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SPECIAL TOPIC — Twistronics

Magnon bands in twisted bilayer honeycomb quantum magnets*
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We study the magnon bands of twisted bilayer honeycomb quantum magnets using linear spin wave the-
ory. Although the interlayer coupling can be ferromagnetic or antiferromagnetic, we keep the intralayer one
ferromagnetic to avoid possible frustration. For the interlayer ferromagnetic case, we find the magnon bands
have similar features with the corresponding electronic energy spectrums. Although the linear dispersions near
the Dirac points are preserved in the magnon bands of twisted bilayer magnets, their slopes are reduced with
the decrease of the twist angles. On the other hand, the interlayer antiferromagnetic couplings generate quite
different magnon spectra. The two single-layered magnon spectra are usually decoupled due to the opposite
orientations of the spins in the two layers. We also develop a low-energy continuous theory for very small
twist angles, which has been verified to fit well with the exact tight-binding calculations. Our results may be
experimentally observed due to the rapid progress in two-dimensional magnetic materials.

Keywords: magnon bands, twisted bilayer, quantum magnets, linear spin wave theory
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1. Introduction

The recent discovery of the correlated insulator
and unconventional superconductivity in twisted bilayer
graphene has attracted intense interests.[1–8] By rotating
the layers to a small angle, a misalignment induced in
the bilayer system introduces a long-period moiré super-
lattice. Such a superlattice therefore modulates the elec-
tronic structure, and leads to nearly flat band at the magic
angles. These bands become so narrow that the electron-
electron correlations dominate over kinetic energy, giv-
ing rise to the above correlated quantum phases.[9] Since
twisted bilayer graphene is relatively simple and highly
tunable, it is anticipated that this system can serve as
an ideal platform to investigate the strongly-correlated
physics.

Moiré superlattices have also been employed to en-
gineer flat bands in other two-dimensional (2D) mate-
rials, such as twisted double-bilayer graphene, trilayer
graphene, and twisted bilayer of the transition metal
dichalcogenide, where rich correlation phenomena have
been revealed.[10–19] While research has been primarily
centered on twisted electronic systems, there appear the-
oretical studies addressing the remarkable physical prop-

erties in twisted Kitaev bilayers[20] and twisted optical
lattices.[21,22] It is accepting that twisting is a simple and
general approach to creating exotic quantum matter.

Recently rapid progress in 2D magnetic atomic crys-
tals has been made.[23–27] Various monolayer and mul-
tilayer van der Waals (vdW) magnetic materials have
been discoveried, and different kinds of ferromagnetic
(FM) and antiferromagnetic (AFM) orders have been
observed.[28–36] The 2D vdW magnetic materials have
a huge potential to create novel functional devices,
and have important applications in the next-generation
nanoelectronics.[37–42] Of course, they are also impor-
tant in fundamental research. The physics can be de-
scribed by a generalized Heisenberg spin Hamiltonian,
and a broad range of parameter regimes can be realized
in a rich variety of materials. All three spin Hamiltoni-
ans, i.e., Ising, XY , and Heisenberg models, can be re-
covered in specific limits.[43–46] Besides, external pertur-
bations, such as gating, strain, etc., can further tune the
range of model parameters.[47–51] These make the mag-
netic 2D materials into an ideal platform to examine the
well-established theories[52–54] and explore new quantum
phases.[55–57]
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Motivated by these advances in the studies of the
twisted 2D materials and 2D magnetic materials, we
study how the twist alters the magnon bands in twisted
bilayer honeycomb quantum magnets here. We keep the
intralayer FM coupling, and study the magnon bands
with interlayer FM and AFM couplings in AA(AB)-
stacked and twisted bilayer quantum magnets. Our study
is closely related to the rapid experimental progress in
two-dimensional magnetic materials.

2. AA-stacked honeycomb magnets

Twisted bilayers are characterized by non-zero angle
θ between two honeycomb layers. Since the twist may
be performed based on AA-stacked bilayer, we start from
the spin-1/2 Heisenberg model on this geometry, which
can be written as

H =−J ∑
⟨i j⟩,ℓ

𝑆i,ℓ ·𝑆 j,ℓ− J⊥ ∑
⟨i j⟩

𝑆i,2 ·𝑆 j,1, (1)

where 𝑆i,ℓ = (Sx
i,ℓ,S

y
i,ℓ,S

z
i,ℓ) is the spin-1/2 operator at

site i in layer ℓ = 1,2; the summation runs over nearest-
neighbor sites ⟨i j⟩; J (J⊥) is the intralayer (interlayer)
coupling constant, and we first consider the FM case, i.e.,
J > 0 and J⊥ > 0.

Using Holstein–Primakoff (HP) transformation, the
spin operators are expressed in term of bosonic creation
and annihilation operators. In the FM case, the transfor-
mation in the linear spin-wave theory is defined as

S+i =
√

2Sai, Sz
i = S−a†

i ai. (2)

After ignoring a constant and four-operator terms, the re-
sulting bosonic tight binding Hamiltonian becomes

HAA
FM = −J ∑

⟨i j⟩,ℓ

1
2
(a†

i,ℓa j,ℓ+ai,ℓa
†
j,ℓ)

−J⊥∑
i

1
2
(a†

i,1ai,2 +ai,1a†
i,2)

+
3J+ J⊥

2 ∑
i,ℓ

a†
i,ℓai,ℓ. (3)

Performing a Fourier transformation, the above Hamilto-
nian writes as H = ∑𝑘 ψ

†
𝑘ℋFM(𝑘)ψ𝑘, where

ψ𝑘 = {aA,1(𝑘),aB,1(𝑘),aA,2(𝑘),aB,2(𝑘)}T

is the basis, and

ℋAA
FM(𝑘) =ℋAA

0 (𝑘)+
3J+ J⊥

2
, (4)

with

ℋAA
0 (𝑘) =


0 f (𝑘) −J⊥/2 0

f *(𝑘) 0 0 −J⊥/2
−J⊥/2 0 0 f (𝑘)

0 −J⊥/2 f *(𝑘) 0

 , (5)

and f (𝑘) = −(J/2)(1 + e−i𝑘·𝑎1 + e−i𝑘·𝑎2) [𝑎1 =

(
√

3,0),𝑎2 = (
√

3/2,3/2) the primitive vectors].
With a unitary transformation ψ𝑘 = U(𝑘)φ𝑘

(U(𝑘)†U(𝑘) = I), the above Hamiltonian is directly di-
agonalized, and the spectrum contains four branches:
(3J+ J⊥)/2± J⊥/2± | f (𝑘)|. The magnon band struc-
ture is shown in Fig. 1. Compared to that of single-layer
honeycomb magnet, the Dirac points are shifted upward
and downward by J⊥/2, which is exactly the same as that
of AA-stacked graphene except for an overall translation
of 3J+ J⊥/2.
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Fig. 1. (a) The magnon band structure of AA-stacked FM bilayer.
(b) The magnon bands along the high symmetry points in the first
Brillouin zone, which are shown in the inset. The parameter is
J⊥/J = 0.17.

Now we turn to consider the case with interlayer
AFM exchange, i.e., J⊥ < 0, while the intralayer cou-
pling remains FM coupling. The following magnetic
configuration is assumed: the spins in layer 1 (2) are
along the positive (negative) z axis. The HP transforma-
tion in layer 1 is the same as that in Eq. (2). In layer 2, the
spin is in the opposite direction, thus the spin operators
write as

S+2,i = a†
i,2

√
2S, Sz

2,i = a†
i,2ai,2 −S. (6)

The resulting bosonic tight binding Hamiltonian be-
comes

HAA
AFM = −J ∑

⟨i j⟩,ℓ

1
2
(a†

i,ℓa j,ℓ+ai,ℓa
†
j,ℓ)

−J⊥∑
i

1
2
(ai,1ai,2 +a†

i,1a†
i,2)

+
3J− J⊥

2 ∑
i,ℓ

a†
i,ℓai,ℓ. (7)

Under the basis

ψ𝑘 = {aA,1(𝑘),aB,1(𝑘),a
†
A,2(−𝑘),a†

B,2(−𝑘)}T,
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the above Hamiltonian in the momentum space can be
written as

ℋAA
AFM(𝑘) =ℋAA

0 (𝑘)+
3J− J⊥

2
, (J⊥ < 0). (8)

We use Bogoliubov transformation ψ𝑘 =U(𝑘)φ𝑘 to
diagonalize the above Hamiltonian

U(𝑘)†ℋAA
AFM(𝑘)U(𝑘) = D,

with D is a diagonal matrix. The transformation satisfies
U(𝑘)†szU(𝑘) = sz to maintain the commutation relation
of bosons. Then we have szℋAA

AFM(𝑘)U(𝑘) = U(𝑘)szD,
which means the Bogoliubov transformation U(𝑘) is the
eigenvector of szℋAA

AFM with the eigenvalue szD. Thus we
obtain the magnon spectrum

E±
𝑘 =

√(
| f (𝑘)|± 3J− J⊥

2

)2

−
(

J⊥
2

)2

,

each of which is two-fold degenerate. For small J⊥ and
near the Dirac points,

E±
𝑘 ∼±| f (𝑘)|+ 3J− J⊥

2
−

J2
⊥

4(3J− J⊥)
,

and the Dirac point is slightly shifted downward, and
the dispersion remains linear. As shown in Fig. 2, the
magnon spectrum is almost the same as that of the single-
layer FM case, suggesting the magnon excitations from
different spin alignments are decoupled.
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Fig. 2. (a) The magnon band structure of AA-stacked FM bilayer
with interlayer AFM exchange. (b) The magnon bands along the
high symmetry points in the first Brillouin zone. The parameters are
the same as those of Fig. 1.

3. AB-stacked honeycomb magnets
Next we consider AB-stacked bilayer quantum mag-

nets, which can be viewed as rotating AA-stacked bilayer
by θ = 60∘. In the intralayer and interlayer FM case, the
bosonic tight binding Hamiltonian is

HAB
FM = −J⊥∑

i

1
2
(a†

iB,1aiA,2 +aiB,1a†
iA,2)

+
J⊥
2 ∑

i
(a†

iB,1aiB,1 +a†
iA,2aiA,2)

−J ∑
⟨i j⟩,ℓ

1
2
(a†

i,ℓa j,ℓ+ai,ℓa
†
j,ℓ)

+
3J
2 ∑

i,ℓ
a†

i,ℓai,ℓ. (9)

In the momentum space, it is written as

ℋAB
FM(𝑘) =ℋAB

0 (𝑘)+𝒟FM, (10)

with

ℋAB
0 (𝑘) =


0 f (𝑘) 0 0

f *(𝑘) 0 −J⊥/2 0
0 −J⊥/2 0 f (𝑘)
0 0 f *(𝑘) 0

 ,

𝒟FM =


3J/2 0 0 0

0 (3J+ J⊥)/2 0 0
0 0 (3J+ J⊥)/2 0
0 0 0 3J/2

 .

The spectrum contains four branches:

E±
1 =

3J
2
±| f (𝑘)|,

E±
2 =

3J+ J⊥
2

±

√
J2
⊥+4| f (𝑘)|2

2
,

where | f (𝑘)| is linear in k near the Dirac points K,K′,
and thus E±

1 cross at 3J/2 linearly [see Fig. 3(a)]. Mean-
while,

E+
2 ∼ 3J

2
+ J⊥+

| f (𝑘)|2

J⊥
,

E−
2 ∼ 3J

2
− | f (𝑘)|2

J⊥
,

which are quadratic in k near the Dirac points.
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Fig. 3. The magnon bands along the high symmetric lines in the first
Brillouin zone for AB-stacked bilayers with: (a) the interlayer FM
coupling; (b) the interlayer AFM coupling. Insets of both figures
show the enlarged plots of the magnon bands near the Dirac point.

Then we change interlayer coupling AFM. The
bosonic tight binding Hamiltonian becomes

HAB
AFM = −J⊥∑

i

1
2
(a†

iA,2a†
iB,1 +aiA,2aiB,1)
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− J⊥
2 ∑

i
(a†

iB,1aiB,1 +a†
iA,2aiA,2)

−J ∑
⟨i j⟩,ℓ

1
2
(a†

i,ℓa j,ℓ+ai,ℓa
†
j,ℓ)

+
3J
2 ∑

i,ℓ
a†

i,ℓai,ℓ. (11)

In the momentum space, we have

ℋAB
AFM(𝑘) =ℋAB

0 (𝑘)+𝒟AFM, (12)

with

𝒟AFM =


3J/2 0 0 0

0 (3J− J⊥)/2 0 0

0 0 (3J− J⊥)/2 0

0 0 0 3J/2

 .

By diagonalizing szℋAB
AFM(𝑘), we obtain the magnon

spectrum

E±
𝑘 =

√(
3J
2

)2

± g(𝑘)
2

+ | f (𝑘)|2 −
(

3J
2

)
J⊥
2
,

with

g(𝑘) =

√
3J
2

[(
3J
2

)
J2
⊥−8J⊥| f (𝑘)|2 +16

(
3J
2

)
| f (𝑘)|2

]
.

Near the Dirac points,

E+ ∼ 3J
2
+

[4(3J/2)− J⊥]| f (𝑘)|2

2(3J/2)J⊥
,

E− ∼

√(
3J
2

)2

−
(

3J
2

)
J⊥

+
[−4(3J/2)+3J⊥]| f (𝑘)|2

2J⊥
√

(3J/2)2 − (3J/2)J⊥
,

which are quadratic in k. The spectrum is gapped
on the Dirac points, with the gap size 3J/2 −√
(3J/2)2 − (3J/2)J⊥.

4. Twisted bilayer quantum magnets

By taking any vertical bond in AA-stacked bilayer
as the axis, the twisted bilayers are generated by rotating
one layer around the axis, while the other layer remains
fixed. The periodicity is maintained for commensurate
θ , when a certain site of one layer ends up exactly over
a site of the other after the rotation. The Bravais lattice
of the superstructure is hexagonal with the two unit vec-
tors: L1 = m𝑎1+n𝑎2 and L2 =−n𝑎1+(m+n)𝑎2. Each

supercell contains N = 4(m2 +mn+ n2) sites.[58,59] The
twist angle writes as

θ = 2sin−1 m−n

2
√

m2 +n2 +mn
.

In the following, we consider the commensurate twist
angles 21.8∘, 6.01∘, and 3.89∘, which correspond to
(m,n) = (2,1),(6,5),(9,8), respectively. The case of
smaller angles have too large supercells to deal with
using our computer, and thus instead we calculate the
magnon spectrum using the low-energy continuous the-
ory near the Dirac points.[64,65]

The nearest-neighbor intralayer FM coupling are
considered with the strength as the energy scale. The
strength of interlayer coupling between sites ri and r j

is given by Ji j = J⊥ e−[(|ri−ri|−d0)/ξ ], where the param-
eters are set as J⊥/J = −0.17, d0 = 0.335 nm, and
ξ = 0.0453 nm.
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θ=21.8Ο

θ=6.01Οθ=6.01Ο

θ=3.89Ο θ=3.89Ο

Fig. 4. Magnon band structures of twisted bilayers with twist angles
of 21.8∘, 6.01∘, and 3.89∘: (a)–(c) the interlayer FM coupling; (d)–
(f) the interlayer AFM coupling. The intralayer couplings are FM
case in all figures. We also plot the magnon spectrums without in-
terlayer coupling (dashed red lines). To compare the Dirac velocity,
the Dirac points are moved to the same positions as those in twisted
bilayers.

The magnon spectrums are show in Fig. 4. Since
the z component of each Heisenberg term generates a
positive potential in the HP transformation, the bands
are shifted upward compared to the cases without the
interlayer coupling. The Dirac cones are preserved for
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the studied angles. In the interlayer FM cases, while
the slopes are almost unchanged for large twist angles
(θ = 21.8∘,6.01∘), there is a clear reduction for small
angle θ = 3.89∘. The behavior is very similar to that
of twisted bilayer graphene.[62,63] It is expected that the
magnon bands becomes flatting as the angle is further
decreased. In contrast, the spectrum of the interlay AFM
case differs little from that of the single-layer quantum
FM case, further verifying the spin excitations of oppo-
site spin orientations do not couple with each other.

Now we begin to study the mangon spectrums of
small twist angles using the low-energy continuous the-
ory near the valley 𝐾± =

(
4π/3

√
3a
)
(±1,0), where a

is the lattice constant. Ignoring the overall potential from
the z-component of the Heisenberg couplings, the effec-
tive bosonic Hamiltonian consists of three terms[64–71]

H(±)
eff = ∑

𝑘

[
ψ

†
b (𝑘)h

(±)
θ/2

(
𝑘−𝐾b

±
)

ψb(𝑘)

+ψ
†
t (𝑘)h

(±)
−θ/2

(
𝑘−𝐾 t

±
)

ψt(𝑘)

+
3

∑
j=1

(
ψ

†
b (𝑘)T

(±)
j ψt(𝑘+𝑋

(±)
j )+h.c.

)]
(13)

with 𝐾t
± = ℛθ/2𝐾± and 𝐾b

± = ℛ−θ/2𝐾±, where ℛθ

rotates a vector by angle θ counterclockwise. 𝑘 rep-
resents the momenta near the Dirac point 𝐾±, which
writes as 𝑘0 +m𝐺1 + n𝐺2 +𝑌± with 𝑘0 in the moiré
first Brillouin zone and 𝑌± = (𝐾t

± +𝐾b
±)/2 ±𝐺1/2.

Here, 𝐺1 = Kθ (1,0) and 𝐺2 = Kθ (−1/2,
√

3/2) with
Kθ = [8π sin(θ/2)]/3a is the length of the basis vectors
in the moiré Brillouin zone. In practice, the integers m,n
are cut off to finite values, i.e., m,n = −l, . . . , l, and the
magnon spectrums converge quickly as the cutoff value
l increases. The first two terms describe the isolated FM
sheets of the top and bottom layers under the bases

ψb(𝑘) =

[
ϕA,b(𝑘)
ϕB,b(𝑘)

]
, ψt(𝑘) =

[
ϕA,t(𝑘)
ϕB,t(𝑘)

]
. (14)

The low-energy Hamiltonian for a layer rotated by an an-
gle θ is h(±)

θ
(𝑘) = h̄vf(ℛθ𝑘) ·(±σx,σy), which is a Dirac

one. The last term in Eq. (13) describes hoppings be-
tween layers with the hopping matrix

T (±)
j = ω

[
1 e∓2π i/3( j−1)

e±2π i/3( j−1) 1

]
, (15)

and 𝑋
(±)
1 = (0,0), 𝑋(±)

2 = ±(𝐺1 +𝐺2), and 𝑋
(±)
3 =

±𝐺2. The magnon spectrum is calculated directly, and

the result for the θ = 3.89∘ case is shown in Fig. 5. We
find the interlayer coupling strength ω = 0.0439 eV gives
the best match between the continuous theory and ex-
act tight-binding calculation. It is expected that ω will
change with the twisted angle θ . However the deter-
mined strength at relatively large θ provides a good ap-
proximation for the cases of smaller angles, which are
very hard to access in the tight-binding method.

E
 ↼

e
V

↽

5.2

5.4

4.8

4.6

5.0
exact diagonalization

continuous theory

K Γ Μ Κ′

Fig. 5. Comparison of the low-energy magnon bands between the
continuous theory and exact tight-binding calculation with the FM
interlayer coupling. Here the twist angle is θ = 3.89∘.

5. Conclusions

The magnon bands of both the bilayer and twisted
bilayer honeycomb quantum magnets are studied using
linear spin wave theory. The interlayer ferromagnetic or-
der but two kinds of intralayer exchange couplings are
considered. When the two layers are ferromagnetically
coupled, the linear dispersions near the magnon Dirac
points are preserved, and their slopes are reduced with
the decrease of the twist angles. For the interlayer an-
tiferromagnetic case, we find that the two monolayer
magnon dispersions are usually decoupled due to the op-
posite orientations of the spins in the two layers. Fi-
nally a low-energy continuous theory is developed for
the small twist angles, and fits well with the exact tight-
binding calculations.

Experimentally there have revealed intrinsic mag-
netism in various atomically thin crystals. Among them,
CrX3 (X =Cl, Br, I) is a family of 2D honeycomb quan-
tum magnets. Specifically, intralayer ferromagnetism
and interlayer antiferromagnetism has been observed in
bilayer CrI3.[72–75] Besides, it has been proposed that the
interlayer exchange coupling can be tuned between AFM
and FM by changing the interlayer stacking order.[76]

Thus based on these bilayer honeycomb quantum mag-
nets, our results may be experimentally observed using
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the state of the art measurements, such as inelastic neu-
tron scattering and magneto-Raman spectroscopy.[77]
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[62] Suárez Morell M E, Correa J D, Vargas P, Pacheco M and Bar-
ticevic Z 2010 Phys. Rev. B 82 121407(R)

[63] Trambly de Laissardire d L G, Mayou D and Magaud L 2010
Nano Lett. 10 054406

[64] Bistritzer R and MacDonald A H 2011 Proc. Nat. Acad. Sci.
USA 108 12233

[65] Lopes dos Santos d S J M B, Peres N M R and Castro Neto N
A H 2012 Phys. Rev. B 86 014420

[66] Koshino M 2015 New J. Phys. 17 015014
[67] Koshino M, Yuan N F Q, Koretsune T, Ochi M, Kuroki K and

Fu L 2018 Phys. Rev. X 8 11131
[68] Lee J Y, Khalaf E, Liu S, Liu X, Hao Z, Kim P and Vishwanath

A 2019 Nat. Commun. 10 544
[69] Ma Z, Li S, Zheng Y, Xiao M, Jiang H, Gao J and Xie X 2021

Sci. Bull. 66 192405

[70] Abouelkomsan A, Liu Z and Bergholtz E J 2020 Phys. Rev.
Lett. 124 106803

[71] Balents L 2019 SciPost Physics 7 048
[72] Huang B, Clark G, Navarro-Moratalla E, Klein D R, Cheng R,

Seyler K L, Zhong D, Schmidgall E, McGuire M A, Cobden
D H and others 2017 Nature 546 1133

[73] Song T, Cai X, Tu M W, Zhang X, Huang B, Wilson N P, Seyler
K L, Zhu L, Taniguchi T, Watan K, McGuire M A, Cobden D
H, Xiao D, Yao W and Xu X 2018 Science 360 1214

[74] Klein D R, MacNeill D, Lado J L, Soriano D, Navarro-
Moratalla E, Watanabe K, Taniguchi T, Manni S, Canfield P,
Fernández-Rossier J and Jarillo-Herrero P 2018 Science 360
1181

[75] Thiel L, Wang Z, Tschudin M A, Rohner D, Gutiérrez-Lezama
I, Ubrig N, Gibertini M, Giannini E, Morpurgo A F and
Maletinsky P 2019 Science 364 199

[76] Sivadas N, Okamoto S, Xu X, Fennie C J and Xiao D 2018
Nano Lett. 18 167

[77] Cenker J, Huang B, Suri N, Thijssen P, Miller A, Song T,
Taniguchi T, Watanabe K, McGuire M A, Xiao D and others
2020 Nat. Phys. 17 20

077505-7

https://link.aps.org/doi/10.1103/PhysRevB.96.155416
https://www.pnas.org/content/108/30/12233
https://www.pnas.org/content/108/30/12233
https://link.aps.org/doi/10.1103/PhysRevB.86.155449
https://link.aps.org/doi/10.1103/PhysRevB.82.121407
https://doi.org/10.1021/nl902948m
https://doi.org/10.1021/nl902948m
https://www.pnas.org/content/108/30/12233
https://www.pnas.org/content/108/30/12233
https://link.aps.org/doi/10.1103/PhysRevB.86.155449
https://doi.org/10.1088%2F1367-2630%2F17%2F1%2F015014
https://link.aps.org/doi/10.1103/PhysRevX.8.031087
https://www.nature.com/articles/s41467-019-12981-1
https://www.sciencedirect.com/science/article/pii/S2095927320306575
https://www.sciencedirect.com/science/article/pii/S2095927320306575
https://link.aps.org/doi/10.1103/PhysRevLett.124.106803
https://link.aps.org/doi/10.1103/PhysRevLett.124.106803
http://dx.doi.org/10.21468/SciPostPhys.7.4.048
https://www.nature.com/articles/nature22391?sf86685293=1
https://science.sciencemag.org/cntent/360/6394/1214
https://science.sciencemag.org/content/360/6394/1218
https://science.sciencemag.org/content/360/6394/1218
https://science.sciencemag.org/coontent/364/6444/973
https://doi.org/10.1021/acs.nanolett.8b03321
https://doi.org/10.1021/acs.nanolett.8b03321
https://www.nature.com/articles/s41567-020-0999-1

	1. Introduction
	2. AA-stacked honeycomb magnets
	3. AB-stacked honeycomb magnets
	4. Twisted bilayer quantum magnets
	5. Conclusions
	References

