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Many papers have been published on the study of orbital angular momentum (OAM) of the laser modes based on the
Laguerre–Gaussian (LG) beam and helical phase plate or rotating cylindrical lens, and the principal ray of the LG beam
remains straight line. These ways are difficult to get a large OAM modes. In this paper, we propose a novel method to
prepare a large OAM modes when the light propagates through a optical fiber winding around a curved path, and establish
a theoretical framework based on the principal ray path changing. Firstly, we investigate three kinds of winding structure.
Secondly, based on the analytical solutions and numerical calculations, we can find that the spiral body can achieve a large
OAM temporal pulse. At the same time, based on the zero OAM diffraction diagram, we can obtain an improvement of
resolving power beyond Rayleigh’s criterion. Finally, applying a large OAM diffraction pattern to realize 12-bitencodes,
we can obtain a high-security optical information transfer system.

Keywords: fiber optics, orbital angular momentum (OAM), differential Fernet equation, Rayleigh criterion

PACS: 42.81.Qb, 42.50.Tx, 02.40.−k DOI: 10.1088/1674-1056/abefc9

1. Introduction

The generation of the optical beams with orbital angu-
lar momentum (OAM) have attracted much attention in op-
tics communication and quantum key distribution. In these
applications, we find that the OAM mode can be detected by
the discrete “twisting” rate of helical phase. Up to now, the
traditional methods of preparing OAM beam include rotating
cylindrical lens, helical phase plates, and fiber[1–5] when the
wave-front phase is changing and the principal ray is basi-
cally unchanged,[6–8] and it is difficult to obtain a large OAM
modes. In order to solve the problem, we establish a theoreti-
cal framework on the condition that the principal ray is chang-
ing and the wave-front phase is basically unchanged.[9,10] The
light emitted from the cylindrical spiral wave-guide can carry
a high-order OAM modes.[11] In this paper, we achieve a large
OAM modes in an optical fiber winding around a curved path
of spiral body. We calculate the large OAM modes in the
flowing coordinate system (α,β ,γ). Applying the large OAM
diffraction patterns, we can obtain a 12-bitencodes, and finally
provide a high security information transfer system. At the
same time, according to analyzing the zero OAM diffraction
patterns, we find that our method can improve the spatial re-
solving power beyond the Rayleigh limiting.

The organization is as follows: The notation and param-
eters of the coordinate system, and types of winding around a

curved path are presented in Section 2; subsequently, analyti-
cal solution is calculated in Section 3; numerical calculation of
the OAM via an optical fiber winding around a curved path is
given in Section 4; the diffraction patterns calculation and ap-
plications are given in Section 5; an experimental scheme for
observation of a large OAM beam is proposed in Section 6;
finally, the conclusion and discussion are given in Section 7.

2. The winding-types around the spiral body
and the coordinate systems
The fiber winding around the circular cylinder body re-

sults in a spiral form,[9] but it does not mean that the circular
cylinder body itself be a spiral form. The circular cones are
depicted in Figs. 1(a)–1(c); and Figs. 1(d)–1(f) are the spiral
curves of optical fiber around the circular cones.

In the static coordinate system, the curves as a function of
θ can be expressed by

𝑟 = (a(θ)cos[ f (θ)],a(θ)sin[ f (θ)],bθ) , (1)

where a(θ) and bθ denote the radius and the axis of the circu-
lar cone function, respectively, and f (θ) is the winding func-
tion. As shown in Figs. 1(d)–1(f), we call the types of spi-
ral curves, “Exponential”, “Gaussian”, and “Flower”, respec-
tively:

Exponential : aE(θ) = a0θ e−l1|θ |, f (θ) =
θ

1+ l2θ
,
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rz = bθ , 0 < θ < ∞;

Gaussian : aG(θ) = a0 e−l1θ 2
, f (θ) =

θ

1+ l2θ
,

rz = bθ , −∞ < θ < ∞;

Flower : aF(θ) = a0 cos[nθ ], f (θ) =
θ

1+ l2θ
,

rz = bθ , n = integer, −∞ < θ < ∞, (2)

where the constants a0, l1 > 0, and n control the characteris-
tic of circular cone; l2 ≥ 0 controls the winding-type. l2 = 0,
l2 > 0, and l2 = ∞ denote the homogeneous winding, in-

homogeneous winding, and stop-winding, respectively.

As shown in Figs. 2(a) and 2(b), we adopt two coordi-

nate systems in order to perform the following calculation, the

first is static coordinate system 𝑟= rx𝑥+ ry𝑦+ rz𝑧, where the

fixed unit vectors (𝑥,𝑦,𝑧) are perpendicular to each other, and

the second is flowing coordinate system 𝑟 = ξ𝛽+η𝛾+ ζ𝛼,

where the moving unit vectors (𝛽,𝛾,𝛼) are perpendicular to

each other, which along a spiral curve of optical fiber as shown

in Figs. 1(d)–1(f).
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Fig. 1. Circular cones (a)–(c), and the spiral curves of optical fiber around the circular cones (d)–(f).
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Fig. 2. Static coordinate system (a) and flowing coordinate system (b).

3. Analytical solutions for the OAM
In generally, the curved path can be written by the static

coordinate system 𝑟 = rx𝑥+ ry𝑦+ rz𝑧. The path length s can
be defined by

ds =
√

dx2 + dy2 + dz2,

∣∣∣∣ d𝑟
ds

∣∣∣∣= 1,

s =
∫ ∣∣∣∣ d𝑟

ds

∣∣∣∣ds =
∫

ds. (3)

The geometry meaning of unit vectors 𝛽,𝛾,𝛼 are the curve’s
normal, bi-normal, and tangent, respectively,[10] where

𝛼=
d𝑟
ds

/ ∣∣∣∣ d𝑟
ds

∣∣∣∣= d𝑟
ds

, 𝛽 =
d𝛼
ds

/ ∣∣∣∣ d𝛼
ds

∣∣∣∣, 𝛾 =𝛼×𝛽,

(4)

The moving unit vectors (𝛼,𝛽,𝛾) satisfy the Frenet equations

d𝛼
ds

= κ(s)𝛽,
d𝛽
ds

=−κ(s)𝛼+ τ(s)𝛾,
d𝛾
ds

=−τ(s)𝛽,

(5)
where κ(s) and τ(s) are the curvature and the torsion of the
curve, respectively.

In the static coordinate system, when curved path winding
around the spiral body, Eq. (1) takes the following form:

𝑟 = (a(θ)cos[ f (θ)],a(θ)sin[ f (θ)],bθ),

s =
∫

θ

0

∣∣∣∣ d𝑟
dθ

∣∣∣∣dθ

=
∫

θ

0

∣∣∣∣∣∣
√(

da(θ)cos[ f (θ)]
dθ

)2

+

(
da(θ)sin[ f (θ)]

dθ

)2

+b2

∣∣∣∣∣∣dθ .

(6)

According to Eqs. (4) and (5) and Ref. [10], we have

𝑟′ =
ds
dθ

, 𝑟′′ =
d2s
dθ 2 , 𝑟′′′ =

d3s
dθ 3 ,

κ =
|𝑟′×𝑟′′|
|𝑟′|3

, τ =
(𝑟′ ·𝑟′′ ·𝑟′′′)
|𝑟′×𝑟′′|2

, 𝛼=
𝑟′

|𝑟′|
,

𝛽 =
(𝑟′ ·𝑟′)𝑟′′− (𝑟′ ·𝑟′′)𝑟′

|𝑟′| |𝑟′×𝑟′′|
, 𝛾 =

𝑟′×𝑟′′

|𝑟′×𝑟′′|
. (7)

Using Eqs. (6) and (7), we can calculate the moving unit vec-
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tors (𝛼,𝛽,𝛾), and scalar κ and τ as a function of θ as

𝛼= αx𝑥+αy𝑦+αz𝑧, 𝛽 = βx𝑥+βy𝑦+βz𝑧,

𝛾 = γx𝑥+ γy𝑦+ γz𝑧, κ = κ(θ), τ = τ(θ). (8)

Using Eq. (8), it is convenient to transfer Eq. (1) from the static
coordinate system to the flowing coordinate system

𝑟 = a(θ)cos[ f (θ)]𝑥+a(θ)sin[ f (θ)]𝑦+bθ𝑧,

= rx𝑥+ ry𝑦+ rz𝑧 = rβ𝛽+ rγ𝛾+ rα𝛼= ξ𝛽+η𝛾+ζ𝛼,

rα = ζ = 𝑟 ·𝛼= rxαx + ryαy + rzαz,

rβ = ξ = 𝑟 ·𝛽 = rxβx + ryβy + rzβz,

rγ = η = 𝑟 ·𝜂 = rxηx + ryηy + rzηz. (9)

Using Eq. (9), we can easily calculate the photon OAM of a
geometric ray along the spiral curve, and the photon OAM is
based on the particle property, while the traditional LG OAM
is based on the wave property. The only way to connect the
photon OAM with the LG OAM is using the Einstein’s photon
momentum assumption mds/dt = }k to have

𝐿= 𝑟×𝑝= 𝑟×m
ds
dt

d
ds

𝑟 = 𝑟×}k
d
ds

𝑟. (10)

Thus, we can obtain the OAM of principal ray in units of } in
the wave picture

𝐿/} = k𝑟× d𝑟
ds

= k(rα𝛼+ rβ𝛽+ rγ𝛾)×
d
ds

(rα𝛼+ rβ𝛽+ rγ𝛾). (11)

After a lengthy calculation (see Appendix A), the OAM 𝐿/}
can be expressed as

𝐿/}=𝐿α/}+𝐿β/}+𝐿γ/}, (12)

where 𝐿α/} is the OAM along the tangential direction 𝛼,
namely, the direction of the principal ray. 𝐿α/} is composed
of two parts 𝐿α/}=𝐿α1/}+𝐿α2/}, where

𝐿α1/}=

(
rβ

drγ

ds
− rγ

drβ

ds

)
𝛼,

𝐿α2/}= (rγ rγ τ− rγ rα κ + rβ rβ τ)𝛼. (13)

In the flowing coordinate system, the wave inside the fiber sat-
isfies the equation of u(ξ ,η ,ζ , t), and

1
ρ

∂

∂ρ

(
ρ

∂u
∂ρ

)
+

1
ρ2

∂ 2u
∂ϕ2 +

∂ 2u
∂ζ 2 −

1
c2

∂ 2u
∂ t2 = 0,

ρ =
√

ξ 2 +η2, ϕ = tan−1
[

ξ

η

]
. (14)

Substituting u in Eq. (12), we have

u = y(ρ)e−iνϕ e−i(ωt−kζ ζ ) = y(ρ)e−iνϕ e−iθl ,

𝐿α/}u = i
∂

∂ϕ
u = νu, (15)

1
ρ

∂

∂ρ

(
ρ

∂y
∂ρ

)
+

(
k2− ν2

ρ2

)
y = 0, k2 =

ω2

c2 − k2
ζ
, (16)

where u satisfies the boundary condition |u|= 0, when ρ ≥ ρ0,
where ρ0 is the optical fiber radius. The solution of y(ρ) can

be written in terms of the Bessel function of ρ/ρ0 as

y(ρ) = Jν

(
sνn

ρ

ρ0

)
, y(ρ0) = Jν(sνn) = 0. (17)

The OAM ν can be expressed by the relation Lα/}u =

iu∂u/∂ϕ = νu.[11] sνn are the n-th roots of Bessel func-
tion with OAM, which guarantees the boundary condition of
u satisfied. Due to the requirement of optical fiber inner to-
tal reflection, the roots of Bessel function must satisfy the

inequality sνn ≤ 2πρ0

√
n2

1−n2
2/λ , where λ , n1, and n2 are

the laser wave length, the optical fiber’s inner refraction index
for ρ < ρ0, and the optical fiber’s outside refraction index for
ρ > ρ0, respectively. We can calculate the diffraction pattern
by using the solutions of u (see Appendix B).

4. Numerical calculations of the OAM
Figures 3(a) and 3(b) depict the three dimension spiral

path around the “Exponential” curve and 𝐿α/} is a function
of θ as shown in Figs. 3(b1)–3(b3). We can find out:

(i) Homogeneous winding (see Figs. 3(a1)–3(b1)) is uni-
form, but the spiral path amplitude and 𝐿α/} gradually de-
crease to zero at the same time, which can not give a large
OAM.

(ii) In-homogeneous winding (see Figs. 3(a2)–3(b2))
gradually decreases to a straight line (see Fig. 3(a2)), and the
𝐿α/} curve (see Fig. 3(b2)) drops simultaneously from a high
value to a low gradually, which also can not generate a large
OAM.

(iii) The two stages winding (see Figs. 3(a3)–3(b3)) con-
sists of two parts. The first homogeneous winding begins from
θ = 0 to 200, and the 𝐿α/} increases from 0 to 148. The sec-
ond stopping winding begins from θ = 200 to 1000, the 𝐿α/}
maintains at 148, and the curve of Figs. 3(a3) moves in the
direction of the tangent direction gradually approaching to a
straight line. More discussions are given in Section 7.

It is useful for us to obtain a high OAM modes when light
beam propagates along a straight line. The continuity of curve
at θ = 200 will be proved in Appendix C.

From the above we can not come to the conclusion that
the spiral path (see Figs. 3(b1) or 3(b2)) is not a valid path
to obtain the large OAM modes. Because there are two kinds
of optical fiber winding directions, one is the clockwise di-
rection winding from right to left, and the other is the anti-
clockwise direction winding from left to right. From the
zero OAM increasing to the maximum OAM, we adopt the
anti-clockwise direction winding, and after reaching the max-
imum OAM, we adopt the clockwise direction winding. In
the exponential type Eq. (2), the anti-clockwise winding func-
tion fc(θ) = θ/(1+ l2 |θ |), and the clockwise winding func-
tion fac(θ) = −θ/(1+ l2 |θ |). The numerical calculations
of spiral path according to anti-clockwise direction before the
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Fig. 3. The three-dimensional spiral path around the exponential type Lα/} as a function of θ with parameters ka = 5, kb = 1, (a1), (b1) l1 = 0.015,
l2 = 0, homogeneous winding; (a2), (b2) l1 = 0.015, l2 = 0.01, in-homogeneous winding; (a3), (b3) l1 = 0.015, θ = 0−200, l2 = 0, homogeneous
winding, θ = 200–1000, l2 = ∞, stop-winding. (c1), (c2), (c3) and (d1), (d2), (d3) change the winding direction at the maxima of Lα/}.

maximum of 𝐿α/} (the winding function fc(θ)) and after-
ward according to clockwise direction (the winding function
fac(θ)) are depicted in Figs. 3(c1)–3(c3), and the correspond-
ing large OAM are shown in Figs. 3(d1)–3(d3), respectively.

In Figs. 4 and 5, we depict the three dimensional spiral
curves with Lα/} as a function of θ for the Gaussian and
the Flower types, respectively. The winding are homogeneous
l2 = 0.

This curve tells us that we can obtain a large OAM modes
easily.

One interesting thing is the Flower type OAM with Lα/}
as a periodic function of θ , and the maximum and minimum
locates nearly at two straight lines Lα/}≈±60×θ ,±100×θ ,
±250× θ for n = 1,3,5, respectively. The input light beam
should be along the tangent direction near the position θ ≈ 0
of Figs. 5(b1)–5(b3). Figures 5(a1) and 5(a2) show clearly the
low ends of the optical fiber, which is the position of the input
beam.

The input light beam should be along the tangent di-
rection near the position θ ≈ 0 of Figs. 5(b1)–5(b3). Fig-
ures 5(a1) and 5(a2) show that the point θ ≈ 0 locates at the
milder of the optical fiber. It is a suitable input beam position,
due to θ ≈ 0, Lα/} ≈ 0, and d(Lα/})/dθ = 0. If we choose
the end of the optical fiber as the input beam, due to θ =−10,

and Lα/} 6= 0, we must choose a point near the end and sat-
isfying the condition Lα = 0. Refer to Fig. 5, the points of
Lα = 0 are θ =−9.4,−9.9,−9.95 for n = 1,3,5, respectively.

For the purpose of convenience of experimental realiza-
tion, we give some explanations. In Figs. 1–3, the parameter
kb0 = 1, yields rz = θλ0/2π , and δ rz = δθλ0/2π . When the
spiral path makes a circuit, δθ = 2π , the distance between
adjacent spiral coil satisfies δ rz = d = λ0. Here λ0 is the or-
bital wave length. As shown in Fig. 1(b1), we set d = 0.1 cm,
θ = 1000, then the total length of the spiral body equals to
rz = 0.16 m and we have kzrz = θλ0/λ = θd/λ , where λ is
the laser wave length. In the flowing coordinate system (see
Eq. (15)) kzrz = θd/λ → θl = −(ωt− kζ ζ ). In general, the
variable θ is essential for the θl in the wave function Eq. (16),
except a constant factor d/λ .
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Fig. 4. The Gaussian type with parameters ka = 100, kb = 1, l1 = 0.0005,
l2 = 0: (a) three-dimensional curve, (b) Lα/} as a function of θ .
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5. Diffraction pattern calculations and applica-
tions
Before the diffraction pattern calculations, we need de-

marcate the diffraction modes in free space and the diffraction
modes inside the optical fiber.

According to Eq. (17), s00 and s016 in Eq. (6) indicate
ν = 0 and n = 0,16 for Figs. 6(b1)–6(b2) and 6(c1)–6(c2), re-
spectively. As shown in Figs. 6(a1) and 6(a2), the diffraction
pattern represents the Rayleigh criterion of spatial resolving
power (see Fig. 8.12 in Ref. [12]), the abscissa of curves in
Figs. 6(a1) and 6(a2) are xa = kρw= kρ

√
p2 +q2 = kρ sin[θ ],

where θ is the diffraction angle between the diffraction direc-
tion and the principal ray, and ρ denotes the radius of circu-
lar. The abscissa of Figs. 6(b1)–6(b2) and 6(c1)–6(c2) have
the same definition as Figs. 6(a1)–6(a2), xb = xc = kρw =

kρ
√

p2 +q2, although the magnitude are quite different. The
maximum intensity are 10, 34, and 730 for Figs. 6(a1),
Fig. 6(b1), and Fig. 6(c1), respectively. The zero intensity lo-
cates at 3.83, 1.8, and 0.08 for Figs. 6(a1), 6(b1), and 6(c1), re-
spectively. The total energy enclosed in the diffraction patterns
can be estimated by 10× 3.832 = 146, 34× 1.82 = 110, and
730× 0.082 = 4.67, for Figs. 6(a2), 6(b2), and 6(c2), respec-
tively. The important thing is the zero intensity location deter-
mines spatial resolving power limit. For convenience, we take
the Rayleigh criterion zero intensity location 3.83 as resolving
power unit, and the relative resolving power for Figs. 6(b1)
and 6(c1) is 3.83/1.8 = 2.13 and 3.83/0.08 = 47.9, which

come close to s00 = 2.3, and s016 = 49.5, respectively.

The underlying physics meaning will be discussed in Sec-
tion 7.

With the purpose of observation of the diffraction patterns
calculated in Fig. 3(b1), the OAM region ν = 0–53 as shown
in Table 1.

The first group contains a1–a12 diffraction patterns for
θ = 0–24 and ν = 0–30 (see Table 1), and the second group
contains b1–b12 diffraction patterns for θ = 29–34.5 and ν =

42–53 (see Table 1).

For simplification, the diffraction patterns shown in
Figs. 7(a) and 7(b) present only part of that listed in Table 1.

By utilizing the 12-bit (ai, bi, i = 1–12) encoded diffrac-
tion patterns and the experimental observation of the OAM
as a function of time (the temporal variation of diffraction pat-
terns), the optical information transfer may be realized in prin-
ciple. Combining the total 24 patterns, we have more different
12-bit encodes.

Table 1. The a1–a12 diffraction patterns for θ = 0–24 and ν = 0–30, the
b1–b12 diffraction patterns for θ = 29–34.5 and ν = 42–53.

a a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12

θ 0 2 4 6 8 10 12 14 16 18 20 24
ν 0 2.54 3.42 4.2 5.42 7.40 9.52 15.52 15 18 22.2 30

sν0 2.3 5.75 6.9 7.9 9.2 11.5 14 17.5 20 23 28 36
b b1 b2 b3 b4 b5 b6 b7 b8 b9 b10 b11 b12

θ 29 29.5 30 31.2 31.8 32.1 32.4 32.8 33.2 33.5 34 34.5
ν 42 43 44 45 46 47 48 49 50 51 52 53

sν0 48.7 49.7 50.9 52 53 54 55 56.2 57 58.2 59 60.4
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(c1)–(c2) inside the optical fiber s016 = 49.5.
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Fig. 7(a). Part of the a1–a12 diffraction patterns (listed in Table 1) of optical
fiber at the end of spiral body in Fig. 3(b1).
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Fig. 7(b). Part of the b1–b12 diffraction patterns (listed in Table 1) of optical
fiber at the end of spiral body in Fig. 3(b1).

6. A thinking experimental scheme for observa-
tion of a large OAM temporal pulse
The diffraction patterns calculated in Figs. 6 and 7 are

electric fields inside the optical fiber, which can not be ob-
served directly. In order to observe these patterns, we must
let it propagate out of the fiber and transfer a distance z ar-
riving the screen. For this purpose and refer to Ref. [14], we
propose a thinking experimental scheme for observation of a
large OAM temporal pulse as shown in Fig. 8, using the linear
polarized laser as the input beam.

-100

0

100

-100
diffraction screen

0

100

0 200

HeNe laser

400 600 800

Fig. 8. The optical fiber winding is stopped at θ0 = 388, ν = 30, z = B =
0.07 m, 0.7 m.

The electric field of laser beam is incident from the left-
side of circular cone enjoying the form E0(r,θ) = A0 e−r2/w2

,
and after passing through the spiral curve winding the circular
cone (see Fig. 3(b3), the homogenous winding θ = 0–θ0, and
the stop winding θ > θ0), the electric field of large OAM spiral
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optical fiber (SOF) E0
sof(r,θ) presents at the end of right-side

of circular cone, then transfers z distance in free space to arrive
the screen. We can calculate the diffraction patterns with the
help of Collins formula[15]

Esof(ρ,r,θ) =
ikA0

2kB
e−

ikDρ3
2B

×
∫

∞

0

∫ 2π

0
E0

sof(r,θ)e−
ikAr2

2B e−
ikρr

B cos[θ−ϕ]rdrdϕ. (18)

In real calculation, we take E0
sof(r,θ) = a9,a12 in Fig. 7(a).

The parameters are listed in Table 2.
We can observe the following diffraction pattern in

Fig. 7(a).

Table 2. The parameters of the electric field of large OAM spiral optical
fiber E0

sof(r,θ) = a9,a12 in Fig. 7(a) with the same ν and z.

a a9 a9 a12 a12

θ 16 16 24 24
ν 15 15 30 30
sν 20 20 36 36

z/m 0.07 0.7 0.07 0.7

0.03

0.02

0.02

0.01

0

0

-0.01

-0.02

-0.02
-0.03

0.03

0.02

0.02

0.01

0

0

-0.01

-0.02

-0.02
-0.03

0.003

0.002

0.002

0.001

0

0

-0.001

-0.002

-0.002
-0.003

0.003

0.002

0.002

0.001

0

0

-0.001

-0.002

-0.002
-0.003

(a)  a↪ ν/↪ z/. m (b)  a↪ ν/↪ z/. m

(c)  a↪ ν/↪ z/. m (d)  a↪ ν/↪ z/. m

Fig. 9. The spiral optical fiber (SOF) modes a9, a12 (see Fig. 7) propagate
through a distance z = 0.07 m, z = 0.7 m and arrive at the diffraction screen,
where ν denotes the OAM modes.

For reference, we remove the circular cone from Fig. 8
and let the laser beam incident directly to the diffraction screen
with the same ν and z, and the traditional circular hole (CIH)
diffraction patterns are also calculated

Ecih(ρ,r,θ) =
ikA0

2kB
e−

ikDρ3
2B

×
∫

∞

0

∫ 2π

0
E0

cih(r,θ)e−
ikAr2

2B e−
ikρr

B cos[θ−ϕ]rdrdϕ,

E0
cih(r,θ) = A0 e−r2/w2

e−iνθ , ν = Lα/},

w(z) = w0

√
1+(λ z/πw2

0)
2. (19)

According to Ref. [16], the beam spot size w(z), the radius
of optical fiber ρ0, the minimum beam spot size w(0) =

w0 = ρ0 = sν0/k. The diffraction patterns Esof(ρ,r,θ), and
Ecih(ρ,r,θ) on the screen are calculated as shown in Figs. 9,
and 10, respectively. The SOF and CIH diffraction patterns
present a quit different intensity distribution on the screen
when we take the same ν and z.
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0.004
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0

-0.005
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-0.004

0.0040-0.004

(a)  ν/↪ z/. m (b)  ν/↪ z/. m

(a)  ν/↪ z/. m (b)  ν/↪ z/. m

0.0050-0.005

Fig. 10. The circular hole (CIH) modes propagate through a distance
z = 0.07 m, z = 0.7 m and arrive at the diffraction screen, where ν denotes
the OAM modes.

7. Discussion and conclusion
In this paper, based on the differential Frenet equation

and Einstein’s photon momentum assumption, we obtain an
analytical solution for the OAM of ray propagating in an op-
tical fiber with winding around a spiral body, then we pro-
ceed the numerical calculations of the OAM of the principal
light and the diffraction patterns at different point θ corre-
sponding to different OAM. The diagrams of OAM depicted
in Figs. 3(b1)–3(b3) demonstrate that the necessary and suffi-
cient conditions for an increase (or decrease) of δ (Lα/}) 6= 0,
are a(θ) > 0 and winding δθ 6= 0. In Figs. 3(b1) and 3(b2),
we find out that when a(θ)→ 0, δ (Lα/})→ 0. In Fig. 3(b3),
the winding stop point at θ = 200, Lα/}=148. when θ >

200, δ (Lα/}) = 0. In theory,[10] it is proved when curvature
κ(θ) = 0, the curve degenerates to a straight line; when tor-
sion τ(θ) = 0, the curve is a plane curve; the necessary and
sufficient condition of the curve being space curve is κ(θ) 6= 0,
and τ(θ) 6= 0. The second stopping winding stage of Fig. 3(a3)
shows the path of fiber is a plane curve, the torsion τ(θ) = 0,
a simple algebra also giving rγ = rxηx + ryηy + rzηz = 0, and
using Eq. (13), it is easily to prove Lα1/} = Lα2/} = 0. This
means in the second stage, there is no new contribution to the
total OAM.

The results in Figs. 3(c1)–3(c3) and 3(d1)–3(d3) supple-
ment that of Figs. 3(a1)–3(a3) and 3(b1)–3(b3) by changing
the winding direction from clockwise to anti-clockwise at the
maxima of Lα/}, with the OAM maintaining a high vale , and
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the circular-cone approaching a straight line, in the limit of
θ → ∞.

The calculated diffraction patterns provide a 12 bit OAM-
encoded ultrahigh-security information system. From the
viewpoint of fundamental research, the OAM of principal ray
winding around a spiral curve is a particle picture, while the
OAM of LG beam is a wave picture. The connection between
the two pictures is the Einstein’s assumption for the photon
momentum mds/dt = }k. In the theoretical study of spiral
curves, it includs “Exponential”, “Gaussian”, and “Flower”
types, while in reality, the first and second type are easily to
obtain a high OAM up to 103−5, and the third “Flower” type
is very interesting, which has a periodic relation between the
maximum and minimum of OAM output.

In the calculation of the diffraction pattern, due to the
boundary condition Eq. (17), the wave modes SOF propa-
gating inside the optical fiber have a higher space resolving
power limiting than the CIH mode’s Rayleigh limiting. This
result seems to violate the uncertainty principle ∆px∆x ≥ } in
quantum mechanics.[11] We also know the Rayleigh spatial re-
solving limiting experiment leads to single-photon uncertainty
principle ∆px∆x ≥ }. In the case of multi-photon experiment,
a high spatial resolving limiting ∆x/n naturally yields from the
multi-photon uncertainty principle (n∆px)(∆x/n) ≥ }, where
n is the photon number. The optical fiber plays an important
role in the selection of the multi-photon modes s0n, which sat-
isfies the boundary condition s0n = kρ0 and the total internal

reflection s0n ≤ 2πρ0

√
n2

1−n2
2/λ . Figures 6(b1)–6(c1) show

the spatial resolving power s00 = 2.3, and s016 = 49.5 in units
of Rayleigh limiting, and the total energy reduced. A full de-
scription of the laser photon distribution is beyond the scope
of this paper.

Appendix A: OAM calculation

𝐿/} = 𝑟× k
d𝑟
ds

= (rα𝛼+ rβ𝛽+ rγ𝛾)× k
d
ds

(rα𝛼+ rβ𝛽+ rγ𝛾)

= (rα𝛼+ rβ𝛽+ rγ𝛾)× k
(

drα

ds
𝛼+

drβ

ds
𝛽+

drγ

ds
𝛾

+rα

d𝛼
ds

+ rβ

d𝛽
ds

+ rγ

d𝛾
ds

)
= (rα𝛼+ rβ𝛽+ rγ𝛾)× k

[
drα

ds
𝛼+

drβ

ds
𝛽+

drγ

ds
𝛾

+rα(κ𝛽)+ rβ (−κ𝛼+𝜏𝛾)+ rγ(−τ𝛽)

]
= (rα𝛼+ rβ𝛽+ rγ𝛾)× k

[(
drα

ds
− rβ κ

)
𝛼

+

(
drβ

ds
+ rα κ− rγ τ

)
𝛽+

(
drγ

ds
+ rβ τ

)
𝛾

]

= krα𝛼

[(
drβ

ds
+ rα κ− rγ τ

)
𝛽+

(
drγ

ds
+ rβ τ

)
𝛾

]
+krβ𝛽×

[(
drα

ds
− rβ κ

)
𝛼+

(
drγ

ds
+ rβ τ

)
𝛾

]
+krγ𝛾

[(
drα

ds
− rβ κ

)
𝛼+

(
drβ

ds
+ rα κ− rγ τ

)
𝛽

]
= 𝐿α/}+𝐿β/}+𝐿γ/},

where

𝐿α/}=k
[

rβ

(
drγ

ds
+rβ τ

)
−rγ

(
drβ

ds
+rα κ−rγ τ

)]
𝛼,

𝐿β/}=k
[
−rα

(
drγ

ds
+rβ τ

)
+rγ

(
drα

ds
−rβ κ

)]
𝛽,

𝐿γ/}=k
[

rα

(
drβ

ds
+rα κ−rγ τ

)
−rβ

(
drα

ds
−rβ κ

)]
𝛾. (A1)

Appendix B: Diffraction pattern integral

Using the solutions u, the diffraction pattern can be cal-
culated. Similar to the

Rayleigh criterion calculation,[11] where diffraction inte-
gral is expressed as U(P) = 2πC

∫ a
0 J0(kρw)ρ dρ .

In the case of OAM ν 6= 0, the diffraction integral[12]

U(P) = 2πCiν

∫ a

0
Jν(kρw)cos

[
ν tan−1

[y
x

]]
ρ dρ

= 2π iνCρ
2
0

∫ 1

0
Jν(sνnrw)cos

[
ν tan−1

[y
x

]]
rdr,

sνn = kρ0, r =
ρ

ρ0
, Jν(sνn) = 0, w =

√
x2 + y2,

ϕν(sνnrw) =
Jν(sνnrw)

J′ν(sνn)
,

J′ν(sνn) =
dJ′ν(z)

dz
|z=sνn =

Jν−1(sνn)− Jν+1(sνn)

2
, (B1)

|U(P)|2 =
(∫ 1

0
ϕν(sνnrw)cos

[
ν tan−1

[y
x

]]
rdr
)2

I0, (B2)

where ϕν(sνnrw) is the normalized wave function,[17] the last
integral in Eqs. (B1) and (B2) are used in the diffraction pat-
tern’s calculation.

Appendix C: The proof of curve continue of
Fig. 3(b3)

In mechanics, the OAM can be expressed as the integral
of the torque 𝑇 = 𝑟×𝐹 due to the force 𝐹 acting on the mov-
ing particles.[18] According to Eq. (10)

𝐿 = 𝑟×𝑝=
∫ t

0

d
dt

(
𝑟×m

d𝑟
dt

)
dt

=
∫ t

0
𝑟×m

d2𝑟

dt2 dt =
∫ t

0
𝑟×𝐹 dt

=
∫

θ0−ε

0
𝑟×𝐹1 dθω

−1
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+
∫

θ0+ε

θ0−ε

𝑟×
(
𝐹1 +𝐹2

2
+

𝐹1−𝐹2

2
Sgn[θ −θ0]

)
dθω

−1

+
∫

θ

θ0+ε

𝑟×𝐹2 dθω
−1

=
∫

θ0−ε

0
𝑟×𝐹1 dθω

−1

+ε𝑟× ((𝐹1 +𝐹2)+(𝐹1−𝐹2)Sgn[θ −θ0])ω
−1

+
∫

θ

θ0+ε

𝑟×𝐹2 dθω
−1, (C1)

where the acting forces F1, and F2 present the acting forces
of the homogeneous winding stage and the stopping wind-
ing stage. Eq. (C1) shows that OAM L seems discontinuous
due to the term ε𝑟×((𝐹1+𝐹2)+(𝐹1−𝐹2)Sgn[θ−θ0])ω

−1,
but in the limit ε → 0, and the acting force of the stopping
winding stage 𝐹2 = 0, therefore, we have a continuous solu-
tion L/} =

∫ θ0
0 𝑟×𝐹1 dθ(}ω)−1 as a function of θ shown in

Fig. 3(b3) (θ0 = 200).
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