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This paper presents a theoretical model for predicting and tuning magnetoelectric (ME) effect of ring-shaped com-
posites, in which stress boundary conditions are empoyed and the multi-field coupling property of giant magnetostrictive
materials are taken into account. A linear analytical solutions for the closed- and open-circuit ME voltages are derived
simultaneously using mechanical differential equations, interface and boundary conditions, and electrical equations. For
nonlinear ME coupling effect, the nonlinear multi-field coupling constitutive equation is reduced to an equivalent form by
expanding the strains as a Taylor series in the vicinity of bias magnetic field. Sequentially, the linear model is generalized
to a nonlinear one involving the field-dependent material parameters. The results show that setting a stress-free condition is
beneficial for reducing resonance frequency while applying clamped conditions on the inner and outer boundaries may im-
prove the maximum output power density. In addition, performing stress conditions on one of the boundaries may enhance
ME coupling significantly, without changing the corresponding resonance frequency and optimal resistance. When external
stimuli like bias magnetic field and pre-stress are applied to the ring-shaped composites, a novel dual peak phenomenon in
the ME voltage curve around resonance frequencies is revealed theoretically, indicating that strong ME coupling may be
achieved within a wider bias field region. Eventually, the mutual coordination of the bias field and pre-stress may enhance
ME coupling as well as tuning the resonance frequency, and thus is pivotal for tunable control of ME energy harvesters. The
proposed model can be applied to design high-performance energy harvesters by manipulating the mechanical conditions
and external stimuli.

Keywords: magnetoelectric effect, boundary conditions, magneto-elastic coupling, external stimuli
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1. Introduction

The emerging industrial revolution involves the internet
of things (IoT), which is the key technology for enabling smart
cities.[1] However, although this technology would promote
innovation in society, as we would create a network between
everything and realize remote distance control of electronic
devices, some challenges exist in bringing the IoT to fruition.
For example, this concept assumes the very wide implementa-
tion of distributed electronic devices to capture data,[2,3] each
of which will require energy to run. Batteries in various forms
are currently the primary power source for operating these de-
vices. Despite many advantages, batteries are not the ultimate
solution because they require periodic replacement or recharg-
ing. One of the promising solutions to these issues is harvest-
ing ambient forms of energy, much of which would otherwise
be wasted, to power the sensors. Among the various sources
of energy, magnetic field is an attractive alternative source be-
cause they are available in most of the locations where the
wireless sensor networks will be used.

Recently, laminate magnetoelectric (ME) composites,

formed by elastically combining piezoelectric and magne-
tostrictive materials, have been demonstrated as a poten-
tial choice for harvesting magnetic signals due to strong
strain-mediated ME coupling.[4–6] In the ME effect, an elec-
tric field or voltage through the piezoelectric effect is re-
sulted from the mechanical strain induced by an external
magnetic field. The strength of the ME coupling in lam-
inated composites depends mainly on the intrinsic property
of components,[7] interfacial mechanical coupling,[8–10] and
the boundary conditions.[11] Up to date, various investigations
have been performed to achieve higher ME coupling coef-
ficient by selecting magnetostrictive and piezoelectric com-
ponents with excellent properties.[12,13] On the other hand,
a great deal of researches have been devoted to further en-
hance ME coefficient via varying the configuration of ME
composites.[14,15] Among various configurations, the disk-
ring, ring-shaped and cylindrical composites show consider-
able advantages due to improved interfacial mechanical cou-
pling. Unlike the conventional laminated plate or beam, the
ring-shaped or cylindrical structures can transfer normal stress
instead of shear stress via interface and thus improve the in-
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terfacial mechanical coupling.[16] In addition, some advanced
fabrication methods, such as electro or electroless deposi-
tions, have been successfully used in preparing the ring-shaped
composites.[17] This can eliminate the use of epoxy bond-
ing layer or electrodes, and is thereby believed to be advan-
tageous. Wang et al.[8,18] theoretically revealed that ME ef-
fect can be substantially enhanced by increasing the curvature
of a piezoelectric/piezomagnetic cylinder, and an imperfect
interface can annul small unwanted resonance for better de-
vice operation. Gao and Zhang[19] modeled the nonlinear ME
coupling of a giant magnetostrictive/piezoelectric composite
cylinder based on a standard square constitutive model. Most
recently, Kumar and Arockiarajan[20] presented an analytical
ME model in a cylindrical coordinate system incorporating the
temperature effects on the individual composite constituents.
These theoretical models have significantly contributed to the
theory of ME effect in ring-shaped structures.

Nearly, all prior works on ring-shaped ME composites
focused on studying ME coupling with consideration of an
open-circuit condition, thus they can only apply for sensing
applications rather than harvesters. For the energy harvester
using ring-shaped composites, however, the power conversion
performance has not got enough attention. There are still con-
siderable difficulties and challenges in the practical applica-
tion of the ring-shaped magnetic energy harvester. Initially, it
has been indicated that available ME effect can be observed
only when the intrinsic frequency of structure closes to the
frequency of ambient magnetic field.[21–23] However, the mag-
netic fields from the wireless sensor networks always have ran-
dom distributions of frequency components, which makes it
difficult to match the frequencies of the harvester and ambient
magnetic field. Therefore, exploring new regulation mecha-
nism of ME performance becomes one of important issue to
be addressed. Mechanical boundary conditions may directly
influence the strain distribution in the ring-shaped composites,
and improve the performance of energy harvester. The in-
sight into the ME coupling under different mechanical bound-
ary conditions is currently lacking in any of the above men-
tioned references nor available in the state-of-the-art literature.
Moreover, the material parameters (i.e., elasticity modulus and
piezomagnetic coefficient) of magnetostrictive materials are
very sensitive to the external stimuli like bias magnetic and
stress loadings.[24–28] This enables a new theoretical mecha-
nism for tunable or active manipulation of ME performance
of the energy harvester.[29] However, the nonlinear coupled
effects of such external stimuli on ME coupling of the ring-
shaped composites have not been well investigated since most
of the theoretical models were established using linear consti-
tutive relations of constituent materials.

The objective of this paper is to model ring-shaped ME
energy harvesters and to reveal regulation mechanism via me-

chanical and bias magnetic conditions. The theoretical model
for the energy harvesters based on ring-shaped ME compos-
ites is established and the basic equations are introduced in
Section 2. Then analytical solutions for the ME coupling in
ring-shaped composites and nonlinear field-dependent mate-
rial parameters are derived in Section 3. In Section 4, some re-
sults are presented for tuning the ME performance via bound-
ary conditions and external stimuli. Finally, some conclusions
are made in Section 5.

2. Problem description
Figure 1 shows a magnetic energy harvester based on a

ring-shaped ME composite. The ME composite is presumed
to be assembled from an outer piezoelectric ring concentric
to an inner magnetostrictive cylinder. Taking into account the
symmetry of the cylindrical structure, a cylindrical coordinate
system (r, ϕ , z) is adopted, in which the coordinate direction
r, ϕ and z will be designated as 1, 2 and 3, respectively, so that
the tensor coefficients can keep the same values in a cylin-
drical coordinate system as those in a Cartesian system. The
piezoelectric material is polarized along z direction and mag-
netostrictive material is magnetized along the same direction.
Here a, b and c are radiuses as denoted in Fig. 1. The ambient
ac magnetic field along z direction could induce a mechani-
cal strain from the magnetostrictive phase that transfers to the
piezoelectric phase via interfacial coupling. Then a change in
polarization of the piezoelectric phase results from piezoelec-
tric effect, which is expected to be harvested by an external
resistance Rl. Note that in practical applications, the post-
processing electric circuit is very crucial for ME harvesters.
Adequate power management circuits have to be applied in
electromagnetic energy harvesting to produce appropriate sup-
ply performance. In the current work we intend to study
clearly how mechanical and magnetic conditions affects ME
coupling. Thus, only one-load electric circuit[30,31] is consid-
ered, which, however, may not hinder us from evaluating and
comparing ME performance under different stress and mag-
netic loadings. As the height of the cylindrical structure is
assumed to be much less than its radius in the current analysis,
the only nonzero components of the stress tensor are σrr and
σϕϕ . Since for the harmonic motion, all the fields have the
same time dependence exp(jωt). This factor will be dropped
in the analysis. For macro-scale magneto-electro-elastic me-
dia, both flexo-effect and surface effect can be neglected.[32,33]

In a cylindrical coordinate system (r, ϕ , z), when such media
were operated under the conditions that the body force, free
charge density and current density are absent, the mechani-
cal governing equations for the dynamics of the axisymmetric
cylindrical ring can be expressed as[34]

∂σrr

∂ r
+

σrr−σϕϕ

r
= ρ

∂ 2ur

∂ t2 , (1)
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where ur is radial displacement, and ρ is the effective mass
density of the ring-shaped composites.

a

b

c

piezoelectric phase magnetostrictive phase

H3

P3

Rl

Fig. 1. Schematic diagram of magnetic energy harvester based on ring-
shaped ME composites.

The linear constitutive equations for the stress tensor pσi j

and the electric displacement D3 in the piezoelectric layer, and
stress tensors mσi j in the magnetostrictive layer can be written
in terms of displacement as follows:

{ pσrr
pσϕϕ

}
=

[ pc11
pc12

pc12
pc22

]
∂ur

∂ r
ur

r

−
[

e13
e23

]
E3, (2a)

D3 = e31
∂ur

∂ r
+ e32

ur

r
+a33E3, (2b)

{ mσrr
mσϕϕ

}
=

[ mc11
mc12

mc12
mc22

]
∂ur

∂ r
ur

r

−
[

d13
d23

]
H3, (2c)

where the left superscripts p and m represent piezoelectric and
magnetostrictive layers, respectively; ci jkl , ei j, di j, and a33 are
elastic, piezoelectric, piezomagnetic, and dielectric constants,
respectively; E3 and H3 are the components of electric field
and magnetic field, respectively.

3. ME coupling in ring-shaped composites
3.1. General solutions for mechanical variables

For solving mechanical variables, we substitute the above
constitutive equations into Eq. (1), and rewrite the governing
equation in the form of

∂ 2iur

∂ r2 +
1
r

∂ iur

∂ r
+

(
k2

i −
1
r2

)
iur = 0, (3)

where i = p denotes the parameter of the piezoelectric phase,
i=m denotes the parameter of the magnetostrictive phase, and

ki =

√
iρ

ic11
ω. (4)

The general solution for the elastic displacements in the ring-
shaped composites can be found as follows:[19]

iur = AiJ1(kir)+BiY1(kir), (5)

where Ai and Bi are the integration constants determined from
interfacial and boundary conditions. J1(·) and Y1(·) are the
first and second kind Bessel functions. The stresses and elec-
tric displacement in the composites are then obtained with
combining the above solutions and constitutive relations.

3.2. Mechanical interfacial and boundary conditions

Since the thickness of the interfacial layer caused from
adhesives may be very thin compared to the composites, the
interface can be classified as a bonding layer-free interface.
Thus, perfect interfacial conditions are considered in this
study, given by

p
σrr (b) = m

σrr (b) , pur (b) = mur (b) . (6)

Some conventional boundary conditions are listed in Ta-
ble 1, which include stress-free and clamping (zero displace-
ment) separately on the inner and outer radii of the magne-
tostrictive and piezoelectric layers, respectively. Note that one
of the great advantages of the ring-shaped structure is that one
can apply normal stress on the inner and outer boundaries,
without the concern of interface failure caused by shear stress.
In the current study, we propose new mechanical conditions by
applying stress P0 on the inner radii of magnetostrictive layer
or the outer radii of piezoelectric layer. These mechanical
conditions can be realized by assembling a concentric cylin-
der (annulus) with proper dimensions to the ME composites
at inner (outer) boundary, since radical direction stress may be
produced at boundaries via strong compression. As listed in
Table 2, the proposed stress boundary conditions differ from
those used in the overwhelming majority of existing analytical
models.[19,35] The introduction of these conditions provides
a utility for tuning the stress distribution in the composites,
hence tuning the overall performance of the magnetic energy
harvester. This highlights the first novelty of this study while
accounting for possible practical operation issues.

Table 1. List of stress-free and clamping boundary conditions and their
mechanical interpretations.

Boundary conditions Mechanical interpretations
Free-Free (F-F) mσrr (a) = pσrr (c) = 0

Free-Clamped (F-C) mσrr (a) = 0, pur (c) = 0
Clamped-Free (C-F) mur (a) = 0, pσrr (c) = 0

Clamped-Clamped (C-C) mur (a) = pur (c) = 0

Table 2. List of applying stress boundary conditions and their mechan-
ical interpretations.

Boundary conditions Mechanical interpretations
Stress-Free (S-F) mσrr (a) = P0,

pσrr (c) = 0
Free-Stress (F-S) mσrr (a) = 0, pσrr (c) = P0

Stress-Clamped (S-C) mσrr (a) = P0,
pur (c) = 0

Clamped-Stress (C-S) mur (a) = 0, pσrr (c) = P0

Substituting the expressions of the stress tensor and
the displacements into the above mechanical interfacial and
boundary conditions leads to eight equation sets with respect
to Ai and Bi. These equation sets are then solved for unknown
constants and the induced displacements in piezoelectric phase
under different conditions can be determined.
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3.3. Analytical solutions for electrical variables

In this section, the induced electrical variables are solved.
It can be predicted from the above process that the displace-
ment in piezoelectric phase has linear relations with the in-
duced electric field, the applied magnetic field, and external
stress applied at the boundaries. For convenience, the dis-
placement pur is rewritten as

pur = uEE3 +uHH3 +uSP0. (7)

The magnetic field harvester schematically displayed in
Fig. 1 is operated under closed circuit with a resistance Rl.

The induced ME voltage is denoted as VME. Combining Ohm’s
law and the integral form of Gauss’s law, we can reach the
following relation:

d
dt

(∫
A
𝐷 ·𝑛dA

)
=

VME

Rl
. (8)

Then using the expression of the electric displacement and
considering the relation between the electric field and the volt-
age, we obtain the expression of the induced ME voltage under
closed-circuit condition, given as

VME,CC =

H3

(
e31

∫ c

b
r

∂uH

∂ r
dr+ e32

∫ c

b
uHdr

)
+P0

(
e31

∫ c

b
r

∂uS

∂ r
dr+ e32

∫ c

b
uSdr

)
1

2πjωRl
− 1

l

(
e31

∫ c

b
r

∂uE

∂ r
dr+ e32

∫ c

b
uEdr+

c+b
2

pta33

) . (9)

Note that our solutions can also be used to predict the ME effect of ring-shaped composites used as magnetic sensors under
open-circuit condition. In this case, the only change is setting the right part of Eq. (8) (i.e., the induced current) to be zero. That
is, Rl→ ∞ yields equation that determines the open-circuit ME voltage as follows:

VME,OC =−
H3

(
e31

∫ c

b
r

∂uH

∂ r
dr+ e32

∫ c

b
uHdr

)
+P0

(
e31

∫ c

b
r

∂uS

∂ r
dr+ e32

∫ c

b
uSdr

)
1
l

(
e31

∫ c

b
r

∂uE

∂ r
dr+ e32

∫ c

b
uEdr+

c+b
2

pta33

) . (10)

Hence the ME voltage coefficient αME and the output power
density p is obtained as

αME =
VME

lH3
, p =

|I|2 Re(Rl)

2π (b2− c2) l
, (11)

where I is the output current, and the operation Re is for taking
the real part of a complex number.

3.4. Nonlinear constitutive theory for magnetostrictive
materials

The solutions given in the above section is based on
the linear constitutive relations of magnetostrictive materi-
als. That is, material parameters of magnetostrictive materials,
such as elastic tensor and piezomagnetic coefficient tensor, are
considered as constants under fixed pre-stress and bias mag-
netic field. However, most magnetostrictive materials exhibit
a complex nonlinear magneto-elastic coupling,[36–38] i.e., the
material properties are significantly affected by the pre-stress
and bias magnetic field. Considering the magneto-elastic cou-
pled characteristic may result in some nonlinear ME behav-
iors, and set up new theoretical mechanism for tuning ME per-
formance of the energy harvester. The nonlinear constitutive
relations have been explored extensively and proposed on the
basis of the Gibbs free energy function as follows:[39]

𝜀= 𝑠σ +𝜀(𝜎,𝑀),

𝐻 =

[
1

kM
f−1
(

M
Ms

)
𝐼− λs

µ0M2
s
𝜎̄

]
𝑀 , (12)

where 𝑠 is the compliance coefficient tensor, 𝑀 is the mag-
netization tensors, 𝐼 is the second-rank unit tensor, λs and
Ms are the saturated magnetostriction and magnetization, k
is relaxation factor, µ0 is vacuum permeability, and f (x) is
the Langevin function. The term 𝜀(𝜎,𝑀) represents the
magnetostriction related to magneto-elastic coupling. Read-
ers can refer to Ref. [24] for the more detailed expressions of
𝑠, 𝜀(𝜎,𝑀) and 𝜎̄.

Let us consider now the ME energy harvester response to
a combined magnetic field H = Hdc + h( f ), where Hdc is the
applied bias field and h( f ) is ac magnetic field. Upon expand-
ing the strains as a Taylor series in the vicinity of the applied
bias Hdc, we obtain

εkl = s̄ jpkl (σ ,Hdc)σ jp +∑
1
i!

q̄(i)mkl (σ ,Hdc)hi, (13)

where s̄ jpkl and q̄(i)mkl are the equivalent compliance coefficient
and the equivalent piezomagnetic strain coefficient, respec-
tively. Since the relations in Eq. (13) are derived from non-
linear magneto-elastic constitutive relations, these coefficients
are all functions of the external pre-stress and magnetic field,
defined by

s̄ jpkl (σ ,Hdc) =
∂εkl

∂σ jp
, q̄(i)mkl (σ ,Hdc) =

∂ iεkl

∂H i
dc
. (14)
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It can be seen from Eq. (13) that the nonlinearity of mag-
netostrictive materials may manifest in two aspects: (i) non-
linear dependences of material properties on external stimuli,
i.e., multi-field coupled behavior, and (ii) frequency multiply-
ing resulted from high-order harmonics. Since q̄(i+1)

mkl is at

least an order of magnitude smaller than q̄(i)mkl when an external
bias field is applied, the high-order harmonics may dominate
the frequency spectral pattern only when the ac field is large
enough. As a direct consequence of current flow, ac magnetic
fields are available in most of the locations where the wireless
sensor networks of IoT will be used. These fields, generally
arising from the electric power transmission infrastructure of
buildings, industrial machinery, and consumer electronic de-
vices, are very low (< 1 mT at a distance of 10 mm from the
50 A current conducting cable).[40] In that case, the first-order
strain generated in magnetostrictive phase is several orders of
magnitude larger than the high-order ones.[41] That is, the ME
energy harvesting is applied to collect electric signal that has
the same frequency as the ambient ac field. Thus, Eq. (13) for
first-order harmonic can be rewritten into a linear-like form as
follows:

εkl = s̄ jpkl (σ ,Hdc)σ jp + q̄(1)mkl (σ ,Hdc)h. (15)

Note here that the above linear-like form is fully magneto-
elastic coupled since all the material parameters are strictly de-
rived from the nonlinear magneto-elastic coupling constitutive
relations. In order to unify the nonlinear and linear relations
in form, the relation in Eq. (14) can be rearranged as

σkl = c̄ jpkl (σ ,Hdc)ε jp− d̄(1)
mkl (σ ,Hdc)h, (16)

where the equivalent elastic coefficient and the equivalent
piezomagnetic coefficient are obtained by

c̄ jpkl (σ ,Hdc) = s̄ jpkl (σ ,Hdc)
−1 ,

d̄(1)
mkl (σ ,Hdc) = q̄(1)mkl (σ ,Hdc) s̄ jpkl (σ ,Hdc)

−1. (17)

Therefore, in this section, we reduce the complex non-
linear constitutive relations to an equivalent one by deriving
field-dependent material parameters. To validate the equiva-
lent constrictive relations and the field-dependent material pa-
rameters, the influence of external fields on the material char-
acteristics of Terfenol-D is presented in Fig. 2. Displayed in
Figs. 2(a) and 2(b) are also the plots for the results, existing
in Refs. [42,43], respectively. Note that the material parame-
ters used in the theoretical model are directly taken from the
curves of strain and magnetization given in Refs. [42,43]. It
can be observed from Fig. 2(a) that the elastic compliance
coefficient c̄11 increases initially and then decreases with the
increasing magnetic field. The pre-stress enhances the elas-
tic compliance coefficient in the region of low/moderate field,
but reduces under high field region. In addition, as pre-stress

increases, the maximum value of elastic compliance coeffi-
cient decreases, with the curve drifting to the right. A similar
trend is observed in the curves of piezomagnetic coefficient
d̄33. In all cases, both the predicted coefficients agree well
with experimental data, which lays a reliable foundation for
predicting nonlinear magnto-elasitic coupling character of ME
energy harvesters. Replacing the elastic coefficient c jpkl and
piezomagnetic coefficient dmkl by the equivalent coefficients
c̄ jpkl (σ ,Hdc) and d̄(1)

mkl (σ ,Hdc) respectively, the analytical ex-
pressions in Eqs. (9)–(11) can be used directly for revealing
the essential nonlinear multi-field coupled behaviors.
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Fig. 2. (a) Elastic compliance coefficient and (b) piezomagnetic coeffi-
cient of Terfenol-D versus magnetic field under different pre-stresses.

4. Results and discussions
In this section, numerical calculations are performed for

the ring-shaped composites and some significant predictions
are presented based on our model. The piezoelectric ma-
terial is chosen as BaTiO3, and the magnetostrictive mate-
rials for linear and nonlinear cases are chosen as CoFe2O4

and Terfenol-D, respectively. The material parameters used
for numerical calculations are listed in Tables 3 and 4.[44,45]

The volume fraction of the piezoelectric phase is defined by
v = (c−b)/(c−a). The inner and outer radii of the ring are
fixed at a = 9 mm and c = 13 mm, respectively. The ac field
is Hac = 1 Oe, the resistance is Rl = 50 kΩ, and the volume
fraction is v = 0.5. For studying the resonance ME coupling,
a damping coefficient χ is used to describe resonance loss.
The damping coefficient is determined by χ = 1/Q = ∆ f/ fr,
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where Q is the quality factor for the observed resonance, fr is
resonance frequency, and ∆ f is the bandwidth. Wan et al.[15]

experimentally obtained the effective quality factor of∼48 for
the first bending resonance and ∼51 for the first longitudi-
nal resonance, indicating χ = 0.02 may be believable in nu-

merical calculation. Zhang et al.[46] and Zhao et al.[47] also
used χ = 0.02 to evaluate the resonance ME effects in mul-
tiferroic laminates plates and cylinders. In the current study,
ω ′ = (1+0.02i)ω is taken into account in the numerical cal-
culation.

Table 3. Material parameters of BaTiO3 and CoFe2O4.

c11 (GPa) c22 (GPa) c12 (GPa) e31 (C/m2) e32 (C/m2) a33 (C2/Nm2) d31 (N/Am) ρ (kg/m3)

CoFe2O4 286 286 173 – – – 580 5300
BaTiO3 166 166 77 –4.4 –4.4 12.6×10−9 – 5800

Table 4. Material parameters of Terfenol-D.

Es (GPa) λs (ppm) µ0Ms (T) σs (MPa) χm ρ (kg/m3)

Terfenol-D 110 1000 0.8 200 15 9200

4.1. Model degeneration and validation

It is noteworthy that the theoretical model in the above
sections is established for ring-shaped structures, which, how-
ever, can be degenerated into the model for disk/ring struc-
tures. In the configurations of disk/ring structures, a piezo-
electric disk is inserted into a magnetostrictive ring (denoted
by P/M), or a magnetostrictive disk is inserted into a piezoelec-
tric ring (denoted by M/P). Unlike the ring-shaped structures,
the inner radius a of the disk/ring structures is set to be zero,
and the displacement at the center of disk should not be infi-
nite, i.e., one of the undetermined coefficients in Eq. (5) must
be zero. Recently, the dynamic ME response of a Terfenol-
D disk/PZT ring has been well reported experimentally by Li
and Chen.[48] Here, we compare the predicted ME effects of
Terfenol-D disk/PZT ring with experimental data in Ref. [48],
and plot the open-circuit ME coefficient as a function of the
driving frequency in Fig. 3. Note that for the results presented
in Fig. 3, the inner diameter, the outer diameter, and the thick-
ness are 10 mm, 12 mm, and 0.95 mm, respectively. It may be
observed that the proposed scheme is able to capture both the
maximum ME coefficient and the resonance frequency. The
two sets of results are in very close agreement, indicating that
the theoretical model is sufficiently accurate for characteriza-
tion of dynamic ME effect.
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Fig. 3. ME coefficient of Terfenol-D disk/PZT ring with varying the
driving frequency.

4.2. Regulation mechanism via mechanical boundary con-
ditions

The results presented in Fig. 4 report the ME voltage
of ring-shaped energy harvester versus the driving frequency
of magnetic field for both conventional and stress boundary
conditions listed in Tables 1 and 2. The results for conven-
tional boundary conditions are calculated by setting the ap-
plied stress P0 in Eq. (9) to zero. Since the type of bound-
ary conditions dictates the distribution of displacement field
throughout the composite, the induced ME voltages under dif-
ferent boundary conditions change variously. For some of
the conventional boundary conditions (i.e., F-F, F-C, and C-
F), two obvious resonance frequencies are obtained within the
range of 0–1400 kHz, as shown in Fig. 4(a). In addition, set-
ting a stress-free condition makes it easy to induce a resonance
response at low frequency, while setting a clamped condition
is beneficial for tuning a larger resonance frequency. Thus, the
condition F-F corresponds to the lowest resonance frequency,
whereas the condition C-C to the largest one. Except for the
type of boundary condition, the location at which a specific
condition is applied may affect the transfer of displacement
from one layer to the other, and therefore matters. It can be
found that setting the outer boundary stress-free may result
in notable ME coupling at a lower frequency. For example,
the maximum ME voltages for F-F and C-F conditions are
achieved at the fundamental frequency, while the F-C condi-
tion shows notable ME voltage at the second-order frequency.
The expression in Eq. (9) indicates that ME voltage is signifi-
cantly related to the displacements at the outer boundary r = c
and the interface r = b. Thus, the effect of boundary condition
on ME coupling is twofold. First, the type of boundary con-
dition changes the radial displacement at the outer boundary.
For example, the conditions F-C and C-C dictate a zero dis-
placement at the outer boundary. Second, the solutions of the
undetermined coefficients in Eq. (9), determined by the values
and types of boundary conditions, will indirectly affect the dis-
placement at the interface through the solutions of two Bessel
differential equations. Based on these mechanisms, ME per-
formance of the proposed ring-shaped energy harvester may
be tuned by optimizing the prescribed value of the displace-
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ment on the boundaries.
In the current theory, when the stress boundary conditions

are applied, the only operation is to replace the zero stress by
a nonzero one for a boundary. In other words, relaxing the
conditions S-F or F-S from applied stress to stress-free results
in the condition F-F. Similarly, the corresponding stress-free
condition for S-C and C-S are F-C and C-F, respectively. Com-
paring Figs. 4(a) and 4(b), we find that applying stress can im-
prove ME voltage, without changing the resonance frequency
of the corresponding conditions. The peak ME voltages and
resonance frequencies under different boundary conditions are
summarized in Fig. 5. As can be seen, the peak ME voltages
under conventional boundary conditions are significantly en-
hanced by applying stress at the free boundary. For exam-
ple, the peak ME voltage under the condition F-F is increased
from 0.63 to 1.80 V after applying a 6-kPa stress at the outer
boundary. In essence, piezoelectric effect is improved by the
additional mechanical strain when at least one of boundaries
is subjected to applied stress, resulting in the enhanced output
voltage.
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Fig. 4. ME voltage of ring-shaped energy harvester versus the driving
frequency of magnetic field for (a) conventional and (b) stress boundary
conditions (P0 = 6 kPa).

Figure 6 shows the ME voltage versus the driving fre-
quency with varying the applied stress under different bound-
ary conditions. For all the stress boundary conditions, the re-
sults with a zero stress reduce to those for the corresponding
conventional conditions. It can be seen that as the stress in-
creases, ME voltage is improved continually, demonstrating a
monotonically increase. However, it should be noted that in
actual operation the applied stress may be properly increased,

always assuming that its value P0 should not exceed the al-
lowable stress [σ ] of constituent materials. The present model
shows that the effect of stress boundary conditions on ME cou-
pling is also twofold. First, once a stress is applied at inner
or outer free boundary, it influences the solutions of displace-
ment in Eq. (5) by changing the values of undetermined coeffi-
cients Ai and Bi, In other words, stress boundary condition will
change the strain distributions in the composites, and thus may
improve both piezoelectric and piezomagnetic effects. Sec-
ond, the applied stress increases the second term in the numer-
ator of Eq. (9), and thereby additional voltage is directly ob-
tained via the improved piezoelectric effect. Equation (9) also
suggests that ME performance can be enhanced, only with the
displacement related to stress boundary condition being of the
same sign as that related to the applied magnetic field. This
provides a theoretical guidance for a specific operation.
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Fig. 5. Maximum ME voltages and the corresponding response fre-
quencies under different boundary conditions (P0 = 6 kPa).

Figure 7 shows the output power density versus resistance
under different boundary conditions. For any boundary condi-
tion, a maximum power density is obtained at an optimal re-
sistance Ro. The optimal resistances are different for different
conventional conditions. As is expected, peak power densities
for conventional conditions F-F, F-C, and C-F are enhanced by
applying stress at the original stress-free boundaries. Interest-
ingly, but not surprisingly, the optimal resistance is unchanged
after setting the applied stress. The peak power densities, and
the corresponding optimal resistances and resonance frequen-
cies are summarized in Fig. 8. The C-C boundary condition,
being the one that sets the displacements at both boundaries to
zero, may give rise to the stress built up in the composite, and
thus exhibits notable ME performance. In addition, when the
composite is constrained at least on one side, the optimal re-
sistance appears to be reduced and the resonance frequency be
increased. Consequently, ME harvester under the C-C bound-
ary condition exhibits the maximum power density with the
minimum optimal resistance and highest resonance frequency.
In comparison, a remarkable fact is that the C-S boundary
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condition reduces the resonance frequency for the C-C bound-
ary condition by about 40% with almost unchanging the peak
power density at a larger optimal resistance Ro = 15 kΩ. In all,

there is still much room for improvement in ME performance
since the applied stress in Fig. 8 is only 6 kPa, which is far less
than the allowable stress of constituent materials.
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Fig. 6. ME voltage versus the driving frequency for different boundary conditions: (a) C-S, (b) S-C, (c) F-S, and (d) S-F.
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4.3. Regulation mechanism via multi-field stimuli

In this section, we intend to study the nonlinear multi-
filed coupled mechanisms of ME energy harvester and tune
ME performance via external stimuli. Experiments have
demonstrated that a typical giant magnetostrictive material
Terfenol-D exhibits strong magnetostrictive effect and com-
plex nonlinear coupling characteristics when it is subjected
to combined stress and magnetic loadings. Therefore, we
select Terfenol-D as the magnetostrictive phase of the ring-
shaped composites and expect to obtain some novel phenom-
ena. The material parameters used for numerical calculations
are listed in Table 4. Unless otherwise mentioned, the applied
pre-stress is fixed at σ0 = −10 MPa. Figure 9 displays the
ME voltage versus the applied bias magnetic field for differ-
ent frequencies. Note that the results presented in Fig. 8(a)
include ME voltages of Terfenol-D/BaTiO3 using nonlinear
model and CoFe2O4/BaTiO3 using linear model. It can be
seen that the ME voltage predicted from linear model is in-
dependent of the applied bias field at any frequency. How-
ever, when the nonlinear multi-field coupling of Terfenol-D is
taken into account in the nonlinear model, an interesting phe-
nomenon happens. That is, the ME voltage firstly increases
and then decreases with bias magnetic field, indicating that
an optimal bias field may be used to tune ME performance of
the ring-shaped composites. This highlights the second nov-
elty of this study while accounting for active control of ME
energy harvesters. Generally, ME composites need to be op-
erated at an external bias magnetic field for available ME re-
sponse since piezomagnetic effect vanishes at zero field. This,
however, inevitably increases the excess energy consumption.
Most of the conventional ME composites used a pair of elec-
tromagnets to produce bias magnetic fields, because it is con-
venient to adjust the magnitude of bias field. However, the
electromagnets may cause an increase in the complexity of
the device and a compromise in the performance. In the cur-
rent study we present a simple and effective way to design a
self-biased ME energy harvester. Four pieces of plate-shaped
NdFeB magnets are arranged in the 0◦, 90◦, 180◦, and 270◦

directions in a ring-shaped aluminum mold cavity of dimen-
sions the same as the magnetostrictive ring so as to create a
bias magnetic field. With the NdFeB magnets in place, the
Terfenol-D short fibers are aligned and then the epoxy is trans-
ferred into the mold. Therefore, a magnetically biased mag-
netostrictive composite ring is successfully fabricated. Based
on the proposed nonlinear theoretical model, the optimal bias
fields for different application scenarios can be accurately pre-
dicted in advance. Then, the precise static magnetic field may
be produced by choosing NdFeB magnets with proper dimen-
sions. It can be seen from Fig. 9(a) that at comparatively lower
frequencies only one peak appears in the ME voltage versus
bias field curve of Terfenol-D/BaTiO3. As the frequency in-
creases, the peak position moves slightly toward higher bias
field, and the ME coupling effect is enhanced considerably.
According to the interfacial conditions in Eq. (6), the term uH

in Eq. (7) is proportional to (equivalent) piezomagnetic coef-
ficient. Thus, we can deduce from Eq. (7) that ME voltage
should be also proportional to the (equivalent) piezomagnetic
coefficient. The solutions for nonlinear material parameters
in section 3.4 show that the equivalent piezomagnetic coeffi-
cient depends strongly on the applied bias field. That is why
ME voltage is markedly affected by the bias field. Essentially,
the peak position of ME voltage corresponds to the optimal
bias filed Hopt at which the maximum value of the equivalent
piezomagnetic coefficient of Terfenol-D occurs. Figure 9(a)
also indicates that low frequency has a slight effect on the
Hopt. At frequencies from 400 to 430 kHz, the curve of ME
coefficient varying with bias field exhibits a dual-peak phe-
nomenon, namely, two peaks appear with the increase of bias
field. A similar dual-peak phenomenon was recently exper-
imentally observed in laminated ME composites by Zhao et
al.[49] and our group.[50] With increasing the frequency, the
first peak moves toward lower bias field while the second one
toward higher bias field. For example, the first peak appears at
216 Oe for f = 400 kHz, and 76 Oe for f = 430 kHz, respec-
tively; the second peak appears at 560 Oe for f = 400 kHz,
and 896 Oe for f = 430 kHz, respectively. At the same time,
both the first and second peaks are reduced by increasing fre-
quency. Since the dual-peak phenomenon appears at larger
frequency and the optimal field corresponding the second peak
is changed, we deduce that the origin and mechanism of this
phenomenon may be related to both the frequency of ac field
and the magnitude of bias field. To validate this, ME voltage
versus the driving frequency is plotted in Fig. 10, with the bias
field being set at previously specified ones, i.e., 560, 680, 788,
and 896 Oe, which are the values of the optimal fields at fre-
quencies of 400, 410, 420, and 430 kHz, respectively. When
the bias field is fixed, the ME voltage maximizes at a certain
frequency due to the mechanical resonance of the ring-shaped
composites under ac magnetic field. This indicates a one-to-
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one correspondence between the resonance frequency and the
bias field we call it the required field. It should be noted that
the resonance frequency and the required field in Fig. 10 co-
incide exactly with those in Fig. 9(b). Meanwhile, the second
peak of ME voltage in Fig. 9(b) at a fixed bias field are exactly
the same as the peak ME voltage in Fig. 10 at the same bias
field. Therefore, it has been proved that the occurrence of the
second peak is caused by the resonance under a certain value
of magnetic field. Equation (16) reveals that variation of the
equivalent elastic coefficient with external bias field, known as
∆E effect,[51,52] may lead to the resonance frequency change
with the bias field. That is why the peak ME voltage and the
resonance frequency in Fig. 10 changes with the bias field.
Based on this mechanism, a much broader range of resonance
frequencies is expected to be achieved.
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Fig. 9. ME voltage versus the applied bias magnetic field for different
frequencies: (a) 100, 130, 160, and 190 kHz, and (b) 400, 410, 420, and
430 kHz (σ0 =−10 MPa).
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Figure 11 displays the ME voltage versus the applied
bias magnetic field for different pre-stresses. As pre-stress in-
creases, the first peak increases with the optimal field moving
slightly toward right, while the second peak reduces with the
required field moving toward right. Thereby, available ME
coupling may be realized within a wide bias field. By way of
example, the ME voltage with σ0 =−10 MPa reaches 70% of
the second peak when the bias field is in the range from 156 to
560 Oe. The variation of the optimal (required) fields and the
peaks are plotted in Fig. 12. It can be seen that each keeps a
linear relation with the external pre-stress, offering much con-
venience for tuning ME performance of the proposed energy
harvester.
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Lastly, we study the effects of pre-stress on the resonance
of the composites. Figure 13 shows the ME voltage versus
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the driving frequency for different pre-stresses. At a lower
bias field (100 Oe), ME voltage is enhanced by increasing ten-
sile stress, with the resonance frequency being reduced. On
the contrary, the ME voltage is weakened by increasing com-
pressive stress, with the resonance frequency being increased.
However, at a high bias field (500 Oe), the ME voltage is im-
proved via reducing tensile stress or increasing compressive
stress, with the resonance frequency being reduced. This in-
dicates that a critical bias field may occur, below and above
which the effects of pre-stress on the peak ME voltage and
the resonance frequency are completely opposite. This critical
bias field is actually the same as the optimal field correspond-
ing to extreme point of the equivalent coefficient of Terfenol-
D.
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Fig. 13. ME voltage versus the driving frequency for different pre-
stresses: (a) Hdc = 100 Oe, and (b) Hdc = 500 Oe.

Figure 14 shows the contour plots of the peak ME volt-
age and resonance frequency as functions of pre-stress and
bias field. The results presented further validate the differ-
ent change laws of peak ME voltage and resonance frequency
with the pre-stress at different bias magnetic fields. When the
bias field is lower than 200 Oe, the peak ME voltage is reduced
as pre-stress increases from −60 to 0 MPa. However, a non-
monotone variation is observed when the bias field exceeds
200 Oe. As a consequence, the maximum peak occurs in the
region of (−30 MPa < σ0 <−20 MPa, Hdc > 240 Oe). Fig-
ure 14(b) indicates that a broad range of resonance frequencies
is obtained to be 385–425 kHz by coordinately control external
pre-stress and magnetic stimuli. It is expected that the range of
resonance frequencies can be further broadened by adjusting
bias magnetic field. The critical bias filed for resonance fre-
quency is about 275 Oe, below which the latter monotonically

increases with pre-stress, or above which firstly reduces and
then increases. Therefore, the predicted nonlinear behaviors
under external stimuli build a new theoretical mechanism for
tunable control of ME energy harvesters.
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Fig. 14. Contour plots of (a) the peak ME voltage and (b) the resonance
frequency as functions of pre-stress and bias field.

5. Conclusions
In summary, we have proposed a theoretical model for

studying ME coupling of energy harvesters using ring-shaped
composites, with introducing a new type of boundary condi-
tions as well as considering the multi-field coupled material’s
properties. This model can be applied to predict output ME
voltage, resonance frequency and power density of applica-
tions including energy harvesting and sensing under external
stimuli. By utilizing the theoretical model, some important
conclusions can be drawn as follows:

(1) Setting a stress-free condition at any boundary is ben-
eficial for inducing mechanical resonance, and thereby the F-F
boundary condition corresponds to the lowest resonance fre-
quency and more harmonics within the range of frequencies
(0–1400 kHz) investigated.

(2) Clamped conditions on the inner and outer boundaries
may give rise to the stress built up in the composite, and thus
improve the maximum power density. Once the composite is
constrained at least on one side, the optimal resistance reduces
and the resonance frequency increases.

(3) Stress boundary conditions strengthen strain distribu-
tion, and enhance ME coupling significantly, without chang-
ing the corresponding resonance frequency and optimal resis-
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tance. The applied stress in actual operation may be properly
increased on the premise that its value P should not exceed the
allowable stresses of constituent materials.

(4) A theoretically revealed dual-peak phenomenon
around resonance frequencies demonstrates the occurrence of
two optimal bias fields corresponding to the strong ME cou-
pling. The linear relation between pre-stress and the optimal
bias field offering much convenience for tuning ME perfor-
mance within a wide field range.

(5) The peak ME voltage is increased from 1.4 to 3.2 V
with applying proper pre-stress and bias field. A broad range
of resonance frequencies can be obtained from 385 to 425 kHz
by tuning pre-stress from 0 to 60 MPa and bias field from 100
to 400 Oe. It is expected that the mutual coordination of the
applied bias magnetic field and pre-stress promotes commonly
the improvement of ME performance.

The present theoretical model provides more options for
optimizing ME performance of ring-shaped composites via
mechanical and magnetic conditions. Nonlinear coupling
properties revealed in this paper may result in an emerging
revolution for tunable, active, or even smart control of ME
harvesters. In addition, the current modeling idea may be ap-
plied to solve nonlinear multi-field coupling problem of other
smart materials and structures.
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