
delta function &(¢;), and the impurity electron DOS is

le1| < E*,

ler| > E*. (17

1
Ad(El) = —iImGd(& +16) o< { A ,1
T Uler]’
Thus, the resistivity is constant at zero temperature.
At finite temperature, we use Sommerfeld expansion to
Eq. (16).5”1 At low temperature, f(g1) o< 1/T?. At high tem-
perature, we give the basic linear fitting as shown in Fig. 4.
Thus, we have

D*AZ 2
pc(T)“{ e

)

TKT~,

18
T>T*. (18)

It means that our system behaves as FL at low temperature and
has the NFL behavior at high temperature.

1.00 1.10

—ng=0.4 (a) - V/U=1/3 (b)
img=0.5 —V/U=1 -7
0.95} .—ng=0.6 =
- mg=0.7 0.85) cegmr ="
< 0.90 S
0.60 \o—-
0.85
0.80 ~
0 1 2 3 035 1 2 3

T T

Fig. 4. The conduction electron resistivity p. as a function of tempera-
ture T'. For the different impurity electron concentrations ng as shown in
(a), the black dots are 7* = 0.5246, 0.6198, 0.6674, 0.6674 for ng = 0.4,
0.5, 0.6, 0.7, and the parametersare V =1,U =3,D =12, Eg = 7U/2.
In (b), pc versus V /U at ng = 0.7, the blue dashed line is the same as
ng = 0.7 in (a), and the red solid line is V /U = 1/3 with T* = 0.3818,
the inset shows the low temperature case of p., where parameters are
V=1,U=1,D=4,Eq =—U/2. The cyan lines are the basic linear
fitting, which shows that po(T) < T at T > T*.

Due to the impurity, electron occupation nq is

ns = [ dog() (o) (19)

where Aq(® ) is the spectral function of the impurity electron,
f(x) =1/[e® /T 1 1] is the Fermi-Dirac distribution func-
tion, U is the system’s chemical potential for both conduction

047106-4
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and the impurity electrons. Because the system has just one ~ when 7 >> T™* the system has the FG behavior as shown in
impurity electron with N pseudospins, we take the chemical  Fig. 1.
potential as . in our work. When we fixed the impurity elec- We also have shown the conduction electron resistivity
tron occupation ng, Aq(®) and f(®) change versus tempera-  p. versus temperature T for Eq = 0,U /2 at different impurity
ture T, and the conduction electron spectral function A¢(k, ) concentrations ng = 0.4, 0.5, 0.6, 0.7 in Fig. 5. Compared with
also change according to Eq. (A4). From Eq. (16), we plot  Fig. 4, both resistivity lines have the minimum and the larger
the conduction electron resistivity p. versus 7" at the impurity ~ E4 induces the smaller 7*. It demonstrates that SYKAM is
electron occupation ng = 0.4, 0.5, 0.6, 0.7, as shown in Fig. 4. not symmetric around ng = 0.5. Our model is different from
For the case of the fixed conduction electron occupation, the  the single-impurity Anderson model; the symmetric Ander-
detailed discussion is given in the appendix. son model Eg = —U /2 has the particle-hole symmetry around
In Fig. 4, the conduction electron resistivity p. has a  ng = 0.5.1] However, our model has the four-body SYK ran-

minimum at 7*, which is similar to the Kondo effect.!%:0:60]

dom all-to-all interaction, in contrast to the onsite two-body
When temperature 7 > T*, the line of ny = 0.4 coincides with ~ Coulomb interaction, which is not satisfied with the particle-
ng = 0.7, which is similar to ng = 0.5 and nq = 0.6. Atlow  hole symmetry except for the case U, = 0.

temperature 7 < T, p. is proportional to the square of tem-

1.00 1.0
perature, which behaves as FL. However, four lines have linear 0ol nq=0.4 (a) —Nd= 8.451 ()
95t-ng=05 A { |- ng=0. /
resistivity at high temperature 7 > T*, where the system be- 0.9l ——na=0.6 i
0.90 - -na=0.7 %7

haves as the NFL. In Fig. 4(b), it demonstrates that the line of ¢ @ e

V /U = 1/3 with D = 12 has a higher 7* than V /U = 1 with 085 0.8l

D = 4, where the wide bandwidth 2D and the large random 0.80 Pt ’

interaction U also induces a high T, which coincides with 0.75 0 ; 5 3 0.7 T 5 3
Eq. (12). The red solid line of Fig. 4(b) has the constant re- T T

sistivity at low temperature as shown in the inset, which also Fig. 5. The conduction electron resistivity p. as a function of tempera-

ture T for the different impurity electron concentrations ng = 0.4, 0.5,

s *
demonstrates that our system has FL behavior at 7 < T*, and 0.6, 0.7, respectively. (a) is the case Eq — 0. (b) is the case £y — 1.5,

behaves like the NFL at T > T™* because of linear resistivity, The parameters are V =1, U =3, D = 12.
1.00 1.00 - 1.00
(a) — T=05T" (c) —T=0.5T
........ T=T7% R v =T *

0.75 A e TuT* 0.75 |- T=41" 0.75
© 3 3
=~ 0.50 / =~ 0.50 = 0.50
< < <

i\ L\
0.25 y \ 0.25 L 0.25
_z / .\\ ’-/,././,v"‘ N -
) < 0k -
0_4,5 —2.5 —0.5 1.5 —4.5 —=2.5 1.5 074.5 —-2.5 —-0.5 1.5
w w w
1.00 1.00
(f) —T=05T"
.......... T=T"%"

0.75 0.75 e T—ou13T"
3 3
=~ 0.50 =~ 0.50
< <

0.25 0.25

ss . . . . . . : 05 —25 —05 15

Fig. 6. The impurity electron DOS Aq4(®) as a function of the frequency w. (a)—(d) are for different temperature 7' with the limited impurity
electron concentrations ng = 0.4,0.5,0.6,0.7; the inset of (a) shows that two lines are not merged together. (e) describes Aq(®) versus ng at
T* =0.5246,0.6198, 0.6674, 0.6674, respectively. The parameters of (a)—(e) are V. =1,U =3, D =12, Eg = —U /2. In (f), all lines are plotted
withV=1,U=1,D=4,E4=—-U/2atng =0.7,and T* = 0.3818, where the black solid line is the DOS of FL at the constant resistivity.

Since the resistivity has the similarity as the Kondo effect, we also compute the DOS of the impurity electron

1
®+i6 —Eg+iA—XZ(o+id) ]|’

Ag(w) = —%ImGd(w—HS) = —%Im (20)
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which is shown in Fig. 6. At the fixed impurity electron con-
centrations, peaks of the impurity electron DOS decrease ver-
sus temperature, and lines of A4(®) become broad, as shown
in Figs. 6(a)-6(d). The black solid lines of Figs. 6(a)-6(d) and
6(f) are the case that the system behaves as FL, the red dotted
lines of Figs. 6(a)-6(d) and 6(f) are the case of T = T, while
blue dashed lines of Figs. 6(a)-6(d) and 6(f) are the case that
the system behaves as the NFL. When T = T, peaks of Aq(®)
decrease versus nq, as shown in Fig. 6(e). In Fig. 6(f), both
lines are similar to Figs. 6(a)-6(d), but Aq(®) has a smaller
peak than Fig. 6(d) at T* on account of the smaller conduction
electron bandwidth.

Compared with the SYK model, our model has the hy-
bridization between the conduction electrons and the impu-
rity electron, while the standard SYK model does not have
the hybridization, but the Lorentz lineshape of the impurity
electron DOS is similar to the SYK model. Compared with
the single-impurity Anderson model, our model has the ran-
dom four-body SYK interaction between different pseudospin
states of the impurity electron not the onsite Coulomb interac-
tion between different impurity spins (spin up and spin down),
which does not induce the sharp-peak like the Kondo res-
onance around the Fermi surface, while the single-impurity
Anderson model has the Kondo resonance around the Fermi

surface, 156.53.54]

4. Thermodynamics

The impurity electron contributes a free-energy as

Fq 3 . .
v - leanZT;E(lwn)Gd(lwn)
+TY [In(~BGa(i@,)) —In(-Biw,)], (21)
n
while the conduction electron has an FG result

i;‘ =—TY;In(1+ e’ﬁsk) In this way, the system’s total free-

energy F can be obtained by £ N= =L ¥+ F M — _TInZ. The

detailed derivation of the free- energy is given in the appendix.
Because conduction electrons only contribute trivial FG

result, we focus on the thermodynamics of the impurity elec-

tron. Therefore, the impurity electron’s entropy Sq and specific

heat capacity C, are given by

8¢ . 0°Fy

o7 C=T—— 3T TTTz . (22)

According to Eq. (18), the system behaves as an FL at low
temperature, while at high temperature it is an NFL. Due to
Refs. [24] and [48], there may exist a quantum phase transition
in our model. We have got its entropy Sq and specific heat ca-
pacity Cy versus temperature T by Eq. (22), which is shown in
Fig. 7. For intermediate-T', Sq increases with ng. All Sy gradu-
ally approach saturation at high-T limit with limr_,.. Sq =1n2,
as shown in Fig. 7(a).3%6!1 C, has a maximum at intermediate-
T, which is similar to the SYK model.?%-621 C, increases with
nq at low temperature, while it decreases for high temperature.

Since entropy and specific heat capacity are continuous
and smooth, we expect a crossover, instead of phase transition,
between FL and the NFL. Interestingly, similar transport prop-
erties also display in Kondo physics, and dilute magnetic alloy
systems undergo a crossover from free local moment state to
the non-magnetic FL state.>-¢!

0.75 0.6
(b) ,« —ng=0.4
] \‘ ....... nqg=0.5
N, —-ng=0.6
0.50 0.4 e ng=0.7

o s
0.25 0.2
0
0 1 2 3 0 1 2 3
T T

Fig. 7. The thermodynamics of our model as a function of temperature
T, for different impurity electron concentrations ng. (a) The entropy
Sq and (b) the specific heat capacity Cy of the impurity electron. The
parameters are V=1,U =3,D =12, Eg = -U/2.

The two systems have similar transport and thermo-
dynamics, and they undergo a crossover rather than phase
transition.[®! Although both systems have the scattering be-
tween conduction electrons and the impurity electron, the
DOS of the impurity electron is significantly different. More-
over, SYKAM has an NFL behavior p.(T') o< T at temperature
T > T*, while the Kondo screening is the localized FL below
Kondo temperature and the NFL behavior does not appear in
the standard Anderson model. Since no symmetry-breaking is
involved, a crossover is expected between the FL and the NFL,
and thermodynamics can not be used to detect crossover due

to the lack of singularity.

5. Renormalization group analysis

To proceed, we apply the RG theory to further con-
We begin with the effec-
tive action Eq. (A9) by Fourier transformations, a’iT (1) =

firm our results obtained above.

ﬁ Y, e 9% (i,) and &;(7') = ﬁ Y, el di(im,). We
can get

l(l)nz)

Sd ~ — /dT/dT
4N3

xd! (1a),,3)d (1 @na )}, (10,5 ) (106 )} (10,7)dly (1 ns)

X 6[7 (wrtl+w)137wn67w)18)f+i(wn2+wn47wn57wn7)7/]}

Z {d (iom)d

ijmlns,s=1

UPN & s
— e L [ oo ) d

X dL(iwnS)dm(iwndd;(iwn7)dl(ia)n8)6(wnl — W2
+ 03 — Wpg + W5 — Wye + @7 — wnB)] . (23)
In order to renormalize our model, we have a parameter A

(A > 1) to cut off the fermionic Matsubara frequency @, and
divide our model into the low energy part and the high energy
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part as follows:

—iont (d,TL iw,) +d,H(1wn)) , (24

i \/>Ze
\/—Zelwn ( zL 1wn)+le(1a)n)> (25)

where diL(ia)n) (dir(i®,)) denotes the low energy component
of the system, dl-TH(ia),,) (din(i@,)) is the system’s high en-
ergy component. On the basis of the analytic continuation, it
alludes to a cutoff energy wp/A (A > 1), the system is divided
into the low energy component (0 < |®| < ®r/A) and the high
energy component (0r/A < |@| < @p), and o is the Fermi
energy. We rescale the energy as

o'=10 (A>1). (26)
The effective action is given by
Sint = S +Su +V(L,H), 27

where Sy, defines the low energy part of the effective action,
Sy is the effective action for high energy component, and
V(L,H) describes the coupling of the low and high energy
components. Hence, the partition function of the system is
Z = Z.Zs, and Z; can be read as

[/an/ doge® [ /dwg

1fa>p doseSH eV(LH

Q

Zy

s=1 fﬂ’F d(l)s esH
e

8 8 rop
/an/ dwseSLH/wF dayeS eV, (28)
s=170 s=1"Y"72"

where
= e<V>0+%<V2>o+O(V2)’ (29)

1, JoF doyeSHY

_ A
W0 = T qaesn G0
e

In the light of the first-order and second-order correction,
the detailed calculations are shown in the appendix, and the
RG transformation relation can be written as

Ul 1\*
U =u? |1 1—=) . 31
We set A = ¢/, and its flow equation is
du? 2U%w?
vz _2U7op (32)
dl A%

In the fixed points, the scaling invariance has a consequence
du? /dl = 0; it demonstrates that SYKAM has two fixed
points U2 = 0 and U? = o, as shown in Fig. 8. For U? =0,
it scales to a weak coupling repulsive fixed point, forming FG.
U? = o is a strong coupling attractive fixed point of FL. Scal-
ing proceeds from a repulsive fixed point via a crossover to an
attractive fixed point, in which exists an NFL at finite U 2,

U2=0 2=
/—— crossover
fixed point @ > ® fixed point
FG NFL FL

Fig. 8. Schematic illustration of RG flow in the SYKAM. For U 2=,
it scales to a weak coupling fixed point, forming the FG. U? = oo is a
strong coupling fixed point of FL. Here the weak and strong coupling
does not mean the weak coupling limit and the strong coupling limit in
this paper. Scaling proceeds from a repulsive fixed point via a crossover
to an attractive fixed point, in which exists an NFL at finite U 2,

6. Summary and perspective

We have computed the transport and thermodynamics of
SYKAM, which demonstrates that the NFL exists at tempera-
ture T > T*. The RG analysis shows a crossover between FG
(U? = 0) and FL (U? = o), which presents the NFL at finite
U?. The impurity electron’s entropy Sq and the specific heat
capacity Cy exhibit the similarity to the SYK model and the
Kondo system. 53921 The resistivity of SYKAM has a mini-
mum at temperature 7, similar to Kondo temperature, but the
impurity electron DOS of SYKAM does not have the sharp
Kondo resonance peak around the Fermi surface.>-¢!

Our model is an extension of the single-impurity Ander-
son model and the SYK model. Comparing with the single-
impurity Anderson model, the SYK random interaction can
not provide the localized interaction to the onsite different im-
purity spin states, so our system does not form local moments.
Compared to the SYK model, our system has the hybridiza-
tion between the conduction electrons and impurity electron,
which is present in the Kondo systems but does not exist in the
SYK model. The resistivity minimum emerges in SYKAM
when it behaves like an NFL, where the impurity electron has
the SYK interaction without Coulomb interaction. Anderson
model and our model both have the scattering between the con-
duction electrons and the impurity electron because of the hy-
bridization, and except that the DOS of the impurity electron
does not display the sharp-peak as the Kondo resonance and
not have the localized magnetic moments in SYKAM.

Finally, it may be helpful to lead to a new route to realize
the Kondo systems (heavy-fermion compounds, various quan-
tum dot devices, and novel material Kondo systems) and the
SYK physics. With the development of ultracold atom tech-
nique for realizing the Kondo lattice model, [®3-%1 our results
may be protocolled in near-future experiments.

Appendix A: Transport properties

When |@| < E*, it shows FL-like behavior, Green’s func-
tion of the impurity electron and the conduction electron, i.e.,
(T=0

! , o] < E*,
iA U . Un 5
Ga(w)={ * " *(m) O 2 may®
CabiR lo| > E*
V2U (/o]
(A1)
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1 V2 1
+ 5 3 , o] < E*,
O—& (0—g&) . U CUn
O+iA+ | — w+173a)2
Ge(k,0) = A 2(mA) (A2)
1 y2  gl/4
lo| > E*.

w— &

The spectral function of conduction electrons is
Ac(kvgl)
1
1 [ 1 V2
——Im : +
Toolet+id—& (g +id—g)
V2 1
=—Q {—ImGd(el +19)
(e—&)" L 7
(&1 —&)le
(&1 —&)[er

SGu(e +i8)

—Eq—X(&)]6(e1 —Eq—X(&1))

* —Ed—E(&'l)]—Vz

V2
~ T aen)

(A3)
(&1 — &)

By ()5l g E(e)
oy oy e
[58]

where we omit the term &=&J
(e1—&)le

cause of small contribution of A.(k, &/ ).
We assume that (de;/dk,)* = v at the low energy scale,
where v is the Fermi velocity. Thus, we can just compute the

integral Yy ; [Ac(k, & )]>. We have

Y [Ac(k, 1))
kj
—kzj;/l;dEéE &) [Ac(k,€1)]
= DdENE v A2
=/, ( )m alern)
~ DdEN(O)LAz(e)
“Jop (e, —E)* =
V4, 1 1

(A4)

= ?Ad(gl )N(0) [ -

(&1-D)* (&1+D)’

Thus, the conduction electron concentration is given by

ne=Y, [ doack.0)f(@),
k

where f(x) = 1/[e™*#)/T 4 1] is the Fermi-Dirac distribution
function, p is the total system’s chemical potential since our

(AS5)

system has two types of electrons (conduction and the impu-
rity electrons), and we approximate it by conduction electron
chemical potential L. in our work.

According to Eq. (16), we have presented the conduction
electron resistivity p. versus temperature 7 with fixed nq (tun-
ing the chemical potential), as shown in Figs. 4 and 5. How-
ever, when we fix n. by tuning the chemical potential, the con-
duction electron resistivity p. is changed versus temperature

T o—e? V2U Vol

T. We have plot conduction electron resistivity p. as a func-
tion of temperature 7" at the conduction electron concentration
ne = 0.4, as shown in Fig. Al. It shows that the conduction
electron resistivity p. emerges a minimum versus temperature
T when fixed the conduction electron occupation n., which
behaves like that in the Kondo effect.[>-¢-60]

1.00
— n.=04
—=ng=0.4
0.95 ¢ /
'/
'/
'/
& 0.90 7
0/'
1/
4
0.85 o
'/
/'/
0-805 1 2 3
T

Fig. Al. The conduction electron resistivity p. as a function of tempera-
ture T at the conduction electron concentration n. = 0.4, the red dashed
line is the impurity electron concentration nq = 0.4, the parameters are
V=1L,U=3D=12,E4=-U/2.

Appendix B: Thermodynamics

Thermodynamics of our model is determined by the par-
tition function Z, whose functional integral formalism is

z= / De"DeDd D e 505 (A6)
Here the non-interacting action is
Sp= / dr {Zczj (Or + &) cxj +V2czjdj
kj kj
+V%d;ckj+;d;(8f+Ed)dj} (A7)

with imaginary time 7 € [0,8] (B = 1/T) and cy;, d; are the
anticommuting Grassman fields. The SYK interaction reads

1 N

P 2‘ gt
Sm[— (ZN)3/2/dTijmlU,]mldi djdmd[. (A8)
After performing the standard Gaussian random average

over each independent U;;,; and focusing on one replica
realization, %! we obtain

Sim =3 /dr/dr )di(7')

i Jml

x d}(0)d;(7)d},(T)du()d] (V)i (7)) (A9)
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2
Now we introduce Gy4(7',7) = £ ¥, ]( 7)d;(7’) and a La- _NU /dr/dr 1Ga(z,7)
grange multiplier X(7,7’) into the action Sjy; with adding the
following constraint term into the partition function =N Tr[ln(Gd(T, )] -N Tr[ln(Gg(’L'7 7))
+NTr [ln(Go(T )]
1
l_/DGS<GdTT Zd > /dr/dTZ "NGy(7,7)
= [Pz [ pael sl ersea e e ), = ~Nn2= 21 Y Z(i0,)Guio)
(A10)
+NZ{ln(—BGd(iw,l))—ln(—ﬁia),,) . (A13)
Therefore, we can rewrite Sj; as n
Sy = / dr / 47 { Zd;, (7) {E (0,7)+ ( 0+ Ey Therefore, we can get the free-energy of impurity electron
J Fy
— =—-TInZ
N

—;vz(aﬁsk)') §(t— r’)]d,(r’)}

—N [dt [ dT'X(r,7)Gy(, 7))
Ngz / +7Y [ln(—,BGd(ico,,))—ln(—ﬁico,,)}. (Al4)
/dT/d‘L’ |Gq(7,7) (A11) n

where Sy is the effective action for G and X. In the large-N  Appendix C: Renormalization group analysis
limit, the partition function is dominated by the extremal Sq,
which leads to Eqgs. (3) and (2) via the saddle point equations

554 554
4o, 4. Al2
G 2 B2 W & (b) A

3 . .
=-Tn2— ZT;Z(la)n)Gd(la)n)

According to Eq. (29), we can compute the leading order
Feynman diagrams as shown in Fig. C1.

According to Eq. (2), we can get the effective action

V2 II \\ Il \‘ II \‘
Sa=—NnDet| ( 9y +Eq— 5(t—7)+ (1,7 O G.@ <
e (G e LSRR

Fig. C1. The leading Feynman diagrams of our model to compute the

_ N/ dT/ dT’Z(‘L’, T’)Gd(T/, T) RG transformation relation Eq. (31). (a) is the first order and (b) is the
| second order.

The first order (V) have two terms: (df (i@n )dir (10n2)d ]} (i053)dj1.(i0na)d); (i s )donr. (i On6 )df, (1007)di. (1 s) Yo
(djyy (i On )dipr (102)d yy (1043)d jr1 (1 0n) )y gy (@5 ) dyurt (@)l (1047 )y (1048 )o. The low energy part is a constat.

The second order (V) have four terms: <d;fL(i(0n1 )diL(ia),,z)d;fL(ia),,3)djL(ia),,4)d;L(ia)ns)dmL(ia),m)d;L(ia)ﬂ)
dlL(iwns)d,TL(iwn9)dzL(1wn10)dJL(1wn11)djL(iwnlz)djnL(iwnB)dmL(iwn14)d;L(iwn15)dzL(iwnm))o, (d}, (101)dir (10n2)
d; (103)d 1. (i 0n )}y, (1 Ons ) (1 0n6) ]y (1@7)ly. (i 08 )y (1000 dirt (10n10) iy (1011)djrr (i On12) (1 013)
Ayt (10014)d}yy (1015 )dig (i0n16))0s (d,-TH(iwnl)diH(iwnz)d;H(iwn3)de(iwn4)d;,H(iwn5)de(iwn6)d;H(iwn7)d1H(iwns)
d,'TL(ia)n9)diL(iwnl())d;L(iwnll)djL(iwan)d;LL(iwn]3)dmL(iwnl4)leL(iwnlS)dlL(iwnlé»Us <leH<iwn])diH(iwn2)d}-H(iwn3)
djtt (1 Onadl}y gy (1O ) dynrr (1 Ong )y (107 )y (10 )y (1039 )iz (10m10)d gy (i 011 )1 (10n12) gy (1013 )t (014
d;'H(ia)nl s)dig (1m,16))0. Here the low energy part is a constant, and the high energy part is omitted. We just compute the low
energy and high energy hybridized terms. Since the second term is equal to the third term, we have

(diyy (11 )dirg (102)dyy (1003)d 11 (10na )}y 1y (i @ o (1 O ) g (i @7 )iy (1008 )L (i 0 i (i @no)

d;L(iwnl 1 )djL(iwnlZ)d,-LL(ia)nl3)dmL(iwnl4)d;L(iwnlS)dlL(iwn16)>0

1 . i . .
= j'DdZS—eSH/Dd Z SHd (160,11)d,H(l(Dnz)dJr (1a),,3)de(1a),,4)de(1wn5)de(1w,,6)de(1a),,7)
ns=1 ns=1

le(iwnS)d,TL(iwn9)diL(iwn]())d;L(iwnl | )djL(iwnIZ)d;,L(iwnB)dmL(iwnl4)leL(iwnlS)dlL(iwnm)]

1 / Dd Z |:< wnl —(Dnz) ) ( 5(0)n3—(1)n4) > ( 5(wn5_wn6) ) < 6(®n7_(0n8) >
fDdZm | eSH = 1w, —Eq+1A 1w,3 —Eq+1A 10,3 —Eg+1iA 10,7 —Eq+1A
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~ [ Da =D o, (1000 Ol (01 e 1)
~ (iA—Ed)“ iL(1Wp10)a;; (1049 )i (10,12 jL(lwnll) mL {1014
Here ! s ! ands=1,3,5,7
"o —Eq+iA T —Eq+iA° ST S
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