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Influences of spin—orbit interaction on quantum speed limit and
entanglement of spin qubits in coupled quantum dots
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Quantum speed limit and entanglement of a two-spin Heisenberg XY Z system in an inhomogeneous external magnetic
field are investigated. The physical system studied is the excess electron spin in two adjacent quantum dots. The influences
of magnetic field inhomogeneity as well as spin—orbit coupling are studied. Moreover, the spin interaction with surrounding
magnetic environment is investigated as a non-Markovian process. The spin—orbit interaction provides two important
features: the formation of entanglement when two qubits are initially in a separated state and the degradation and rebirth of

the entanglement.
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1. Introduction

Quantum speed limit time (QSLT) is an important con-
cept in quantum dynamics which determines the speedup and
slowdown of a quantum system. It is also an important concept
in the quantum control field. The minimum time required to
transfer a quantum state into a separated and distanced desired
final state is known as the QSLT. Thus, via this quantity one
can determine how fast a quantum system evolves. In quantum
information processing, an elementary step of a computation
process is transfer of a state to an orthogonal one.!!l There-
fore, the concept of QSLT would possess some crucial roles
in quantum technologies such as quantum computation!?! and
optimal control theory. ']

Heisenberg uncertainty principle, one of the fundamen-
tal results in quantum mechanics, imposes some limitations
on the simultaneous knowledge of non-commuting variables.
Particularly, the time-energy uncertainty relation leads to some
limitations on the needed time of a quantum process that
is investigated by Mandelstam and Tamm.*! Their research
leads to a bound for the evolution of observables which is
known as quantum speed limit (QSL).[! The first attempts
to study the concept of QSLT were devoted to closed quan-
tum systems with the unitary evolution. In the case of
these systems, the lower bound of the QSLT was obtained
as Tosp = max{ZL, 2} [67) In this relation the first quan-
tity is known as Mandelstam-Tamm bound with (AE)? =
(H?) — (H)?, whereas the second term is referred to Margolus—
Levitin bound with E = (H).1 In these relations, H is Hamil-
tonian of the system studied.

However, realistic physical systems, quantum systems are
in interaction with their surrounding environment. Therefore,
the concept of QSLT has been extended to open quantum
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systems.>~ 111" Also, the influences of leakage and decoher-
ence on the QSLT were studied.['?] In addition to the notion
of QSLT in open quantum systems, QSL is introduced as a
measure of asymmetry in quantum systems. '3 In the present
contribution, using the introduced approach of Ref. [11], the
QSLT in a two-spin system under non-Markovian dynamics is
investigated.

In addition to the above-mentioned studies, a general-
ized geometric QSLT was introduced.!'* For a comprehensive
study of the different definition of quantum speed limits, one
can refer to Refs. [15,16]. Also, there are some theoretical in-
vestigations which generalize the concept of QSLT to mixed
states!!”l and beyond the rotating-wave approximation.!!8]
Due to the fact that there is a close relation between the QSLT
and fidelity, it would be possible to improve the bounds of
QSLT in an open quantum system by introducing an alterna-
tive fidelity for quantum states.'”) Additionally, to obtain a
better bound for the QSLT, the notion of QSLT for specific
physical systems has attracted a great deal of attention.?%-26]
The simplest quantum system for state preparation and quan-
tum computation is a two-qubit quantum gate.”?”] Among the
different two-qubit quantum gates realizations, systems com-
posed of two coupled quantum dots (QDs) have attracted a
great deal of attention. In these systems the excess electron
spin in each QD would be realized as the qubit.[?*32] As a
consequence of vast applications of coupled QDs systems in-
vestigation of QSLT in these systems can provide us valuable
information about the systems’ operation. This motivates one
to study the QSLT and the physical parameters, which possess
crucial impacts on the behavior of the QSLT in these kinds of
systems.

The two-qubit system in the present contribution is com-
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posed of two electrons which are confined in two adjacent

QDs.

orbit interactions possess a remarkable role. This motivates

In this two-qubit spin chain, the spin-spin and spin—

us to investigate the influences of spin—orbit interaction on the
QSLT. In order to improve the model and to take into account
more realistic conditions, the anisotropy of spin coupling as
well as inhomogeneity of an external magnetic field are taken
into account. Moreover, the influences of an external magnetic
field and temperature on the behavior of QSLT are studied,
based on the introduced approach in Ref. [11]. The maximal
speed of evolution in the present quantum system would be
followed through the obtained results. In addition to the above
mentioned interactions, also the spin relaxation is taken into
account. This process in QDs is a non-Markovian process nat-
urally. Therefore, the QSLT is studied in the context of the
non-Markovian open quantum systems.

An important feature of the composite quantum systems
is quantum entanglement which is a special kind of quan-
tum correlation with no classical counterpart. 33! Quantum en-
tanglement and entangled systems play a remarkable role in
quantum technologies such as quantum teleportation*¥ and

(351 In addition, the notion of quan-

quantum cryptography.
tum entanglement has found a rigorous application in quan-
tum metrology, high-precision spectroscopy*®! and quantum
simulation.*”] As a consequence of theoretical and applied
applications of quantum entanglement, its generation, control
and preservation in the related physical systems are of interest.
Therefore, the introduction, investigation and manipulation of
systems which provide long lasting and controllable quantum
entanglement are important issues in quantum technologies.
Accordingly, the evolution of entanglement between the qubits
in the introduced system is investigated.

The rest of this article is organized as follows: In Section
2, the physical system is introduced and its time evolution is
studied. A brief introduction about the QSLT and its derivation
is given in Section 3. The numerical results and the influence
of the effective parameters on the QSLT and entanglement be-
havior are studied in Section 4. Finally, Section 5 is devoted
to summary and conclusion.

2. The physical system

The physical system studied is two adjacent QDs which

are in interaction with each other. [28:2%

1'In the model, the spin
of the excess electron in a single-electron QD is realized as
the qubit, Fig. 1. In such a chain consisting of such QDs,
by varying the tunneling barrier between neighboring single-
electron QDs an electron could be confined in each QD. The
electron transfer between two adjacent QDs could be manip-
ulated by barrier potential. In magnetic materials, spin—orbit
coupling is an important and fundamental interaction which

possesses a crucial role in the spin evolution.*®! In order to

obtain more insights about the QSLT evolution in the system
under study, we are going to study the spin—orbit interaction
effects on the QSLT. We suppose that the coupled QDs are
located in an inhomogeneous magnetic field. Therefore, the
spin—orbit interaction of a Heisenberg XY Z two-qubit system
(the electron spin of each QD) in the presence of an inho-
mogeneous magnetic field will be investigated. The coupled
QDs (two qubits) constitute a two-qubit anisotropic Heisen-
berg XYZ model. The experimental realization of spin manip-
ulation in coupled QDs can be found in Ref. [39]. Also, contri-
bution of hyperfine and spin—orbit interaction in weakly cou-
pled InAs QDs can be followed in Refs. [40-42]. The Hamil-
tonian of this system in the presence of the inhomogeneous
magnetic field and spin—orbit interaction may read!**!

1 ,
H = E[chf0§+J),GI’G§+JZGfG§

+B,-01+By-02+D- (01 X07)]. ()

Here, o; = (Gj‘,cjy- ’G/Z) refers to the Pauli matrices, B; is
the magnetic field imposed on the j-th QD, J, (4 = x,y,z)
are the coupling coefficients determining the ferromagnetic
(Ju < 0) or anti-ferromagnetic (J, > 0) nature of the spin
system. The last term of the above Hamiltonian represents
the spin—orbit interaction of the qubits. In this term, D is the
Dzyaloshinskii—-Moriya vector which is of the first order in the
spin—orbit coupling and is proportional to the coupling coeffi-
cients (J,).[**1 It is worth noting that there is another spin—
orbit interaction term which is of the second order in the spin—
orbit coupling. This interaction is neglected in the present con-
tribution. The QSLT of a two-qubit system coupled to a spin-
chain model in the presence of Dzyaloshinskii—-Moriya inter-
action is studied. ¢ Recently, the time evolution of QSLT and
entanglement in a two-qubit system is studied without taking
into account the spin—orbit interaction, magnetic field inhomo-
geneity and spin—spin anisotropy.*’! These are new physical
phenomena which distinguish the present contribution from
Ref. 471, We suppose B; = B;Z such that By = B+ b and
By = B— b, where b represents the amount of inhomogeneity
of the magnetic field. By taking D = J,DZ the Hamiltonian (1)
can be rewritten as

H = Jy(o) o5 +0, 0, )+ (J+il.D)o, 05

J
+(J —iJ.D)o; o5 + Zoi03

2
1 .1
In this Hamiltonian, J = # is the mean coupling coefficient

Je—Jy

Ty
interaction anisotropy in the XY plane and & = %(G’C tio?)

in the XY plane, y =

represents the amount of the spin

are the qubits raising and lowering operators. It should be
noted that the physical parameters in the present contribution
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are taken as dimensionless ones. The Hamiltonian (2) deter-
mines the system evolution. Therefore, it would be supposed
as the system Hamiltonian.

Bl BQ

Fig. 1. A schematic representation of the model system. Two cou-
pled QDs in an inhomogeneous external magnetic field in which their
electron spins experience relaxation dynamics as a consequence of in-
teraction with a magnetic environment.

The interaction between the quantum systems and their
surrounding environment is inevitable, and this leads to the
notion of open quantum systems.*8! Usually, in open quantum
systems the quantum correlations are shallow and weak natu-
rally, as a consequence of environment interaction. In the case
of charged QDs, the interaction between the electron spin and
local nuclear spins via the hyperfine interaction leads to the
dissipation and decoherence of spin qubits. The effects of this
magnetic environment could be followed through the quantum
master equation by using a Caldeira—Leggett type model. In
this model, a collection of harmonic oscillators are used to
model the magnetic environment, H,,, = Zég ha)g az aé.m] The
interaction between the environment and the spin system is de-
scribed through a linear coupling, Hiy = ALY, » S;- b;i. In
this equation the fluctuating quantum field corresponding to
the environment is given as blj =Y gf:j(aéi + ag) The cou-
pling constant between the magnetic environment and the spin
system is g%j, which can be characterized through the spec-

tral density. The operator aéi describes a bosonic annihila-
tion operator of environment in the i-th QD with mode & in
interaction with the j-th spin direction. The interaction be-
tween the system and environment is assumed to follow a non-
Markovian dynamics. !

The QSLT determines the time which is necessary for
the evolution of two distant initial and final quantum states
to each other.2! This means that the QSLT is related to a
bound on the time which is needed for a state to reach a fi-
delity relative to the initial state. According to this description,
the QSLT is obtained from the time evolution of the system.
Since the system under study is an open quantum system, its
time evolution would be followed through the quantum master
equation. Moreover, the present system experiences a non-
Markovian dynamics. Therefore, we suppose that the density
matrix of the system is obtained from a time convolutionless

master equation (48]

dp(t) i
TR —ﬁ[H,P(f)]

L [ astaleno). 1) p0) 2 pal). -

In this equation, pp represents the environment state, and par-
tial trace over the environment degrees of freedom is shown
by Trp. Also, the interaction Hamiltonian between the system
and environment, Hj, in the interaction picture with respect to
the environment free Hamiltonian is shown by Hi(¢). It should
be noted that the introduced approach, i.e., the time convolu-
tionless master equation, has been used to study the electron-
phonon interaction®! and the spin-boson model under non-
Markovian dynamics.3!! Inserting the Hi(¢) in Eq. (3), under
the second order Born approximation, the following integro-
differential master equation determines the time evolution of
the system:
%z%[pﬂ}mp. @
The first term governs the unitary evolution of the system. In
this equation, H represents the Hamiltonian of system which
is given in Eq. (2). The second term stems from the relax-
ation dynamics. The relaxation term originates from the sec-
ond term on the right-hand side of Eq. (3). Using the interac-
tion Hamiltonian between the system and environment in the
interaction picture, the relaxation term in Eq. (4) is obtained
as follows:
£Lp = —QLZZ[S,'jS,‘jp K+(t) - ZSl'jpS,‘j K(l‘)
ij

+pSiSi; Ky (1)l Q)
where K (¢) and K () are environment correlation functions.
These correlation functions include all contributions of en-
vironment. The magnetic environment is assumed as a ho-
mogeneous environment with similar features in each quan-
tum dot. By defining the spectral density of environment as
j(o) = nlzf‘,g ggzé (o — a)éj ), the environment correlation
functions can be written as

Ki(t) = /Ow dwj((o—a;) [coth <ZZ:)T) sin(t) 4 icos(wr) |,

K(t) = /Owda)j(w)coth( ho

w? 2kgT

In the above equations, T refers to the temperature and kg

> sin(or). (6)

is the Boltzmann constant. In addition, j(®) is the spectral
density of environment which completely describes the inter-
action between the spins and environment.?! These environ-
ment correlation functions contribute associated effects of the
reservoir. We suppose a spherical QD, therefore this spectral
function may be written as j(®) = a®® e B’ 1531 1 our sys-
tem we have selected the parameters of the spectral density of
environment as o = 0.160830 and § = 1.1452.
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3. Quantum speed limit time of the coupled QDs

The main purpose of present contribution is to obtain the
QSLT for an open two-qubit system (double QDs). The state
evolution of system is governed by the master equation. As a
consequence of the environment nature, the system under in-
vestigation experiences a non-Markovian evolution. The no-
tion of QSLT in open quantum systems is investigated via

9-11541 Each of these approaches pos-

different approaches.!
sesses specific bounds on the QSLT. The introduced approach
in Ref. [11] leads to both Mandelstam—Tamm and Margolus—
Levitin bounds. Therefore, we employ this approach to inves-
tigate the QSLT. The Bures angle between the initial and final

states of the quantum system is defined as!>!

L(po, pz) = arccos (/(wolpel o) ). @)

Without loss of generality, the initial state of the system is se-
lected as a pure state, pp = |Wo)(Wo|. The dynamical veloc-
ity corresponding to the evolution of the density matrix deter-
mines the QSLT. The time derivative of the Bures angle gives
the velocity of state evolution,

d d
aL(po,pt) < IEL(P(LP:N

_ 1 [{yolPx|vo)|
V1= (wolp<|wo) 2+/(wolpe|wo)

Invoking the definition (7), this relation can be cast to the fol-

®)

lowing form:
2cos(L)sin(L)L < [(yo| i o) - ©)

The dynamics of the system is governed by a master equation,
i.e., in the present system, Eq. (4) can be written as

Pr = Lips, (10)

where £ represents the positive generators of the dynamical
semigroup, A, = exp(£,). Following the introduced approach
of Ref. [11] the QSLT is obtained as

TQSLZmaX{Tl,Tz,Tm}. (11D

Here, the following notation is used:[1%]

1.
Tp:F—Tpsmz[L(po,pr)], (p=1,2,...,00) (12

where

1 /7 5
I}p:;/o dt|[£prl[ ps HStPth:(;Gzp)p-

The last equation denotes the p-norm of the operator p; with
singular values o”. In the case of p = 1 the definition of
the trace norm is recovered whereas by choosing p = 2 one
would obtain the definition of the Hilbert—Schmidt norm. 3671

Moreover, in the limiting case of p — oo, this definition
leads to the operator norm. It would be worthwhile to note
that the obtained results correspond to the initial pure state.
Also, the concept of QSLT for an arbitrary initial state is
investigated. >4

The two coupled qubits, the studied system in the present
contribution, is the basic system for preparing and manipulat-
ing the entangled states. Therefore, the study of entanglement
time evolution in these systems provides valuable informa-
tion about their applications. Thus, in the present contribution
we study the dynamics of QSLT as well as the entanglement
evolution. This investigation provides a comparison between
the entanglement evolution and the time behavior of QSLT.
The entanglement evolution would be followed through an ap-
propriate measure.58! For two-qubit systems, concurrence is
a suitable measure to quantify the quantum entanglement.>”)
To proceed further for definition of the concurrence, suppose
that the state of the whole system (two-qubit system) is deter-
mined with a density matrix p. The concurrence is defined as
C(p) = max{0,A; — Ay — A3 — A4}, where A;’s are eigenval-
\//PP+/P, where
p = (0y,Q0y)p*(0yQ 0oy). In this relation, oy is the y compo-
nent of the Pauli matrices and p* refers to the complex conju-

ues of a matrix R which is defined as R =

gate of the system density matrix, p. The influences of physi-
cal parameters on the QSLT and entanglement evolution in the
system under consideration are investigated in the following.

4. Numerical results and discussion

Our purpose is to investigate the dynamics and evolution
of QSLT as well as entanglement in the present system. As is
evident, the present system includes a number of physical pa-
rameters whose effects on the QSLT and entanglement would
be followed. An important point and an interesting feature of
the two-qubit systems is the possibility of entanglement for-
mation when the qubits are not entangled initially. That is,
if the qubits are in state | ), wether it would be possible to
entangle them during their evolution. To study this point, the
evolution of the QSLT and concurrence is shown in Fig. 2,
when the initial state of the system is selected as | /). In this
figure, different plots of each panel correspond to the different
magnetic field inhomogeneity. This figure illustrates that the
magnetic field inhomogeneity does not affect the studied quan-
tities. Also, Fig. 2(a) shows that as time elapses, the QSLT is
increased. This means that in this system one cannot transfer
the initial state to a desired final state. This is due to the dis-
sipation which is originated from the magnetic environment.
On the other hand, Fig. 2(b) shows the entanglement evolution
in this system. This panel illustrates that the non-entangled
qubits in their ground state become entangled during their evo-
lution and consequently their entanglement will wash out. In
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the absence of spin—orbit interaction and spin-spin anisotropy,
it is impossible to reach an entangled state from initially sep-
arated state. Thus, this entanglement formation could be at-
tributed to the spin—orbit interaction and spin-spin anisotropy.
Therefore, the entanglement of the qubits when they are in
their ground state originates from the spin—orbit interaction.

15 _' T ,\; /"‘*I-———'—_ —I.
/ / (a)
g | B=0.5 b=1
0.5} / D=1 —==-b=2 ]
/I
().I X X X A
0 5 10 15 20
Jt
A : : : :
0.6F |\ (b) §
9 -l’ \ T=1 b=0 1
g 0.4-, \\ B=0.5 b=1 |
= ] \ D=1 —_———b=2 ]
5 , \
g 0.2F 1
o \
o\ _
0'! \'_-_—_u—_—_?_—_—'
0 5 10 15 20
Jt

Fig. 2. The time evolution of the QSLT and concurrence of the system
by taking into account the spin—orbit interaction when the initial state
of the system is selected as | ||). In each panel, different plots corre-
spond to the different values of inhomogeneity of the magnetic field. In
this figure, the other physical parameters are selected as 7 =1, B=0.5,
D=1,y=0.5,and J. = 0.5.

The obtained results confirm that the spin—orbit interac-
tion would possess important roles in the studied system. To
investigate the influences of this interaction in more details,
we select another initial state of the system as |yp) = %(\ 0
)1 41)). Figure 3 shows the time evolution of the QSLT and
concurrence in the present situation. Figure 3(a) illustrates the
increment of the QSLT as time elapses. This increment origi-
nates from the magnetic reservoir which leads to decoherence
phenomena. The increment of the QSLT shows that the time
needed to transfer the initial state to a desired state will in-
crease. On the other hand, increasing the magnetic field inho-
mogeneity leads to the decrement of the QSLT. Thus, the in-
homogeneous magnetic field decreases the QSLT. Figure 3(b)
shows the time dependence of the concurrence. The disen-
tanglement is an important feature of this plot. Increasing
the magnetic field inhomogeneity leads to an oscillatory en-
tanglement time evolution. However, it does not improve the
entanglement degradation to zero. Thus, the magnetic field
inhomogeneity decreases the QSLT whereas the entanglement
degradation can not be compensated with this quantity.

An important quantity which possesses a crucial role in
the system evolution is the magnetic field inhomogeneity. This

parameter would be considered as an experimental control pa-
rameter. On the other hand, the dependence of the studied
quantities on this parameter provides us knowledge about the
role of magnetic field in the dynamics. The influences of this
parameter are depicted in Fig. 4. In this figure the dependence

1.2F
5 0.8}
5 ]
= R Py P /NI
0.4F [ ,‘\[ A\ VR b=2 1
LAY ]
0 ToT=1 B=05 D=1
0 5 10 15 20
Jt
1.0F ' - - -
(b)
0.81! ]
L H _ ]
2 0%ty B=0.5 b=1
5 i D=1 B
S 04ry _———b=2 ]
S {
© h
0.2} ¥ | ]
1K\
Ob . Il e e
0 5 10 15 20
Jt

Fig. 3. The time evolution of the QSLT and concurrence of the two
qubits in the presence of the spin—orbit interaction when the qubits are
initially entangled as |yp) = %(\ 1) +111)). In each panel, different
plots correspond to different magnetic field inhomogeneity. The param-
eters are selectedas 7 =1,B=0.5,D=1,y=0.5,and J, = 0.5.

D=0 ]
D=1

tqsL

0.81

0.4r1

Concurrence

0.2}

Jt

Fig. 4. The dependence of the QSLT and concurrence on the magnetic
field inhomogeneity. Here the initial state of the system is selected the
same as that in Fig. 3. Different plots in each panel correspond to differ-
ent spin—orbit coupling constants (the norm of the Dzyaloshinski-Moria
vector). In this figure, the magnetic field is selected as B = 1, the tem-
perature is chosen as 7 = 1 and the time is selected as Jt = 1. Moreover,
we have selected y = 0.5 and J; = 0.5.
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of the QSLT and concurrence on the magnetic field inhomo-
geneity is illustrated. Figure 4(a) shows that the increment
of the magnetic field inhomogeneity leads to the QSLT decre-
ment. That is, by increasing the inhomogeneous magnetic field
we can decrease the minimum time required to transfer a quan-
tum state into an other distant distinguishable state. On the
other hand, the influences of the magnetic field inhomogene-
ity on the concurrence are illustrated in Fig. 4(b). It shows
that by increasing the magnetic field inhomogeneity the con-
currence is decreased and finally this entanglement measure
is increased. Moreover, by increasing the spin—orbit coupling
strength the initial decrement of the entanglement is compen-
sated for. It seems that the magnetic field inhomogeneity
causes the two spins to experience the different interactions.
Therefore, the qubits would be distinguished and consequently
their entanglement will washed out. However, in the strong
magnetic field inhomogeneity their entanglement is increased.
Thus, the magnetic field inhomogeneity and spin—orbit cou-
pling strength possess crucial influences on the behavior of
the studied quantities.

1 T T
1.5_\ (a) T=1
\
\ B=1 =5
1.0} \\ D=05 ===-T=10
2 \
o \
+S ~
05'\_’_\\\‘§
’ =
X
L = e e g
0 T
0 2 4 6
b

Concurrence

Fig. 5. The influences of the magnetic field inhomogeneity on the QSLT
and concurrence whereas the temperature is changed. Different plots in
each panel correspond to the specific temperature. The spin—orbit cou-
pling constant and magnetic field strength are chosen as D = 0.5 and
B = 1. Also, time is selected as Jt = 1. Other parameters are the same
as before. The initial state of the system is the same as that in Fig. 3.
Temperature is an important quantity which possesses the
crucial influences on the system evolution. By studying the ef-
fects of temperature, we can follow the influences of the envi-
ronment on the system evolution. The effect of temperature on
the QSLT and concurrence is illustrated in Fig. 5. In this fig-
ure the QSLT and concurrence are plotted versus the magnetic
field inhomogeneity whereas the different plots in each panel

correspond to the given temperature. Figure 5(a) illustrates

that the magnetic field increment leads to the QSLT decrement.
On the other hand, the temperature increasing is compensated
by the magnetic field. We expect that the temperature increas-
ing leads to the QSLT increment. However, Fig. 5(a) shows
that at elevated temperatures the magnetic field increment pre-
vents the increasing QSLT. Figure 5(b) illustrates that the tem-
perature increasing leads to the disentanglement. At elevated
temperatures there is a distance in which concurrence is equal
to zero. In Fig. 5(b), after disentanglement for small mag-
netic inhomogeneity, the rebirth of entanglement occurs. The
formation of entanglement is an important feature of this fig-
ure. Therefore, the temperature possesses a crucial role on the
dependence of studied quantities on the magnetic field inho-
mogeneity.

S. Summary and conclusion

A basic system for quantum state transfer and computa-
tion is coupled QDs, which is studied in the present contribu-
tion. Two quantum features of this system, QSLT and entan-
glement, are investigated. The physical system is the electron
spin in the separated coupled QDs which are imposed by an
external magnetic field. The relaxation dynamics as a conse-
quence of the hyperfine interaction between the electron spin
and local nuclear spins is considered as a non-Markovian dy-
namics. Moreover, the role of spin—orbit interaction as well as
the associated effects of the inhomogeneous external magnetic
field and anisotropy of spin coupling are investigated.

QSLT bounds the speed of the quantum evolution. The
influences of some physical parameters such as inhomogene-
ity of external magnetic field and temperature are investigated
for different initial conditions. By taking into account the
spin—orbit interaction, the possibility of entanglement forma-
tion from the initial separated state | |.|) is shown. By choos-
ing another initial state, %(\ ) +141)), the influences of
the magnetic field inhomogeneity and spin—orbit coupling on
the QSLT are followed. The increment of the magnetic field
inhomogeneity leads to the QSLT decrement. In the presence
of the spin—orbit interaction, temperature increasing leads to
the entanglement degradation to zero. Consequently, by in-
creasing the magnetic field inhomogeneity, the entanglement
is reborn. The initial disentanglement originates from the tem-
perature increasing while its rebirth may be related to the mag-
netic field increment.
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