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We investigate the nonequilibrium thermodynamics of a quenched XY spin chain with multi-spin interaction in a
transverse field. The analytical expressions of both the average work and the relative entropy are obtained under different
quenching parameters. The influences of the system parameters on the nonequilibrium thermodynamics are investigated.
We find that at finite temperature the critical phenomenon induced by the multi-spin interaction and the external field can be
revealed by the properties of the system nonequilibrium thermodynamics. In addition, our results indicate that the average
work and the relative entropy can be used to detect both the existence and strength of the multi-spin interaction in the

nonequlibrium system.

Keywords: nonequilibrium thermodynamics, spin chain, multi-spin interaction
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1. Introduction

In recent years, quantum thermodynamics has become
a thriving research field.!'"!?l The theory of quantum ther-
modynamics aims at investigating how the concepts of heat,
work and temperature can be extended to the quantum realm.
It provides us the opportunity to understand the micro-
scopic foundations of the laws of thermodynamics. In addi-
tion, it also spurs the designation of various quantum ther-
mal devices, such as quantum heat engines,'*!° quantum
refrigerator, [**2?! and quantum batteries.>3-2*]

At present, much focus has been put on the investigation
of thermodynamics in the quenched quantum systems.[2>-38
On the one hand, with help of ultra-cold atomic techniques,
one can measure the probability distribution of work done on

(39401 These experimen-

quenched gases of two-level systems.
tal results stimulate researchers’ interest in the quenched sys-
tems. On the other hand, following a quench the quantum
fluctuations will be generated, which has enriched the sys-

m.[*142] Thus, thoroughly investigating the

tem’s phase diagra
critical behavior of a quenched system may open up a deep
underlying connection between the quantum phase transition
(QPT) and the quantum thermodynamics theory. Along this
line, many works have been carried out.**7 Dorner ez al. 3]
investigated thermodynamics in a quenched transverse Ising
model and found that the irreversible entropy production ex-
hibits sharp peaks near the critical point. In Ref. [35], the

work statistics has been studied in the quenched anisotropic

DOI: 10.1088/1674-1056/abeef5

XY model. It shows that the work fluctuation exhibits non-
analytical behavior when the quench is done across quantum
critical point. Wang and coworkers!®’! investigate the influ-
ence of the DM interaction on the nonequilibrium thermody-
namics in the XY chain. Their results indicate that the critical
behavior induced by the DM interaction can be revealed via
the behavior of the work statistics and the irreversible entropy
production. Moreover, it is also found that the work statistics
in the vicinity of criticality is connected to the critical Casimir
free energy. [4344]

In the previous studies of nonequilibrium thermodynam-
ics in spin chain systems, only the nearest-neighbor spin in-

d. [26-28

teraction is considere 1 Besides the two-spin kind of in-

teractions, however, multi-spin interactions may also exist in

45-48] Tt has been proved that the phase transi-

spin chains.!
tion points can be changed by the multi-spin interaction. 3]
Consequently, some physical quantities, such as the entangle-
ment, the quantum discord and the geometric phase, exhibit
singular properties at the phase transition point.[*8] A ques-
tion then arises: how can we detect the multi-spin interaction
in a spin system? Moreover, it has been shown that the av-
erage work changes greatly around the phase transition points
of the spin system and can signal out the appearance of phase
transitions. According to this point, the average work is ex-
pected as a detector of phase transitions in the nonequilibrium
systems.>*371 With the same reason, we expect that the av-
erage work and relative entropy may be used to detect the

*Project supported by the National Natural Science Foundation of China (Grant No. 11304230), China Postdoctoral Science Foundation Funded Project (Grant
No. 2014M562387), the Fund of the State Key Laboratory of Intense Pulsed Radiation Simulation and Effect (Grant No. SKLIPR1908).
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multi-spin interaction in the quenched systems. Starting from
this point, we here investigate the nonequilibrium thermody-
namics in the spin chain system, in which both the nearest-
neighbor spin interaction and the three-spin interaction are in-
cluded. We analytically evaluate the statistical properties of
the average work and the relative entropy under different sud-
den quenching parameters. The results show that the average
work and the relative entropy can be used as the detector of
the multi-spin interaction in the nonequilibrium system. Fur-
thermore, the QPT that occurs in the nonequilibrium process
can also be revealed.

The rest of this paper is organized as follows. In Section
2, we briefly review some key concepts about the nonequilib-
rium thermodynamics. In Section 3, the XY spin chain with
multi-spin interaction is diagonalized and the characteristic
function is obtained. In Section 4, main results and related
discussions are presented. A summary is given in Section 5.

2. Nonequilibrium thermodynamics

In this section, we will review the key concept about the
nonequilibrium thermodynamics and the formalisms that will
be used in the rest of this paper. We consider a quantum sys-
tem, whose initial state can be described by the Gibbs state

exp[—BHo

p (o) = Z00)

ey

where Ay is the initial value of the system parameter A;

Z(%o)

sponds to the initial system Hamiltonian; and 8 =

= Tr[exp [—BHo]| is the partition function; Hy corre-
1/T (kg =
1) is the reciprocal temperature.

From time ¢ = 0, the system is quenched out of equilib-
rium through external work till # = 7. As a result, the system
parameter is varied from A to a final value A;. Consequently,
the system’s Hamiltonian becomes Hy. In the eigenenergy pic-
ture, the initial and final Hamiltonian can be decomposed as
Hy=YE, (L) |n)(n| and Hf =
Here lf?l,, (A0) (Ep (Ap))is the n-th (m-th) eigenenergy of the ini-
tial (final) Hamiltonian, with |n) (|m)) being the corresponding

):E (A¢) |m) (m|, respectively.

eigenstates.

T'he work distribution of this non—equilibrium process
isl9]
18

= LS (W = (En ) =B (o))}, @)
where p) = e BE(h)/7(2
find the system in the n-th eigenstate of Hy when mak-
win = |(m|U(D)|m)]? is
the transition probability between |n) and |m), with U (1) =

) indicates the probability to
ing the initial energy measurement; p°®

fexp{—% Jo Hr} and T the time ordering operator.

The Fourier transformation of the work distribution (2)
ig[10]
18

u) = /P(W)ei"WdW
= Tr{ [0(z) 10 ] p (2g) [e 150 (r>]‘}. 3)

Here x (u) is called the characteristic function. In the case of
a sudden quench U (1) = 1,1'% so x (u) can be simplified to

1 ) .
u) = 7Tr |:elLter—1uHoe—ﬁH0:| . (4)
0= 70
From Eq. (3), one can calculate the n-th moment of work
(W™ = (—1)" 9"x (1) |.=0 and the cumulation of the work dis-

tribution K, = (—1i)" 9" In [y (u)] |u=0."*® Therefore, the aver-
aged work can be expressed as
<W> = _iaux (”) |u:0
= Tr[Hep (o) — Hop (Ao)] - (5)

Consequently, the variance of the work distribution can

also be obtained as
22 = (=1)? 2% (1) luzo = (W2) — (W) ©6)

In order to know more about the nonequilibrium process,

we also introduce the relative entropy to describe the distinc-

tion between the pre-quenched and post-quenched states 232!

o) [lp (%)), ©)

where the relative entropy between density matrices p and K

AS=S(p(

is defined as

S(pllx) =Tr(plogp — plogk). ®)

From Eq. (8), one knows that the relative entropy S (p||x) > 0.
The magnitude of S(p||x) increases with the difference be-
tween p and k. It has been proved that in the sudden quench-

ing process, the relative entropy can be obtained as 2324261

AS = B (W) — AF), ©)

where AF = B~'In[Z () /Z(Ao)] is the free energy differ-
ence between the post-quenched and the pre-quenched states.

3. The XY spin chain with multi-spin interaction

The model under consideration is a spin-1/2 chain, in
which both the nearest-neighbor spin interaction and the three-
spin interaction are included. Meanwhile, a transverse mag-
netic field is homogeneously applied to each spin of the chain.
At time ¢ = 0, the Hamiltonian of this system is

o= -3

1+70 (1-m)

2

x X
0,0+

Y ~) v4
0; 0j11 thoo

_O‘OZ (01070} +0)_070),,). 10)
=1
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Here 9y and ¢ are, respectively, the anisotropic parameter and
the strength of the three-spin interaction; hg is the external
magnetic field; 6;" (m = x,y,z) are the Pauli matrices. It has
been proved that the system undergoes QPT along the critical
lines kg + 1 — 209 = O for any values of .43

The Hamiltonian (10) can be fully diagonalized after car-
rying out the Jordan—Wigner transformation, the Fourier trans-
formation and the Bogoliubov transformation.*’ We firstly

introduce the Jordan—Wigner transformation

o;‘:]‘[(l—zcjci) (c,+c}'), (11)

i<l
of =—i[](1-2cfer) (er=c). (12)
i<l
of = 1—20701, 13)

where 67 (cy) 1s the fermionic creation (annihilation) operator.
Substituting Eqgs. (11)-(13) into Eq. (10), one obtains

N
-
Hy = — Z{ [cl Cl+1 +c;r+lcl +% (C;C}:rl —c1c1+1)]
=1

+2 (CLICH_] +C;r+1cl_1)

+ho (1-2¢]er) }. (14)

Based on Egs. (14), we apply the Fourier transformation(*°!

L& oy
=——Y e dy, 15
1 \/Nk:Z’M k (15)
1 4
t__ —i2mkl/N st
¢ = e d., 16
R ¢ (1o

with M = N/2 for N evenand M = (N — 1) /2 for N odd.
From Egs. (14)—(16), one gets

Hy = ZZ(ho—coska—Zaocos(Zka))dgdk
k
S For
+igosinka (dfd’, —d_d) a7

where dZ (dy) is the fermionic creation (annihilation) operator
in the momentum space.
In order to fully diagonalize the Hamiltonian (17), we in-

troduce the Bogoliubov transformation**!
69 6?
nk:cosjkdk—isinjkdik, (18)

By substituting Eq. (18) into Eq. (17), the Hamiltonian (10)
can be fully diagonalized as

1
Hy=Y o (n,fnk—2> =Y HY. (19)
k k

where the dispersion relation in terms of .Q,? is

.Q,? = 2\/(h0 — coska — 20 cos Zka)2 + y02 sinka, (20)

and the Bogoliubov angle 6 is

2n

ink
6 = arctan ( Josinka )

ho — coska — 20t cos(2ka)
with a = 27/N.

After carrying out the sudden quenching operation, the
system Hamiltonian changes to Hy. Using a similar diagonal-
ization procedure outlined above, the quenched Hamiltonian
can also be fully diagonalized as

I |
=Y 0% (n,ink 2) =L 22)

where Q,f is the energy spectrum of the quenched Hamiltio-
nian. We here note that Q,f can be obtained from .Q,? by re-
placing the initial system parameter Ay with the quenched one
As.

It can be proved that the operators 1), for the initial spin
chain and 7, for the quenched one are related by

Tk = M COS P — infk sin ¢y, (23)

where ¢ = (6f — 6?) /2, and 6] is given by Eq. (21) with the
initial system parameter replaced by the quenched one.

From Egs. (18) and (23), the relationship between the
eigenstates of H,? and H,f are as follows:

101,0_) = cos oy ‘6k,6,k>+isin¢k ’Tk,ik>, (24)
16, 1_4) = coséy ‘Tk,ik> —isingy ‘6k,6,k>, (25)
0k, 14) = ’6va—k>v (26)
|14,0_4) = ’Tk767k>7 7

where |ng,n_) (|7ig,i_x)) are the eigenstates of H,? (H,E).
According to Egs. (3) and (26), the characteristic function
can be obtained as follows:

1 0 0
. ﬁ_Q, * —ﬂ[)
x(u) = Z00) )k|>0| {Ae kA% e P +2}, (28)

with
. 0 s f . . f
A= it (cosz dre U 4 sin? ¢ke1”9k),

where A* is the conjugate of A. From Eq. (28), both the
Tasaki—Crooks and the Jarzynski relations can be verified.>-8]
Combining Eqgs. (5) and (28), we obtain the analytical expres-
sion of the averaged work as follows:

0
wy=Y (.Q,? —Q,{cosngk) anh P fk : (29)
k>0

Furthermore, the fluctuation of the work distribution can also
be obtained as follows:

2
2=y {(.Q,?—.Q,f) +400 0f sin? ¢k]
k>0

090504-3
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coshBQ?

2
X oot (BT (W)2. (30)

In addition, from Egs. (9) and (29), the expression of the rela-
tive entropy can also be obtained as

0 f By
AS =B Y, (.Qk —chos2¢k) tanh —&
k>0 2
f
cosh? Py
+Y In 7320 31)
k>0 cosh® BTk

We here note that the expressions for the average work (29)
and the relative entropy (31) are identical in form to the
corresponding equations obtained in the Ising!*! and the XY

1331 The difference comes from the dispersion relation

models.
and the Bogoliubov angle under different quenching condi-
tions. Based on Egs. (29) and (31), we will investigate the
behavior of the average work and the relative entropy in the

following section.

4. Results and discussion

In this section, we investigate the behavior of average
work and relative entropy under different quenching condi-
tions. There are three parameters in this system, i.e., the
anisotropic parameter Y, the external field 4o and the multi-
spin interaction ¢¢. Since } can not change the critical be-
havior of the XY model, we will concentrate on the behavior
of the average work in the following two cases: (a) y and
o are fixed, hg is the quenching parameter, (b) Y and kg are
fixed, oy is the quenching parameter.

From Eq. (29), the averaged work under external field kg
quenching is

0
wy=Y (W), =Y 2Ahcos 6] tanh ﬁ?" : (32)

k>0 k>0

with Ah = hy — hy.
Similarly, the averaged work under multi-spin interaction
o quenching can be expressed as

_QO
(W) =) 2Aa cos(2ka) cos 6 tanh P 5 k. (33)

k>0

with Ao = o — .

From Egs. (32) and (33), we can see that (W) is propor-
tional to AL = |Af — Agl, with A = &, . Thus the (W) will be
mainly decided by the system initial Hamiltonian. Based on
Egs. (32) and (33), the behavior of (W) under sudden quench-
ing can be investigated.

Figure 1 shows the average work (W) as a function of
hg under various o for Ak = 0.01 with % =0, 0.5, 0.8 and
1. Other parameters are chosen as N = 500, f = 100. It is
seen from Fig. 1 that with the increasing Ay, the average work

(W) increases and approaches to an asymptotic value. In fact,
the asymptotic value comes from the competition among the
external field sy and other system parameters. If the exter-
nal field iy dominates, the effects of other parameters will be
hid. From Egs. (20) and (21), we know that 2| horee = 210,
cos 9,? | hy—soo = 1. Thus, in the sy — oo limit, from Eq. (32) one
gets

(W) = 2Ahtanh Bhg. (34)

k|h()*>°°

In combination with Eq. (32), we can know that (W) ap-
proaches NAh in the hg — oo limit. This result is consistent
with the asymptotic behavior that appears in the figures. In ad-
dition, (W) exhibits sudden change behavior during the evolu-
tion. The sudden change appears in the vicinity of the system’s
QPT points which will be further proved in Fig. 2. Moreover,
Fig. 1 also shows that the change of ¥ has no influence on the
position of sudden change point, which further proves that

does not change the QPT point of the system. 43!

5p() pe=0 : 5t (b) =05 :
/ 7 , e
4 R PR 4 . .7
3 L 3 <L L
. - ’
g 2 7 ——=0 g y s
-’ - - ap=0.8 2 P
1 /_/'/ ag=1.2 1 /./'
o - ——ap=2.0 e
0 1 2 3 4 5 6 O() 1 2 3 4 5 6
ho ho
51(c) %0=0.8 - 5F(d) =1
1 7 1 _/'
4 4 Phie 4 ’ R
’ ~ ’ -7
// ./' // ./'
§ 3 7z / § 3 7z R4
<ol 4 ./_/ ~ 5 ./_/
./ _/
1F ././ 1 ././
7 7
0k 0%
1 2 3 4 5 6 0 1 2 3 4 5 6

Fig. 1. The average work as a function of &y under various o for
Ah =0.01, with (a) 1 =0, (b) % = 0.5, (c) % = 0.8, and (d) = 1.
The other parameters are chosen as N = 500, 8 = 100. The symbols
shown in the subset of Fig. 1(a) are applicable to all the curves.

In order to see more clear about the relations between
(W) and the QPT, we investigate the evolution behavior of
d (W) /dhy. From Egs. (29) and (31), we obtain the first
derivation of (W) to ho,

ad (W) 1 dAS ( 0 ﬁQ,?
= ———+ ) 2| cos@; tanh
ohg B dho k& , 2
Qf
— cos Glftanh ﬁzk) . 35)

From Eq. (35), we infer that the evolution of d (W) /dhg and
AS may have some similarities.

Based on Eq. (35), one can investigate the evolution of
d (W) /dhyg with hy, as shown in Fig. 2. The plotting pa-
rameters are the same as those in Fig. 1. It is seen from
Fig. 2 that when o = 0, d (W) /dhg displays peaks at hy = 1
for arbitrary . When the three-spin interaction is switched

090504-4
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on (o # 0), the peaks have 2¢q displacement from g = 1.
This result corresponds exactly to the critical line determined
by hp =1 -2 = 0.1481 Moreover, one also knows that the
peak positions in Fig. 2 are identical with those of the sudden
change points in Fig. 1. Combining Figs. 1 and 2, we infer that
(W) can be used as a detector of QPTs and multi-spin interac-

tion at finite temperature in the non-equilibrium system.

24 (b) %=0.5
20 |
T 16 |
S12 { ’ |
< 8 1) ! ! 1
4} \ /'/'! i
Y _._?_3{—:’:' AP |
0 1 2 3 4 5 6
10
< 8
L 6
§ 4 1
B §
2 A
0 5 6

Fig. 2. The first derivation of average work as a function of /o under
various o for Ah = 0.01. The plotting parameters are the same as those
of Fig. 1. The symbols shown in the subset of Fig. 2(a) are applicable

to all the curves.

80

(a) P (b)
2.5 >
/ 60
2.0 p o
/ <
= 40
§§ 1.5 N
B=10 ©
1.0 ---B=1000 20
£ =5000
/- B=10000 S G
054 0=
03 06 09 1.2 0.4 0.6 0.8
h(] h(}
Fig. 3. The average work (W) and its first derivation d (W) /dhg as a

function of ko under various f3. The other parameters are chosen as (a)
Y =1, 0p =0.8, and N = 500. The symbols shown in the subset of
Fig. 3(a) are applicable to all the curves.

In Fig. 3, the influences of temperature 3 on the evolution
of (W) and d (W) /dhy are investigated. The other parameters
are chosen as ¥ = 1, ap = 0.8, and N = 500. It shows that 3
hardly affects the evolution of (W) and d (W) /dhg except in
the vicinity of critical points. At the critical points, the peaks
of d (W) /dhy are sensitive to the decreasing 3. This proves
that the QPTs phenomenon is sensitive to the thermal fluctu-
ation. In fact, the critical behavior of d (W) /dhg can be pre-
dicted by Eq. (32) in the large N limit. From Eq. (32) we can
obtain

I Wi

dho

Equation (36) indicates that d (W), /dhg will exhibit a peak
if hp — 1 —20p = 0. This result is consistent with the peaks

=2AhP (1 —tanh® B (hg — 1 —204)) .

N—roo

(36)

appearing in Figs. 2 and 3(b).

In Fig. 4, (W) as a function of &g under various 9 for
Ao =0.01, with hg = 0, 0.5, 1 and 3 are given. The other pa-
100. It shows that (W)
There
exists sudden change phenomenon during the evolution. The

rameters are chosen as N = 500, =
decreases with the increasing o for fixed y and hyg.

sudden change point has hy/2 displacement from o = 0.5.
The 1 just influences the magnitude of (W) rather than the
sudden change point position. From Eq. (32) we know that the
influences of 7y on (W) will be suppressed for large /o and o,
which leads to the near superposition of the curves in Fig. 4(d).

0 0
Q. (a) ho=0 | (b) hg=0.5
3y .
—1 \\\ _ '7028 .
= =
92 .
N, — = 1.0
-3 = :—"_':-_—-—._
0.5 1.0 15 2.0
Qo
(d) ho=
1.0 2.0 3.0
[e7)]

Fig. 4. The average work as a function of o under various 7}y for
Ao =0.01, with (a) hg =0, (b) hp = 0.5, (c) ho = 1, and (d) hp = 3. The
other parameters are chosen as N = 500, § = 100. The symbols shown
in (a) are applicable to all the curves.

The relations between the pre- and post-quenched states
can be revealed through the investigation of the relative en-
tropy. From Egs. (9) and (28), the expressions of relative en-
tropy under different quenching parameters can be obtained.
From Eq. (9), the relative entropy under 4y quenching can be
expressed as

2ﬁ-Q
, (37)
T RO0

h? ’m

AS =28 Z Ahcos 6 tanh
k>0

+Z1

k>0 cos

where Q,f is obtained from Eq. (20), with A being replaced by
h¢ while keeping ¥ and o unchanged.
The relative entropy under external field o quenching is
ﬁQO
AS =28 Z Acccos(2ka) cos 6 tanh =&
k>0

Qf
cosh? %

, 38
cosh? BTQ’? oo

+ Z In
k>0

where Q,f is given by Eq. (20), with o being replaced by o
while keeping 7y and Ao unchanged. From Eqgs. (37) and (38),
we can see that AS is related with both the initial and the fi-
nal energy spectra, which differs from that of the (W). Based
on Egs. (37) and (38), we can investigate the behavior of AS
under different quenching parameters.
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Figure 5 plots the relative entropy AS as a function of kg
under various og for Ah = 0.01, with % =0, 0.5, 0.8 and 1.
Other parameters are chosen as N = 500 and 8 = 100. It shows
that AS displays a peak at hp = 1 when o = 0. The peak
has a 20 displacement from iy = 1 when o # 0. This re-
sult is similar to that of d (W) /dhg in Fig. 2 and is consistent
with the critical line hg £ 1 — 20 = 0 in Ref. [48]. Since AS
describes the entropy distance between the initial equilibrium
state and the final quenched one. The sharp peaks indicate that
a small change of external field will lead to a dramatic change
in the equilibrium state near the critical points.**37! Further,
the multi-spin interaction suppresses AS and leads to the de-
creasing of the peaks. Based on Fig. 5, we say that AS can
also be used as the detector of QPT and the three-spin interac-
tion.

AS

Fig. 5. The relative entropy as a function of /o under various ¢ for
Ah = 0.01, with (a) 1 =0, (b) % =0.5, (¢c) % =0.8, and (d) y = 1.
The other parameters are chosen as N = 500, § = 100. The symbols
shown (a) are applicable to all the curves.

300 (a) hO:O__,__—;_—_._._ 300f (P) ho=05 ___ s
w200 a =0 0 200
< 7 —-w=05| 9
100 ;’, 7% =0.8 5ad
///' —=7% = 1.0
0 0
0 0.5 1.0 1.5 20 0 0.5 1.0 1.5 20
(e 7)) &%)
300
300 (d) ho=3
200
n, 200
<
100475 100
0 Ok =
0 0.5 1.0 1.5 2.0 0 1.0 2.0 3.0
Qp (7))

Fig. 6. The relative entropy as a function of o under various Y for
Ao = 0.01, with (a) g =0, (b) hg = 0.5, (c) hp = 1, and (d) hy = 3.
The other parameters are chosen as N = 500, § = 100. The symbols
shown in (a) are applicable to all the curves.

In Fig. 6, AS as a function of o under various 7}, for
Ao = 0.01 with hp =0, 0.5, 1 and 3 are given. Other pa-
rameters are chosen as N = 500, = 100. We can see that AS

increases with the increasing o and saturates to constant val-
ues. There also exists sudden change behavior during the evo-
lution. For g = 0, the sudden change point locates at o = 0.5
as shown in Fig. 6(a). For hy # 0, hp and o jointly influence
the phase transition process and lead to the displacement of
sudden change point.

In Fig. 7, the influences of B on the evolution of AS with
ho and o are investigated. The other parameters are chosen
as N=500,(@ =1 a0 =08and (b) =08, hy=1. It
shows that AS exhibits peaks (sudden change behavior) during
the evolution with Ao (¢p). The peak values decrease with the
decreasing . This indicates that at high temperature the ther-
mal fluctuation dominates the quantum one, which leads to the
elimination of the QPT phenomenon.

@) o) =
a —B=10 -
s00p ™ A= . s
| B = 5000 ;
400t | =-=pB=10000 /
| 20 H
! 3 i
300 !
4 i . =15 -
,l i 0 _/'/
200 .,-g i <10 /"
.7 I\ h I
LN d
L TITT LA el m T T
o= = =t 0b—
1 2 3 4 0 0.5 1.0 1.5 2.0
ho (&%)

Fig. 7. The relative entropy as a function of (a) /o and (b) o under
various 3. The other parameters are chosen as (2) y = 1, & = 0.8; (b)
Y% = 0.8, hp = 1, and N = 500. The symbols shown in (a) are applicable
to all the curves.

S. Summary

In summary, we have studied the non-equilibrium ther-
modynamics of a quenched XY spin chain with multi-spin in-
teraction in a transverse field. The spin chain is driven out of
equilibrium through sudden quenching. The analytical expres-
sion of the average work (W) and the relative entropy AS are
obtained under different quenching conditions. The influence
of the external field h¢, the multi-spin interaction 04 and the
temperature 3 on the properties of the (W), the first derivation
of (W) and the AS are investigated. Our results show that at
finite temperature they exhibit sudden change or sharp peaks
during the evolution with the quenching parameters. The lo-
cations of sudden change and the sharp peaks correspond to
those of the quantum phase transition (QPT) points. In ad-
dition, our results show that the positions of sudden change
and peaks are obviously shifted away from the original ones
(ho = 1). The magnitude of multi-spin interaction dominates
the displacement of the sudden change and the peaks. Based
on these results we infer that the average work and the rela-
tive entropy can be used as a detector of QPT points and the
multi-spin interaction in the non-equilibrium system.

As a comment, by comparing the sudden change (peak)
locations of the average work (the relative entropy) with the
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critical points which are identified by pairwise quantum dis-
cord and classical correlation in Ref. [48], we find that the
sudden change (peak) locations of the average work (the rel-

ative entropy) are around the critical points.
. [48,50-53]

In previous

investigation: it has been shown that quantum dis-

cord, entanglement and fidelity or their derivatives with re-
spect to parameters in the Hamiltonian display the singular
behavior at critical points and can be used to detect QPTs.
Therefore, we believe that these parameters can also be used
to detect three-spin interaction in nonequilibrium systems.
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