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SPECIAL TOPIC — Optical field manipulation

Bound states in the continuum on
perfect conducting reflection gratings”

Jianfeng Huang (35 #/0%), Qianju Song(RA%%), Peng Hu(#/¥), Hong Xiang(I114L)", and Dezhuan Han(Ff# % )*

College of Physics, Chongqing University, Chongqing 401331, China

(Received 5 February 2021; revised manuscript received 12 March 2021; accepted manuscript online 16 March 2021)

Bound states can be supported on the surface of a periodically corrugated perfect conductor known as spoof surface
plasmon polaritons with their dispersion curves reside below the light line. Here we show that bound states in the continuum
(BICs) can also be achieved in such systems. Two types of grating structures are proposed to suppress the radiation leakage
and hence generate bound states. The first one is a simple grating with broad grooves in which multiple cavity modes are
accommodated. Due to the symmetry incompatibility and the destructive interaction mainly from the TMg and TM| modes,
BICs at the I point and at off-I" points are both realized. The second one is a dimerized grating with two grooves in each
unit cell. The destructive interaction between the modes in the two grooves can suppresses the radiation and BICs at the
I" point are observed. The Q factors of the whole bands can be further tuned by the dimerization strength effectively. This
work may offer new opportunity for the applications of metallic grating in the low frequency bands.

Keywords: bound states in the continuum, perfect conducting grating, mode expansion method, spoof surface

plasmon polaritons
PACS: 42.25.Fx, 42.25.Hz, 42.79.Dj, 73.20.Mf

1. Introduction

Electromagnetic (EM) states with high Q factors play im-
portant roles in photonics. In the high-Q states the EM field
is confined to finite volume and the light-matter interaction is
strongly enhanced, which is desirable for many applications
such as optical modulators, ! sensing,! laser,®! and nonlin-
ear optics.[*l Bound states with theoretically infinite high Q
factors thus draw much attention in recent years. For periodic
structures, bound states can be found in bands below the light
line. Due to the photon momenta mismatch, the states below
the light line cannot couple to the external radiation and then
the EM fields are perfectly confined to the structure with in-
finite life time. Above the light line, the EM modes usually
correspond to leaky resonances with finite lifetime. However,
due to the symmetry incompatibility or destructive interaction
between the radiation components, bound states can still be re-
alized in this region. This is the bound states in the continuum
(BICs). This concept was first proposed by von Neumann and
Wigner in 19295 in quantum systems and later BICs have
been revealed as a general wave phenomenon in many phys-

6-15.17] BICs in photonic systems have become

ical systems.|
an active research subject in recent years. The physical mech-
anism and properties of optical BICs have been studied ex-
tensively from the points view of vortex centers in the polar-

ization direction of the radiation,!'® phase singularity of the
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19,20

quasi-mode coupling strength,1%?°1 coherent perfect reflec-

tion of Bloch modes, %21 overlapping of multipolar singu-

23,24]

larities with open radiation channels, ! etc. At the same

time, many applications based on BICs were proposed and
implemented.[2>—30]

In research of BICs in photonic systems, most attention
is paid to dielectric structures other than metallic ones in op-
tical frequencies since the material loss for dielectrics is far
less than that for metals. In the low frequencies, a metal can
be treated as a perfect conductor and the material loss can be
neglected, ensuring the possibility to generate BIC in metallic
structures. However, related research for metallic system in
low frequency regime is quite limited.[*! As the simplest sys-
tem, metallic gratings are widely used and have been exten-
sively investigated for spectral purpose. Besides, such struc-
ture can also support surface waves with the dispersion sim-
ilar to that of the surface plasmon polaritons (SPPs), hence
the name designer SPPs or spoof SPPs. 3233 Spoof SPPs have
found many applications in sensing, signal transmission and
processing in the microwave and terahertz regimes.[34-381 If
BICs can be realized on metallic grating structures, more ap-
plications are expected for these widely used devices in the
low frequency regime.

To realize BICs in a periodic system, the basic idea is to
introduce destructive interplays to suppress the total EM radi-
ation. In this work, two strategies are proposed for the metallic
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gratings. One is to accommodate multiple cavity modes in one
groove by broadening the groove width. BIC can be achieved
if the radiations from these modes superpose destructively so
that the total radiation drops to zero. The other is to dimerize
the grating so that there are two grooves in each unit cell. BICs
are expected when the resonances in the two cavities interact
destructively so that the total radiation diminishes to zero. An-
alytical method based on mode expansion is applied to calcu-
late the dispersion and field distribution of the EM modes on
the grating structures. For the grating with broad grooves, both
the symmetry-protected BIC (SP-BIC) at the I" point and the
accidental BIC at the off-I" point are observed by parameter
tuning. For the dimerized grating, though only the SP-BIC is
observed, the Q factors of the corresponding bands can be ef-
fectively tuned by the dimerization strength. The formation of
BICs is explained theoretically and verified by the numerical

simulation.

2. BICs on perfect conducting reflection grating
with broad grooves

The perfect conducting grating under study is schemati-
cally shown in Fig. 1(a) as an inset. The structure is periodic
in the x direction and uniform in y direction. The geometry
is characterized by the period d, the groove width a, and the
groove depth A. In this work, only the TM polarized modes
are considered.

To analytically investigate the EM modes on the grat-
ing structure, the mode expansion method*®! is applied here.
Considering the eigen-states (no external incidence) on the
grating, the fields above the grating surface (region I) can be
expressed as the sum of diffraction plane waves

E — Z On Edif,n’ H — Z O Hdif,n’ 1)
with
1
Bt _ Le“‘yl)xe*i R 0 .
v K
; (m)
sinc(k; 'a/2),

Wom =9 =i /2gine ()

e "/sinc(ky 'a/2+mm/2) + e

Submitting Eq. (5) into Eq. (6), the equations about C,,
are obtained as

Cn= Z LynCh, @)

n>0

a sm(ﬁ( )h) B(,,) E

_ 1
where Ly, = i5 cos(BTh) r kT’)WImVl"'

The dispersion can be obtained by the solvability condi-

0
: 1 m ()
Hdlf,n — 7elkx Xeflkz b4 _ko/kgn) ) )
Vd 0
Here p, is the diffraction coefficient, k)(cn) =ky+27n/d, and
ky') =\/Kk;— (k)(C"))2 with kg the wavenumber in free space and

n an integer.

In the grooves (region II), the EM field can be expanded
as the linear combination of the waveguide modes of differ-
ent orders, TM,,,, where m is an integer. For each m there
are two degenerate waves propagating in opposite directions.
Considering the perfect conducting boundary at the bottom of
the groove, the superposition of the two TM,,, modes gives rise

to the following cavity mode:

peavm _ 1 187" cos 22 (v (%))] sin[B") (z— h)]
ve —1%Z sin 2 (x — 4)] cos[B ") (z — h)]
0
1
H " — ___ | cos [%(x— %)} cos {ﬁ(m) (Z—h)} ’ 3)
ve 0

where (") = k3 — (ME)2,

Then the fields in the grooves can be expressed as

_ Z CmEvcav,m7 HII — Z Cchav,m. (4)
m=0 m=0

The boundary condition requires the continuity of E, at
z =0 over the whole unit cell and the continuity of Hy atz=0
in the groove area. By matching the boundary condition the
coefficients above are connected as

Zc —sm B RV, 5)
m>0
Cm T Y AYTEY n nma 6
COS( \f n_z_wr £ ©)
where
_l imm/2 (n)
Vom = 2 sinc (kx a/2+m7t/2)
L —imn/2 (n) _
+26 sinc (kx a/2 mrc/Z),

m=0,
i’"”/zsinc(k)(cn)(1/2 —mn/2), m>0.
‘tion of Eq. (7) as
det[Ly, — Oun] = 0. ®)

And then the coefficients p,, and C,, can be determined up to
an arbitrary common scale factor.

For grating with groove width a < d/2, in the 0"-order
region, there is only one propagating waveguide mode (TMy)
in the grooves, since the cutoff frequency of the TM; mode,
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7t/a, is always larger than the highest frequency of the 0'-
order region (27 /d). The corresponding EM field in the grat-
ing grooves is dominated by the TM mode which can strongly
couple to the external radiation, hence no BIC forms.
Increasing the groove width so that a > d/2, for certain
bands there are two propagating modes (TMp and TM;) in
each groove and the high-order ones are evanescent. As the
two modes can serve as comparable radiation sources, it is
possible to suppress the radiation and further achieve BICs by
means of destructive interference via the parameter tuning.
Figure 1 shows the calculated band diagram and the cor-
responding Q factors when the first few cavity modes are con-
sidered. The simulated results are also presented. For the dis-
persion, the analytical results with different numbers of modes
taken into account exhibit negligible difference, even only the
TM| mode is considered. While for the Q factors, the re-
sults show remarkable dependence on the number of modes. If
only the TM| mode is considered, the off-I" BIC won’t appear.
When the first two (TM and TM;) modes are considered, both
the at-I" BIC and the off-I" BIC appear. With more modes

1.0

(a)

0.8+

w (2mc/d)

analytical

- - - simulation

0.6

0 03
ky (7/d)

Q factor

taken into account, the analytical results show better agree-
ment with that of the simulation. When the first seven modes
(TMy to TM) are considered, the analytical result highly co-
incides with the simulation.

The above results can be explained by examining the
modes in the grooves and the diffraction coefficient py. As
there is only one radiation channel in the 0"-order region, the
radiation leakage, and hence the Q factors of the EM mode
can be reflected by pg. The following discuss is based on the
analytical result with the first seven modes considered. The
relative magnitudes of the cavity modes C,,/C; (m =0, 2, 3,
4, 5, 6) for the current structure are calculated and shown in
Fig. 2(a). Itis obvious that the TM| mode dominates the whole
band. The magnitudes of the other modes are several orders of
magnitudes smaller than that of TM, and the higher the order
is, the smaller the magnitude is. At the I"-point, there is purely
a TM; mode and hence a SP-BIC appears here due to the sym-
metry incompatibility. At the off-I" BIC point, the TM; mode
is still dominant and the field profile shown in Fig. 1(b) still
exhibits an anti-symmetric feature.

108

0 0.25
kg (7/d)

0.50

Fig. 1. Dispersion (a) and the Q factors (b) of the interested band. The analytical results for the dispersions with different numbers of modes
considered are almost the same. The analytical results of the Q factors with different numbers of modes considered are presented in (b). The inset
in panel (a) indicates the geometry of the grating. The insets in panel (b) are the magnetic field profiles (H,) corresponding to the two BIC points
marked in the band diagram with “A” and “B” in (a). Note that the profile correspond to B looks antisymmetric due to the dominance of the TM;
mode. Here the geometry parameters are set as @ = 3.5 mm, 2 = 3.75 mm, and d = 5 mm.
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Fig. 2. (a) The relative magnitude of the cavity modes with respect to TM;. (b) The magnitude of the radiation components Rty (j =0,1...,6).

The inset in (b) shows Rrmo and Rt in linear coordinates. (¢) The phase difference between Rrv; (j =0,2...,6) and Rpmi. The mapping of the
colors to the cavity modes in (b) and (c) is the same as that in (a). (d) The sum of the radiation components (see Eq. (9)).
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According to Eq. (5), each EM mode in the grooves con-
tributes to the radiation. For the sake of brevity hereafter py is
denoted as R, that is, R = pg. When the first seven modes are
considered Eq. (5) can be conveniently rewritten as

R = Rtmo +Rtm1 + -+ + Rtms- &)

As displayed in Fig. 2(b), the radiation from the first two
modes, Rtyvo and Rrmi, is much higher than that from the
other high order modes. Meanwhile, Rty and Rty are com-
parable in magnitude. The phase differences between Rrwm;
(j=0,2,3,4,5,6) and Rp are shown in Fig. 2(c). It can be
seen that the components Rty; (j = 1,2,...,6) are almost in
phase while Rty is nearly 7 radians out of phase with the
other components. Combing Figs. 2(b) and 2(c), one can see
that the high Q factors mainly come from the destructive inter-
action of the TMy and TM| modes, and the high-order modes
provide some corrections to the Q factors. Adding up all the
components the diffraction coefficient R is obtained, as shown
in Fig. 2(d). The two dips indicate the vanishing of radiation,
that is, the existence of BICs, and the positions of the dips
are highly consistent with the peaks of the simulated Q factors
shown in Fig. 1(b).

1.0 1.0
(a) (b)
< <
~ b ~
S} Q
& 1 [ 1
o * U e B
3 3
0.5 . 0.5 .
0 0.5 0 0.5
10% 4 (¢) 1074 (d)
. i o 3
o 1 o X
g3t E i3 1
& 10° 4 8 | = 1074
o 1 <
1 1
1 1
10" 3 . 10" 3 .
0 0.5 0 0.5
k, (n/d) k, (m/d)

Fig. 3. Band diagrams and the corresponding Q factors of two grating struc-
tures with d =5 mm and 2 = 8 mm. (a) and (c) correspond to the groove
width a = 4.46 mm; (b) and (d) correspond to @ = 3.72 mm. The stars in
the band diagrams indicate the position of BICs. The insets are the magnetic
field (Hy) profiles correspond to the lower (c) and upper (d) bands at the I"
points, respectively.

The band discussed above actually corresponds to the
fundamental longitudinal mode in the grating grooves. In-
creasing the groove depth, high-order longitudinal resonance
in the z direction can be further supported and accordingly
more bands will appear in the 0"-order region. By tuning
the geometry parameters, BICs can also be generated in these
bands. Figure 3 shows the simulated band diagrams and the
corresponding Q factors on two gratings with deeper grooves
(h = 8 mm). The lower band corresponds to the fundamental
(0™-order) longitudinal mode and the upper band corresponds
to the 1%%-order longitudinal mode, which are characterized by
the number of nodes in the field profiles along the z direction.

The SP-BICs at the I"-points are always supported and the off-
I" BIC can be supported on either band by tuning the groove
width.

3. High Q modes and BICs on dimerized perfect
reflection conducting gratings

The dimerized grating under study is schematically
shown in Fig. 4 as an inset above panel (e). In each unit cell
there are two identical grooves with width a and depth /. The
two grooves are separated by a ridge with width of b, and the
period of the grating is d. In this work, only the TM polarized
modes are considered.

The EM modes on the dimerized grating can be analyti-
cally solved with the method applied in Section 1. The field
above the grating surface (region I) is still expressed as the
sum of diffraction plane waves. In the grooves (region II), the
EM field is expanded as the linear combination of the cavity
modes. For the dimerized grating considered here, the groove
width a < d/2 and hence the cutoff frequency of the TM;
mode are beyond the Oth-order region. As we focus on the
modes in the 0"-order region, only the fundamental waveg-
uide mode in the groove is considered. Then the fields in the
left-hand-side and right-hand-side grooves can be expressed
respectively as

EII: CO’LEcan, H]I_I: CO’LI_Icav.,O7 (10)
ER=DorE“", Hy=Dyy". an

By matching the boundary condition the coefficients
above can be solved as

i sinc? (k") $) /j—g) +i4 cot(koh)

Nn=—oo

Cor

CoL > . 2/.,(n) k )
0, nz{iwsmc (ky %)kﬁ)e ik (a+b)

. ko ix
y 51nc2(k§”>%)k(—°)e‘kx (a+Db)

n

e Z L a2

n_i sincz(k)((")%)klg‘,f) +i4 cot(koh)

Pm = (1 - eizﬁ(o)h> \/a/dsinc(kfcm)a/Z)

" [CO’Leik,gm)(aer)/z +Cope it (a+b)/2:| e

And the dispersion, based on Eq. (12), can be obtained as

2
> .2 (n)g kO g
[ Y, sinc®(ky 2)k§") +1acot(k0h)1

n=—oo

= i sinc? (k)(cn)g) ko e—ik§">(a+b)

# 2 K
> . a\ ki < (m)
% Z sinc? (k)(cm)i) kT(:l)elkx (at+b) (14)
m=—oo 7

Figure 4(a) shows the dispersions of the EM modes on
a dimerized grating with d = 10 mm, 2 =7 mm, a = 2 mm,
b =2 mm. Below the light line there are two spoof SPPs bands
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with a gap between them. As the two bands reside below the
light line, their Q factors are infinitely high. There are two
bands (1 and 2) in the 0-order region and the corresponding
Q factors are presented in Fig. 4(b). The Q factors for both
branches are very high and diverge at the I' point, manifest-
ing the existence of BICs. This can be further confirmed by
the corresponding field profiles shown in Fig. 4(b) as insets, in
which the fields are confined to the grating with antisymmetric
distribution in the x direction, manifesting the characteristic of
the SP-BICs.

As mentioned in Section 1, the radiation leakage in the
0™-order region can be reflected by the diffraction coefficient
Po. According to Eq. (13),

p0°< CO’Leikx(a-‘rb)/z_~_C07Re—ikx(a+b)/2 , (15)

where Cp1, and Cpr are the magnitude of modes in the two
grooves and ky(a + b) is the Bloch phase difference between
the two grooves in a unit cell. The relative magnitude,
|Cor/CoL|, and phase difference, Ap = Arg(Cor/CoL) —
ky(a+b), of the two terms in Eq. (15) are plotted in Figs. 4(c)
and 4(d). At the I' point, for both bands, EM modes in the
two grooves oscillate with the same magnitude and 7 radians
phase difference, and hence symmetry-protected BICs form
here. Away from the I" point, the relative magnitudes deviate
from 1 and the phase differences deviate from 7 radians, thus
the radiation cannot be canceled out and no BIC forms. Actu-
ally, no off-I" point BIC is observed for the dimerized grating,
in spite of fine parameter tuning. It is also worth noting that
with the increase of k., the Q factors of the two bands decrease
first and then increase, which is consistent with the variation

of the relative magnitude shown in Fig. 4(c).

The Q factors of the whole bands can be modulated by
the dimerization strength. Here the dimerization strength can
be defined by S = |(a+b)/d — 1/2|, with larger S indicat-
ing stronger dimerization. Figure 4(e) shows the Q factors of
bands 1 and 2 with different dimerization strengths. Here for
the three structures, b is set as 2 mm, 2.5 mm, and 2.9 mm,
respectively, and the other parameters are fixed as d = 10 mm,
h =7 mm, and a = 2 mm. For the three structures, smaller b
corresponds to stronger dimerization. It is apparent that the Q
factors of the two bands increase as a whole with the decrease
of the dimerization strength.

When the dimerization strengthS decreases to 0, the
dimerized grating degenerates into to a simple grating with
period of d /2 and there is only one groove in each unit cell. In
this case the band diagram is changed and there are two spoof
SPPs bands residing below the light line, as shown in Fig. 5(a).
Previous bands 1 and 2 turn into parts of the spoof SPPs bands.
In fact, bands 1 and 2 are the results of the band folding of
spoof SPPs due to the lattice dimerization. When a uniform
single “atom” lattice is dimerized (here corresponding to the
periodically perturbation of the spacing between two neigh-
boring grooves), the period of the lattice is doubled. There-
fore, the original Brillouin zone is halved in size and part of
the original bands fold back into the new Brillouin zone, form-
ing the bands of 1 and 2, as shown in Fig. 5(b). Since bands 1
and 2 are evolved from the spoof SPPs, the high Q property
is inherited, and the weaker the dimerization is, the higher Q
values the bands have. Thus lattice dimerization provides a
convenient way to achieve high Q modes.

1.0
== (a) 10°4 (b) z
{B 2 .
—~ —
> 054 g 5 S
& ' & : > ph - : Ih
) A 1 1 i
s v PR S
0 T
0 0.5 1.0 dash: b=2.9
k, (7/d) dot: b=2.5
1.0 —0. solid: b =2.0
. (c) black: band 1
%J 1 \\red: band 2
> % —0.9
e
<
— 4
£ 2 band 2 10 e
0.9 T T T —1.0 T T 3 T T T
0 0.3 0.6 0 0.3 0.6 0 0.3 0.6
k, (m/d) k, (m/d) k, (m/d)

Fig. 4. (a) Band diagram and Q factors for the TM modes on the dimerized grating, with the solid lines for simulation and dash lines for
analytical results. The two bands below the light line correspond to the spoof SPPs. The geometry of the grating is shown as an inset above
panel (e). (b) The Q factors for band 1 and 2, with the dash lines for simulation and solid lines for analytical results. The insets are the field
profiles (H,) corresponding to points A and B marked in (a). (c) Relative magnitude of the modes in two grooves for bands 1 and 2. (d) Phase
difference between the modes in the two grooves, with A@ = Arg(Cor/Co1.) —kc(a+b). The geometry parameters for (a)—(d) are d = 10 mm,
h=7mm, a=2mm, b =2 mm. (e) The Q factors for gratings with different dimerization strength. Here smaller b corresponds to stronger

dimerization.
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1.0 1.0
(a) (b)
- IR /]
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Fig. 5. Band diagrams for the non-dimerized (a) and dimerized (b) gratings.
The band diagram of (b) can be regarded as the result of band folding of
diagram (a).

4. Conclusions

Bound states in the continuum are realized on two types
of perfect conducting gratings. The first structure is a simple
grating with groove width larger than half of the period, in
which both the SP-BIC at the I"-point and an off-I" BIC are
observed. The analytical result shows that in such a system,
the TMy and TM; modes serve as two comparable radiation
sources, and the off-I" BIC is formed when destructive inter-
action between the two modes happens. The second structure
is a dimerized grating in which radiation from the two grooves
can interfere destructively and SP-BICs are observed. In addi-
tion, the Q factors of the whole band can be tuned effectively
by the strength of the dimerization.

The structures proposed here are easy to fabricate and
hence can provide a platform for BIC research. In addition to
the spoof SPPs supported on such grating structures, the high
O EM modes and the BICs discussed here may find more ap-
plications for the metallic gratings in the low frequency bands.
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