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The soliton solution and collapse arrest are investigated in the one-dimensional space-fractional Schrödinger equation
with Kerr nonlinearity and optical lattice. The approximate analytical soliton solutions are obtained based on the variational
approach, which provides reasonable accuracy. Linear-stability analysis shows that all the solitons are linearly stable. No
collapses are found when the Lévy index 1 < α ≤ 2. For α = 1, the collapse is arrested by the lattice potential when the
amplitude of perturbations is small enough. It is numerically proved that the energy criterion of collapse suppression in the
two-dimensional traditional Schrödinger equation still holds in the one-dimensional fractional Schrödinger equation. The
physical mechanism for collapse prohibition is also given.
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1. Introduction
Collapse is a universal nonlinear phenomenon, which has

attracted considerable theoretical and experimental interests in
physics.[1–4] It may occur in plasma waves,[5] Bose–Einstein
condensates or matter waves,[6] capillary-gravity waves on
deep water,[7] and even in astrophysics.[8] In optics, collapse
refers to fact that an optical beam may evolve into spikes of
infinite amplitude in a finite propagation distance due to self-
focusing effect. Though such a phenomenon has drawn much
interest with applications including ultrashort laser pulse,[9] it
is often harmful for laser equipments because it causes fila-
mentary damages in transparent materials. Typically, effects
such as discreteness,[10,11] periodicity,[12] non-paraxiality,[13]

nonlocality[14] and saturated nonlinearity[4] can completely
resist occurrence of collapse.

On the other hand, the fractional Schrödinger equa-
tion (FSE) was first proposed in quantum mechanics by
Laskin.[15–17] It includes a fractional Laplacian operator in-
stead of the conventional one in the classical Schrödinger
equation. In optics, a plenty of new features stemming
from the fractional order of space derivative are numeri-
cally found in the evolutions of optical beams. For instance,
the linear FSE supports irregular beam propagations, such
as zigzag trajectory,[18] conical diffraction[19] and splitting
behaviors.[20–22] When the fractional order equals 1/2, the
FSE describes the beam evolution in a honeycomb lattice.[23]

In the nonlinear FSE, the stability of optical solitons can
be enhanced through modulation of the fractional Laplacian
operator.[24–26]

The collapse is traditionally known to take place in a two-
or more-dimensional nonlinear system. Recently, the collapse
was found in a system described by the one-dimensional (1D)
FSE.[27,28] In particular, it has been shown that these two types
of collapse have similar physical realization conditions.[28,29]

Although the collapse has been under active investigation, its
arrest has never been explored in the FSE.

In this article, suppression of collapse in the FSE with an
optical lattice is investigated. The variational method is used
to predict the properties of soliton solutions, which nicely fit
the numerical results. The stability analysis is also given and
confirmed by the numerical simulations. The energy criterion
shows that the collapse is prohibited by optical lattice when
the perturbations is small enough. The profiles of solitons dur-
ing propagation show that the collapse is prohibited for the
focusing effect of the lattice potential occurring faster than the
self-focusing collapse.

2. Variational approach for nonlinear fractional
Schrödinger equation with a lattice potential
Our model is based on the FSE for evolution of a 1D

paraxial beam Ψ(x,z) in aspherical optical cavities proposed
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by Longhi.[30] In such cavities, we replace the second phase
mask with a transparent thin slab with Kerr nonlinearity and
an external lattice potential.[31] Thus the dimensionless FSE
becomes

i
∂

∂ z
Ψ −

(
− ∂ 2

∂x2

)α/2

Ψ −V (x)Ψ + |Ψ |2Ψ = 0. (1)

Here, the transverse x and longitudinal z coordinates are
scaled to the beam width and the Rayleigh length, respec-
tively; (−∂ 2/∂x2)α/2 represents the fractional Laplacian with
α (1 < α ≤ 2) being the Lévy index. The function V (x) =
V0 cos2(Ωx) stands for the periodic modulation of the linear
refractive index in the x direction, where V0 is the modulation
depth, and Ω is the modulation frequency. For α = 2, Eq. (1)
is reduced to the well-known nonlinear Schrödinger equation
(SE). Note that Eq. (1) conserves two quantities: the power
P =

∫ +∞

−∞
|Ψ(x,z)|2dx, and the energy[27]

E =
∫ +∞

−∞

{∣∣∣∣(∂Ψ

∂x

)α/2∣∣∣∣2 − 1
2
|Ψ |4 +V |Ψ |2

}
dx. (2)

We are now interested in the soliton solutions to Eq. (1) of
the form Ψ(x,z) = ψ(x)exp(iβ z), where β is the propagation
constant of the soliton. The real function ψ satisfies

−
(
− ∂ 2

∂x2

)α/2

ψ −V ψ +ψ
3 = βψ. (3)

To obtain the analytical fundamental soliton solutions to
Eq. (1), in the following we employ the variational approach
to study this problem. According to the Lagrangian formula-
tion developed in Refs. [31,32], the Lagrangian density ℒ for
Eq. (1) is given by

ℒ =
i
2

(
Ψ

* ∂Ψ

∂ z
−Ψ

∂Ψ *

∂ z

)
−
(
− ∂ 2

∂x2

)α/4

×Ψ

(
− ∂ 2

∂x2

)α/4

Ψ
*−V |Ψ |2 + 1

2
(ΨΨ

*)2. (4)

Here, the asterisk denotes the complex conjugate and
(−∂ 2/∂x2)α/4Ψ = F−1[|p|α/2Ψ̃ ], with Ψ̃ = F[Ψ ] being the
Fourier transform of Ψ , F[·] and F−1[·] being the Fourier trans-
form operator and its inverse, respectively.

Following the standard variational approach[33] and for
simplicity, we choose the Gaussian ansatz for the trial solution

Ψ(x,z) = A(z)exp[ib(z)]exp
{
− [1+ iC(z)]x2

2w2(z)

}
, (5)

where A, b, w and C are the amplitude, phase of amplitude,
beam width, and spatial chirp parameters. Note that they are
all assumed to vary with the evolution coordinate z. Inserting
this trial function into Eq. (4), and then performing integration
with respect to x, we obtain the reduced variational problem
δ
∫

∞

0 ⟨L⟩dz = 0, where ⟨L⟩=
∫

∞

−∞
ℒdx is the Lagrangian. After

some algebraic calculations, we obtain

⟨L⟩ = −
√

π

2
A2w

{
2

db
dz

− 1
2

dC
dz

+
C
w

dw
dz

+W −
√

2
2

A2 +Vw

}
, (6)

where W = 2(1 +C2)
α
2 Γα π− 1

2 w−α , Γα = Γ(α+1
2 ), Γ(·) is

the gamma function, and Vw = V0[1+ exp(−Ωw2)]. The La-
grangian ⟨L⟩ then gives rise to a set of variational equations
for the Gaussian parameters including A, b, w, and C:

2
db
dz

− 1
2

dC
dz

+
C
w

dw
dz

+W −
√

2A2 +Vw = 0, (7)

d
dz

(
√

πA2w) = 0, (8)

−C
A

dA
dz

− 3
4

dC
dz

+
db
dz

+
1−α

2
W −

√
2

4
A2

+
1
2

Vw −V0w2
Ω

2 exp(−Ω
2w2) = 0, (9)

1
w

dw
dz

+
αCW
1+C2 = 0. (10)

Equation (8) implies the invariant quantity of the beam power
P ≡

√
πA2w during propagation. For a stationary soliton solu-

tion, we have dA/dz = 0 and dw/dz = 0. Substitution of these
conditions into Eqs. (7), (9) and (10) yields

As =

[
2

√
2
π

αΓα w−α +2
√

2w2
Ω

2(Vw −V0)

]1/2

, (11)

β =
2α −1√

πwα
Γα +2w2

Ω
2(Vw −V0)−

Vw

2
, (12)

and C = 0, where As is the soliton amplitude, β = b/z is the
propagation constant. Based on Eqs. (5), (11) and (12), the
approximate soliton solution of nonlinear FSE with a lattice
potential can be obtained.

To verify these soliton solutions of variational approach,
we numerically solved Eq. (3) by the squared-operator itera-
tion method. We compare Eqs. (11) and (12) with the exact
numerical results for V0 = 0.5, as shown in Fig. 1. Here we
define the numerical soliton rms width w as

w2 = 2
[(∫

x2|Ψ(x,z)|2dx/P
)

−
(∫

x|Ψ(x,z)|2dx/P
)2]

. (13)

Figures 1(a)–1(d) demonstrate that the variational approach
provides a good overall agreement with the numerical results.
The accuracy is better for lager α case than for the smaller α

case. Figures 1(e) and 1(f) display typical exact soliton so-
lutions, which have a single hump located at the bottom of
the potential. This means that the solitons are confined to the
peak of the refractive index. One can see that the solitons are
always confined to one lattice site. For a fixed α , increas-
ing propagation constant β results in a more confined soliton.
Therefore, the discrepancy is reasonable for the fact that our
Gaussian profile provides less stringent envelope to match the
exact one.
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Fig. 1. Soliton amplitude As [(a), (b)] and propagation constant β [(c), (d)] versus soliton width w, respectively (curves: the analytical results
obtained by the variational method; symbols: the numerical results). [(e), (f)] Profiles of numerical fundamental soliton solutions for different
values of propagation constants. Upper: α = 1.3. Lower: α = 1.6. Here V0 = 0.5 and Ω = 1.

3. Stability of soliton and collapse arrest
To analyze the stability of these fundamental soliton

families, we consider the perturbed solution to Eq. (1) in a
form of Ψ(x,z) = {ψ(x) + [u(x) + v(x)]exp(λ z) + [u*(x)−
v*(x)]exp(λ *z)}exp(iβ z), where u(x),v(x)≪ 1, and λ is the
eigenvalue of perturbations. Linearizing Eq. (1) around sta-
tionary solution ψ(x), we obtain the linear-stability eigenvalue
problem:

i

[
−
(
− ∂ 2

∂x2

)α/2

v−βv−V v+ψ
2v

]
= λu, (14)

i

[
−
(
− ∂ 2

∂x2

)α/2

u−βu−Vu+3ψ
2u

]
= λv, (15)

whose eigenvalues can be computed by the Fourier colloca-
tion method.[34] We find that the soliton families for 1<α ≤ 2
contain purely imaginary eigenvalues and thus they are com-
pletely stable. We also verify the stability prediction by per-

forming numerical simulations using the split-step Fourier
method. The soliton families are robustly stable against 1%
random-noise perturbations in initial amplitudes. No collapses
are found when 1 < α ≤ 2. The representative examples
of evolution are displayed in Fig. 2. Note that the stability
of solitons is better than other lattice cases in the nonlinear
FSE.[24,35]

We further focus on the limited case α = 1. Note that
without lattice potential, the solitons at α = 1 would self-
focus and eventually collapse when the power above a critical
threshold, which is also the soliton power.[28] Such collapse
behavior in 1D FSE is similar to the counterpart in the 2D
SE. In the presence of periodic potential, the solitons are lin-
early stable in the entire existence domain. However, this does
not guarantee that these solitons will not collapse under small
perturbations. Recalling that in the 2D case, the collapse can
be prohibited for a positive energy (i.e., E > 0) under small
perturbations.[12,36]
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Fig. 2. Evolutions of solitons at β = 3.5 with 1% random-noise perturbations in initial amplitudes for (a) α = 1.3, (b) α = 1.5, and (c) α = 1.8.
V0 = 0.5, and Ω = 1 in all the panels.
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Fig. 3. (a) Energy E of soliton versus propagation constant β for different values of V0 and Ω . Solid: collapse is resisted. Dashed: collapse
occurs. (b) Normalized on-axis intensities [I0 = I(0)] versus the propagation distance for solitons at different β values [corresponding to
solitons marked as the triangular symbols in panel (a)] against perturbations ε = 0.01 and ψp = 1. (c)–(e) Evolutions of these solitons (for
β = 1.5, β = 2.9, and β = 4.5, respectively). Here α = 1 for all panels.
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Fig. 4. (a) Normalized on-axis intensities of soliton versus the propagation distance for β = 4.5 and β = 6.1. [(b), (c)] Their simulations against
perturbations ε = 0.001 and ψp = 1. Here α = 1, V0 = 1.5, and Ω = 1 for all panels.

For the 1D case with lattice potential, Fig. 3(a) shows that
the energy E decreases with increasing β . The E > 0 holds for
all soliton solutions. Therefore, we expect that the collapse
can be arrested by the lattice potential against small pertur-
bations. To prove this issue, we study the soliton evolutions
by performing direct simulations of Eq. (1) with initial input
Ψ(x,0) = ψ(x)[1+ εψp(x)], where ε ≪ 1, and ψp is the per-
turbations. We set ε = 0.01 and ψp = 1. Figure 3(b) shows
illustrative examples of on-axis intensities versus propagation
distance, and their corresponding propagations of solitons are
displayed in Figs. 3(c), 3(d), and 3(e). We find that the soliton
only collapses when the energy satisfy E ≤ Ec (where Ec > 0),
that is, the collapse is prohibited, and the soliton becomes sta-
ble for E > Ec [see Figs. 3(c) and 3(d)], while it collapses for
E ≤ Ec [see Fig. 3(e)]. The collapse energy threshold Ec is
marked in Fig. 3(a), and its increases with the lattice depth V0

or frequency Ω . However, the collapse for E > Ec can be pro-
hibited if the amplitude of perturbation becomes small enough.

The on-axis intensity undergoes sine-like oscillations and
the solitons become stable, as shown in Fig. 4 for perturba-
tions ε = 0.001. In other words, the suppression of collapse
is dependent not only on the positive energy, but also on the
magnitude of perturbations. Such criterion of collapse arrest
in the 1D FSE case is similar to that in the 2D SE case.

We next discuss the physical mechanism of lattice poten-
tial preventing the collapse suppression. For this purpose, we
monitored the transverse structure of solitons at each maxi-
mum or minimum of its on-axis intensity. When the collapse is
arrested, the perturbed soliton distribution oscillates in width
and height, and yet still be bell-shaped within a lattice site [see
Fig. 5(a)]. At each maximum of on-axis intensity, we found
lower hump confined in each lattice site adjacent to the inner
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bell part [see Fig. 5(b)]. These lower humps are formed due to
the lattice potential, which induces the focusing effect being
faster than the self-focusing collapse. The formation of lower
humps also plays an important role in leaving the power in the
inner part less than the critical threshold, and eventually lead-
ing to the prohibition of collapse. Moreover, one observes the

radiative decay beyond the lower humps, as shown in Fig. 5(c).
Such radiative wave carries a negligible power, which cannot
be refocused or drawn into the inner part by the focusing ef-
fect, and thus ensures the prevention of collapse. Similar sit-
uations can be found in Ref. [37] for the 2D cubic SE with a
Gaussian potential.
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Fig. 5. (a)–(c) Transverse profiles at maximum or minimum of on-axis intensity, corresponding to the soliton evolution in Fig. 3(c). (d)
Transverse profiles at the first maximum of on-axis intensity, corresponding to the soliton evolution in Figs. 3(e) and 4(b).

The collapse is prohibited for the focusing effect of
the lattice potential, which occurs faster than the Kerr self-
focusing collapse. To further prove this numerical issue, we
compare the soliton profile at the distance of collapse occur-
ring with that at the maximum of height in the collapse arrest
case, as shown in Fig. 5(d). When the collapse is prohibited,
the significant bell-shaped part lies within a lattice site (dashed
line), while it splits into spikes of large amplitude when col-
lapse occurs (solid line) for large perturbations. Note that
these profiles evolve from the same input soliton profile while
with different magnitudes of perturbations. Therefore, the oc-
currence of self-focusing collapse is accelerated by the larger
amplitude of perturbations, so that it is faster than the focusing
due to the lattice potential and leads to the collapse.

4. Conclusion
In summary, we have studied the fundamental solitons

and the suppression of collapse in the 1D FSE with the Kerr
nonlinearity and the lattice potential. The approximate ana-
lytical soliton solutions are obtained based on the variational
method, which provides reasonable accuracy. The stability
analysis has shown that all solitons are linearly stable and con-
firmed by the numerical simulation. The collapse at α = 1 is
numerically proved to be suppressed for the positive energy

with a small amplitude of perturbations as its 2D SE coun-
terpart. The physical mechanism of collapse arrest is that the
focusing effect of the lattice potential occurs faster than the
self-focusing collapse. We believe that our study is helpful for
understanding the FSE, and will stimulate further research of
regulating the collapse.
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Xiao M 2017 Ann. Phys. 529 1700149
[24] Huang C and Dong L 2016 Opt. Lett. 41 5636
[25] Xiao J, Tian Z, Huang C and Dong L 2018 Opt. Express 26 2650
[26] Zeng L and Zeng J 2020 Commun. Phys. 3 26
[27] Klein C, Sparber C and Markowich P 2014 Proc. R. Soc. A 470

20140364
[28] Chen M, Zeng S, Lu D, Hu W and Guo Q 2018 Phys. Rev. E 98 022211
[29] Hasegawa A and Kodama Y 1995 Solitons in Optical Communications

1st edn (Oxford: Clarendon) pp. 8–10

[30] Longhi S 2015 Opt. Lett. 40 1117

[31] Chen M, Guo Q, Lu D and Hu W 2019 Commun. Nonlinear Sci. Numer.
Simulat. 71 73

[32] Muslih S I, Agrawal O P and Baleanu D 2010 Int. J. Theor. Phys. 49
1746

[33] Malomed B A 2002 Prog. Opt. 43 71

[34] Yang J 2010 Nonlinear Waves in Integrable and Nonintegrable Systems
1st edn (Philadelphia: SIAM) pp. 390–393

[35] Yao X and Liu X 2018 Photon. Res. 6 875

[36] Pitaevskii L P 1996 Phys. Lett. A 221 14

[37] LeMesurier B J, Christiansen P L, Gaididei Y B and Rasmussen J J
2004 Phys. Rev. E 70 046614

104206-6

http://dx.doi.org/10.1364/OE.26.023740
http://dx.doi.org/10.1364/OE.24.014406
http://dx.doi.org/10.1364/OE.24.014406
http://dx.doi.org/10.1364/OE.25.032560
http://dx.doi.org/10.1002/andp.201700149
http://dx.doi.org/10.1364/OL.41.005636
http://dx.doi.org/10.1364/OE.26.002650
http://dx.doi.org/10.1038/s42005-020-0291-9
http://dx.doi.org/10.1098/rspa.2014.0364
http://dx.doi.org/10.1098/rspa.2014.0364
https://doi.org/10.1103/PhysRevE.98.022211
https://www.osapublishing.org/abstract.cfm?URI=ol-40-6-1117
https://doi.org/10.1016/j.cnsns.2018.11.013
https://doi.org/10.1016/j.cnsns.2018.11.013
http://link.springer.com/10.1007/s10773-010-0354-x
http://link.springer.com/10.1007/s10773-010-0354-x
http://dx.doi.org/10.1016/S0079-6638(02)80026-9
https://doi.org/10.1364/PRJ.6.000875
https://doi.org/10.1016/0375-9601(96)00538-5
https://doi.org/10.1103/PhysRevE.70.046614

	1. Introduction
	2. Variational approach for nonlinear fractional Schrödinger equation with a lattice potential
	3. Stability of soliton and collapse arrest
	4. Conclusion
	References

