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Differentiable programming is an emerging programming paradigm that allows people to take derivative of an output
of arbitrary code snippet with respect to its input. It is the workhorse behind several well known deep learning frameworks,
and has attracted significant attention in scientific machine learning community. In this paper, we introduce and implement
a density matrix based Hartree–Fock method that naturally fits into the demands of this paradigm, and demonstrate it by
performing fully variational ground state calculation on several representative chemical molecules.
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1. Introduction
Hartree–Fock (HF) method[1] is one of the fundamental

methods in many body physics. It has been widely applied
in quantum chemistry to explore the ground state properties
of molecules. Due to its simplicity, it is also considered as a
good starting point for more accurate and expensive configu-
ration interaction or perturbative calculations. In physics per-
spective, HF is a variational method whose variational space
is determined by basis functions used to represent the molecu-
lar orbital. And we can achieve desired accuracy by including
sufficient amount of basis functions. However, traditional HF
method has 𝒪(K4) (K is the number of basis functions used
to expand the molecular orbital) computational complexity,
which suggests that calculation on large basis set is only man-
ageable for molecules in restricted scale. Instead of monoton-
ically increasing the amount of basis functions in basis set, re-
searchers indicate that one could also augments the variational
space of HF by treating basis function related parameters, such
as exponents, contraction coefficents and centers of Gaussian
type orbital (GTO),[2] as variational parameters, and updat-
ing their values during HF’s self consistent field (SCF).[3–7]

Following this idea, Tachikawa et al. implemented fully vari-
ational HF method.[7] Their numerical results show that the
augmented variational space can improve the total energy es-
timation with a small number of basis functions.

In previously reported works, gradients of total energy
with respect to basis set parameters are manually derived for
particular basis set and for specific molecule. This prevents the
generalization of fully variational approach to practical situ-

ations. With the advent of the modern algorithm and com-
puter technology, especially the boom of deep learning,[8]

the process of manual derivation of the gradients could be
replaced by automatic differentiation (AD).[9] Popular AD
frameworks include Pytorch, TensorFlow[10] in Python, and
ForwardDiff.jl,[11] Zygote.jl[12] in Julia. By using the state-of-
the-art AD tools, Tamayo-Mendoza et al.[13] have successfully
implemented the DiffiQult library. In DiffiQult, derivatives of
HF energy with respect to GTO parameters can be obtained di-
rectly from AD, which greatly simplifies the heavy derivative
evaluation process, and makes it possible to efficiently com-
pare the effects of different basis sets. However, DiffiQult uses
forward-mode AD, which is not efficient for taking derivative
of a function whose input dimension is larger than the out-
put (here, the output is energy, which is a scalar). Moreover,
because the number of SCF cyclies needed for converged HF
calculation is undetermined before calculation starts, their gra-
dient evaluation may cost a large amount of computation re-
sources.

In this paper, we design a mixed mode AD method
and use it to implement fully variational density matrix HF
(DMHF) method proposed by Helgaker et al.[14] and Hoai.[15]

Unlike the original DMHF which uses purification method[16]

to guarantee the validity of one body density matrix, we use
Thouless theorem[17] to directly represent the one body den-
sity matrix in a set of non-redundant parameters. In this way,
we eliminate the need to perform fixed point iterations sepa-
rately, and can update the density matrix and GTO parameters
simultaneously in a single optimization step. Our paper is or-
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ganized as follows. In Section 2, we introduce a theoretical
description of DMHF method. In Section 3, we show results
obtained from ground state calculation of some representative
molecules, and compare the performance of our algorithm to
previously published ones. At last, in Section 4, we present
the conclusion and future perspective.

2. Method
2.1. Thouless theorem and parametrization of one body

density matrix

The one body density matrix 𝜌 is defined as

ρ ji =
⟨Φ |ĉ†

i ĉ j|Φ⟩
⟨Φ |Φ⟩

, (1)

where ĉ†
i and ĉ j are fermion creation and annihilation opera-

tors, and |Φ⟩ is a N-body Slater determinant state generated
by another set of fermion operators â†

1, . . . , â
†
N ,{

ĉi, ĉ
†
j

}
=
{

âi, â
†
j

}
= δi j.

Thouless[17] indicates that by introducing operator b̂†
i rep-

resented as

b̂†
i = ĉ†

i +
D

∑
j=N+1

M jiĉ
†
j , i ∈ [1,N],

where M ji is unconstrained and is an element of a (D−N)×N
matrix 𝑀 (D is the dimension of Hilbert space of the single
particle wave function associated with those fermion opera-
tors). One could construct a Slater determinant |Φb⟩ which is
equivalent to |Φ⟩ up to a normalization factor.

Therefore, by substituting |Φ⟩ with |Φb⟩ in Eq. (1), we
obtain

ρ ji =
⟨Φb|ĉ†

i ĉ j|Φb⟩
⟨Φb|Φb⟩

(2)

=

((
𝐼
𝑀

)
𝑆−1 (𝐼 𝑀 †

))
ji
, (3)

where 𝑆 = 𝐼+𝑀 †𝑀 is a N×N overlap matrix between sin-
gle particle wave functions φ b

i (x) generated by b̂†
i , i ∈ [1,N].

Detailed derivation can be found in Appendix A.

2.2. Variational density matrix based Hartree–Fock
method

In this paper, we focus on restricted HF (RHF) method,
where the molecule is a closed-shell system with all orbitals
doubly occupied. In this case, the one body density matrix 𝜌

is spin independent, therefore, we could omit the spin label,
and write the total energy of a molecule as

E(𝜃,𝜌) = 2∑
i j

ti j(𝜃)ρ ji +∑
i jkl

(2vil jk(𝜃)

−vik jl(𝜃))ρilρ jk +Enuc-nuc, (4)

where 𝜃 is the collection of parameters of GTOs, ti j is the sum
of matrix element of kinetic and external potential operators
under GTO, and vil jk is the tensor element of electron–electron
interaction operator under GTO, and Enuc-nuc is the nuclear re-
pulsion energy inside the molecule.

From the above discussion, 𝜌 can be parametrized by 𝑀 .
Therefore, by variationally optimizing Eq. (4) with respect to
𝑀 and 𝜃

𝜃*,𝑀 * = arg min
𝑀 ,𝜃

E(𝜃,𝜌(𝑀)), (5)

one could obtain GTOs and one body density matrix that are
suitable for describing the ground state of a given molecule.

We implemented our DMHF method in Julia with AD
supported by Zygote.jl. Our computation graph is demon-
strated in Fig. 1. As pointed out by Tamayo-Mendoza et al.,
for most of the methods in quantum chemistry, one center inte-
gral matrix 𝑡 and two-center integral tensor 𝑣 are constructed
by an element-wise array assignment, which is not feasible
for reverse mode AD to manage. We solve this problem by
wrapping the array assignment operation as a primitive func-
tion that maps θ to 𝑡 and 𝑣. We define custom adjoint for this
primitive that computes Jacobian matrix using forward mode
AD inside, then pass the Jacobian to reverse mode AD to com-
pute the vector-Jacobian product. And because we directly pa-
rameterize the density matrix, our calculation of energy only
involves matrix multiplication, trace, and tensor contraction.

t

Ev

M ρ

θ

Fig. 1. The computation graph for our DMHF method. Black arrows
indicate the forward function evaluation from inputs to outputs, and red
arrows indicate backward steps for derivative propogation.

We demonstrate our method by the calculation of several
small molecules. As a benchmark, we first perform fully vari-
ational (FV) calculation on hydrogen molecule, and compare
our result to that obtained by DiffiQult. By FV, we can simul-
taneously optimize GTO parameters and the one body den-
sity matrix. The H–H bond length is set to 1.388 Bohr ra-
dius during the calculation. Figure 2(a) shows the variation of
the ground state energy in the optimization process. We can
see that our method converges much faster than DiffiQult, and
could reaches a ground state energy comparable to that com-
puted by 6-31G basis set which is two times larger than STO-
3G basis we used in this case. If we switch off the variation of
GTO centers, the ground state energy obtained by our method
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will be the same as that by DiffiQult, but still has a faster con-
vergence rate. Figure 2(b) shows the change of ground state
electron density during the optimization process. The initial
electron density is calculated from a randomly initialized den-
sity matrix. After optimization, the electron density becomes

reasonable and approaches the one calculated by SCF method
in Ref. [18] using STO-3G basis. Since we allow the variation
of GTO centers, we also find that two peaks get close to each
other suggesting that FV method could partly address the po-
larization of molecular orbital even with a minimal basis set.
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Fig. 2. Fully variational calculation of ground state of hydrogen molecule. (a) Optimization of ground state energy. The green line is calculated by FV
DMHF with STO-3G basis set, the blue line is obtained using Tamayo-Mendoza et al. DiffiQult package, the dashed red line corresponds to SCF calculation
using 6-31G basis set. (b) Electron density variation during the DMHF calculation, blue line corresponds to the initial electron density of hydrogen molecule
before optimization, the green line is the final electron density after optimization, the dashed red line shows the SCF result with STO-3G basis. (c) Electron
density distribution in the yz plane obtained from DMHF calculation, same result calculated from SCF with STO-3G is shown in dashed red line.
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Fig. 3. Ground state calculation of water (SCF calculation is done with PySCF). (a) Optimization process. The blue line is the result obtained by using non
variational DMHF in which basis set parameters are fixed, the green line corresponds to fully variational DMHF where we optimize the basis set parameters
together with density matrix, both of them are calculated use STO-3G basis set. We compare our results with those obtained from SCF calculation with
STO-3G basis set (dashed orange line) and 3-21G basis set (dashed red line). (b) Difference between electron density calculated by SCF method with
STO-3G basis set and 3-21G basis set. (c) Differences between electron density calculated by FV DMHF with STO-3G and SCF with 3-21G basis set.

Table 1. GTO exponents of hydrogen and oxygen atoms in water, we
compare the value in default setting of STO-3G and optimized STO-3G
basis set to those in 3-21G basis set.

1s 2s 2p

Atom Basis 2px 2py 2pz

O STO-3G (default) 130.709 5.033 5.033 5.033 5.033

23.808 1.169 1.169 1.169 1.169

6.443 0.380 0.380 0.380 0.380

STO-3G (optimized) 286.139 11.244 7.681 7.901 7.543

42.998 0.906 1.596 1.623 1.543

9.224 0.319 0.367 0.363 0.321

3-21G (default) 322.037 7.402 7.402 7.402 7.402

48.430 1.576 1.576 1.576 1.576

10.420 0.373 0.373 0.373 0.373

H STO-3G (default) 3.425

0.623

0.168

STO-3G (optimized) 6.223

0.946

0.194

3-21G (default) 5.447

0.824

0.183

We next apply DMHF method to determine the ground
state of water molecule. Fully variational calculation of wa-
ter using STO-3G basis requires simultaneously optimizing 73

parameters at different scales, compared to only 13 parame-
ters in hydrogen molecule case. In Fig. 3(a), we compare the
ground state energy calculated by FV DMHF and DMHF with
GTO related parameters being fixed (non-variational (NV)
DMHF). After optimization, NV DMHF converges to the
ground state energy obtained by SCF method in PySCF, which
is what we expect, while FV DMHF converges to a lower
ground state energy that approximates the result obtained by
SCF with 3-21G basis. Since 3-21G basis is a double zeta
basis, its result is expected to be more accurate. In Fig. 4,
we illustrate the variation of GTO exponents during the opti-
mization process. We observe that starting from the default
values of STO-3G basis set, these exponents finally evolve to
values that are close to the default exponents of 3-21G basis
set. The above results suggest that our fully variational ap-
proach makes better use of limited basis set and could effec-
tively learn information encoded in higher dimensional Hilbert
space. We also list the default and optimized GTO exponents
explicitly in Table 1. In addition, in most of the commonly
used basis sets, usually the same GTO exponents are applied
to 2s and 2p orbitals, while in FV method, these parameters
can be tuned independently which allows much larger varia-
tional space. Ground state electron density calculated from FV
method is also compared to that obtained by SCF method un-
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der 3-21G basis, and the difference between the two is shown
in Fig. 3(c). Compared to the electron density calculated by
the default STO-3G basis set (the difference between results
of STO-3G and 3-21G basis set is shown in Fig. 3(b)), our
method does not force electron to be on top of each atom, al-
lows the electron density to adjust its spatial extent appropriate
to each molecular.

Iterations

(a)
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Fig. 4. Evolution of GTO exponents of hydrogen (a) and oxygen (b) in
water molecule during the FV DMHF optimization process. The initial
value is set to the default value of STO-3G basis set, our FV approach
finally sends them to a value close to the default value of 3-21G, which
performs better than original STO-3G basis in computing ground state
energy and electron density. These values are also listed in Table 1.
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Fig. 5. Benchmark of our DMHF program with popular PySCF on several
small molecules. (a) Walltime comparison between optimization process of
our Julia code and SCF iterations of PySCF. The PySCF time is normalized
to one, and Julia time is presented as its ratio to PySCF time. The results
were obtained on single thread Intel(R) Xeon(R) E5-1650 v2 3.50GHz CPU
with 16GB RAM, running macOS. (b) Comparison of the ground state en-
ergy obtained by PySCF and our Julia DMHF method.

We benchmark the performance of our DMHF implemen-
tation in non-variational setting against popular PySCF soft-

ware on several small molecules, and show the benchmark re-
sults in Fig. 5. We perform calculation of ground state energy
of H2, HF, H2O, CH4, and CH3F on Intel(R) Xeon(R) E5-1650
v2 3.50 GHz CPU with 16GB RAM machine, running macOS,
and record the time needed for converged SCF in PySCF and
optimization in our Julia DMHF. We normalize the time used
by PySCF calculations to 1, and show ratio of our implemen-
tation over PySCF time in Fig. 5(a). For calculation of H2

and HF, our implementation surpasses PySCF, and is slightly
slower than PySCF in H2O and CH4 calculation. The worst
case happens for CH3F, where our implementation is 10 times
slower. Comparing to PySCF which derives the initial density
matrix from atomic orbitals, our density matrix is randomly
initialized, therefore, may require more optimization steps.

3. Conclusion and perspective
In this work, we show that one body density matrix within

HF approximation can be constructed using Thouless theo-
rem, based on which a DMHF method can be implemented.
Using density matrix directly in HF helps us to remove the
usual SCF that contains diagonalization of a Hamiltonian ma-
trix in energy calculation, and enables us to use reverse mode
AD for efficient gradient evaluation. When applied to cal-
culate the ground state of small molecules, with default set-
ting, our DMHF could achieve the same performance as tra-
ditional SCF base HF. If we allow GTO related parameters to
vary, FV DMHF can be used to obtain more accurate ground
state energy with a smaller basis set, which suggests the in-
formation hidden in high dimensional Hilbert space could
be successfully learned by the FV approach. In future, we
tend to bring the density matrix treatment to density func-
tional theory (DFT),[19,20] which is much widely applied in
the computational physics. Since we are able to extract real
space electron density from density matrix, we could just re-
place the HF’s exchange energy calculation with the existing
exchange–correlation functionals. By that, we could avoid
solving Kohn–Sham equation, like what is done in orbital free
DFT.

Acknowledgment
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Appendix A: Proof of Thouless theorem
Consider the N-body Slater determinant |Ψ⟩ generated by

fermion operator ĉ†
1, . . . , ĉ

†
N , Thouless theorem states that

Theorem Any N-body Slater determinant |Φ⟩ which is
not orthogonal to |Ψ⟩ can be written in the form

|Φ⟩=
[
Π

N
i=1Π

D
k=N+1

(
1+Mkiĉ

†
k ĉi

)]
|Ψ⟩, (A1)
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where D is the dimension of the Hilbert space of one particle
wavefunction associated with ĉ†

i , and Mki are coefficients that
could be uniquely determined.

To prove this, we introduce another set of fermion oper-
ator â†

i , the single particle wavefunctions generated by â†
i are

in the same Hilbert space as those generated by ĉ†
i . These two

sets of fermion operators can be connected by a unitary trans-
formation 𝑈

â†
l =

D

∑
j=1

U jl ĉ
†
j .

We partition 𝑈 into four blocks:

𝑈 =

(
𝑈11 𝑈12
𝑈21 𝑈22

)
,

in which 𝑈11 is a N ×N matrix, 𝑈21 is (D−N)×N matrix.
If the N body Slater determinant |Φ⟩ and |Ψ⟩ generated

by these fermion operators

|Φ⟩= Π
N
i=1â†

i |0⟩, |Ψ⟩= Π
N
i=1ĉ†

i |0⟩

are not orthogonal ⟨Φ |Ψ⟩ ≠ 0. We can scale |Φ⟩ by the inverse
of ⟨Φ |Ψ⟩

|Φ ′⟩= 1
⟨Φ |Ψ⟩

|Φ⟩

= det
(
𝑈−1

11
)

Π
N
i=1â†

i |0⟩

= Π
N
i=1

N

∑
m=1

(
𝑈−1

11
)

mi

(
N

∑
j=1

𝑈 jmĉ†
j +

D

∑
k=N+1

𝑈kmĉ†
k

)

= Π
N
i=1

(
ĉ†

i +
D

∑
k=N+1

𝑀kiĉ
†
k

)
|0⟩, (A2)

where 𝑀 ≡𝑈21𝑈
−1
11 , and ⟨Φ |Ψ⟩= det(𝑈11) is proved using

Wick’s theorem as

⟨Φ |Ψ⟩ = ⟨0|âN . . . â1ĉ†
1 . . . ĉ

†
N |0⟩

= ∑
i1,...,iN

(−)P(i1,...,iN)⟨0|

︷ ︸︸ ︷
âiN . . .

︷︸︸︷
âi1 ĉ†

1 . . . ĉ
†
N |0⟩

= det(𝑈11).

Equation (A2) is equivalent to Eq. (A1) since

Π
N
i=1

(
ĉ†

i +
D

∑
k=N+1

Mkiĉ
†
k

)
|0⟩

= Π
N
i=1

(
ĉ†

i +
D

∑
k=N+1

Mkiĉ
†
k

{
ĉi, ĉ

†
i

})
|0⟩

= Π
N
i=1

{(
1+

D

∑
k=N+1

Mkiĉ
†
k ĉi

)
ĉ†

i +
D

∑
k=N+1

Mkiĉ
†
k ĉ†

i ĉi

}
|0⟩

=
[
Π

N
i=1Π

D
k=N+1

(
1+Mkiĉ

†
k ĉi

)]
|Ψ⟩.

So, this proves the density matrix parameterization men-
tioned in Section 2.

Appendix B: Detailed proof of density matrix
representation

Following notation in Section 2, the Laplace expansion of
the determinant of N ×N matrix 𝑆 is known as

det(𝑆) =
N

∑
m,n=1

(−)m+n(𝑆)mndet(
(
𝑆̄
)

mn),

where
(
𝑆̄
)

mn denotes a matrix generated from 𝑆 by removing
its m-th row and n-th column. Dividing det(𝑆) on both sides,
we obtain

N

∑
m,n=1

(𝑆)mn × (−)m+n det(
(
𝑆̄
)

mn)

det(𝑆)
= 1,

which suggests that

(
𝑆−1)

nm = (−)m+n det(
(
𝑆̄
)

mn)

det(𝑆)
. (B1)

Expanding Eq. (2) and pluging in Eq. (B1), we obtain

𝜌 ji =
⟨Φb|ĉ†

i ĉ j|Φb⟩
⟨Φb|Φb⟩

=
1

det(𝑆)
⟨0|b̂N . . . b̂1ĉ†

i ĉ jb̂
†
1 . . . b̂

†
N |0⟩

=

((
𝐼
𝑀

)
𝑆−1 (𝐼 𝑀 †

))
ji
.

We now prove that density matrix generated by Eq. (3) is
a valid density matrix. Noting that

(
𝑆−1

)†
= 𝑆−1, 𝜌 is there-

fore a Hermitian matrix. Plugging Eq. (3) into 𝜌2 = 𝜌, we
obtain

𝜌2 =

(
𝐼
𝑀

)
𝑆−1 (𝐼 𝑀 †

)( 𝐼
𝑀

)
𝑆−1 (𝐼 𝑀 †

)
=

(
𝐼
𝑀

)
𝑆−1 (𝐼+𝑀 †𝑀

)
𝑆−1 (𝐼 𝑀 †

)
= 𝜌,

which suggests that 𝜌 is also an idempotent matrix.
The electron number conservation can be proved with the

help of cyclic property of matrix trace

trace(𝜌) = trace
((

𝐼
𝑀

)
𝑆−1 (𝐼 𝑀 †

))
= trace

((
𝐼 𝑀 †

)( 𝐼
𝑀

)
𝑆−1

)
= N.
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