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Dimerized spin-1/2 ladders exhibit a variety of phase structures, which depend on the intra-chain and inter-chain spin
exchange energies as well as on the dimerization pattern of the ladder. Using the density matrix renormalization group
(DMRG) algorithm, we study critical properties of the bond-alternating two-leg Heisenberg spin ladder with diagonal
interaction J×. Two types of spin systems, staggered dimerized antiferromagnetic ladder and columnar dimerized ferro-
antiferromagnetic couplings ladder, are investigated. To clarify the phase transition behaviors, we simultaneously analyze
the string order parameter (SOP), the twisted order parameter (TOP), as well as a measurement of the quantum information
analysis. Based on measuring this different observables, we establish the phase diagram accurately and give the fitting
functions of the phase boundaries. In addition, the phase transition of cross-coupled spin ladder (in the absence of intrinsic
dimerization) is also discussed.

Keywords: spin ladder, density matrix renormalization group, Heisenberg model, quantum phase transition
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1. Introduction
Low dimensional spin systems have become one of the

main research topics in condensed matter physics in the last
few decades. This kind of system is dominated by strongly
correlated effects and exhibits intensive quantum fluctuations
in the ground state. In particular, quantum spin ladder provides
an important theoretical tool to study the crossover between
one-dimensional chains and two-dimensional planes. Spin
ladders are known to exhibit interesting quantum critical be-
havior. For example, the two-leg spin ladder SrCu2O3 shows
a gap between the lowest singlet and the triplet states while
the three-leg spin ladder Sr2Cu3O5 is gapless.[1] The quantum
phase transition (QPT) of spin ladders has attracted numerous
interest. With improvement of experimental techniques, some
spin ladder compounds can be realized close to the quantum
critical region, such as CuBr4

[2] and Ba2CuTeO6,[3–6] which
makes efforts to understand QPTs in depth.

For a spin ladder considering the nearest intrachain cou-
pling J and interchain rung coupling J⊥, it has been a common
view that the phase diagram consists of two quantum phases:
the rung-singlet (RS) phase and the Haldane phase, and the
critical points is at J⊥ = 0. When the interchain diagonal cou-
pling J× is introduced, the QPTs could be complicated. By
renormalization group, Starykh and Balents[7] proposed that
the transition between the RS phase and the Haldane phase
cannot occur at weak couplings and predicted two immedi-
ate dimer phases, named the columnar dimer(CD) phase and
the staggered dimer (SD) phase, in the phase diagram. When

the rung coupling J⊥ is strong enough, the dimerization would
disappear and these two dimer phases are degenerate. When
J⊥ is not so strong, the rung singlet brings less free energy,
therefore the CD phase is more stable for the thermodynamic
limit.[8] However, the existence of these dimer phases has
been disputed,[9–12] while other works[13,14] have provided ev-
idence that confirms the presence of the dimer phases.

On the other hand, the spin-Peierls transition has been ob-
tained in some spin ladder compounds.[15] The ground state of
these materials can be described by a dimerized resonating va-
lence bond (RVB) state:[16] ladders with odd legs correspond
to long-range RVB states, while ladders with even legs corre-
spond to short-range RVB states. Since there exists varieties of
dimerized topological configurations in spin ladder, it exhibits
rich scenarios of quantum ordered phases and quantum criti-
cal phenomena. The dimerized spin ladder has been studied
numerically earlier.[17–21] In this work, we study the S = 1/2
two-leg dimerized spin ladder considered with the diagonal
coupling J× by the powerful density matrix renormalization
group (DMRG)[22,23] method. We introduce intrinsic dimer-
ization to stabilize the fragile dimer phases and try to under-
stand the influence of diagonal coupling J× on the quantum
phase transition in the dimerized spin ladder. In particular,
when the dimerization is set to be zero, the model is reduced
to the cross-coupled ladder, which could enable us to find any
clues of existence of dimer phases in a cross-coupled ladder.

The paper is organized as follows. Firstly we introduce
the Hamiltonian of the dimerized spin ladder and our finite-
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size DMRG algorithm. Secondly we compute SOP, TOP and
entanglement entropy to obtain a precise estimate of the phase
boundary. Then we demonstrate the ground-state diagrams
based on our numerical results. Finally, we discuss the cross-
coupled spin ladder situation and demonstrate the ground-state
diagrams as well. A summary is given in the last section.

2. Model and methods
The Hamiltonian of the bond-alternating two-leg spin lad-

der with diagonal frustrations is given by

H = ∑
α=1,2

∑
l

Jα(l)𝑆α,l ·𝑆α,l+1 + J⊥∑
l
𝑆1,l ·𝑆2,l

+J×∑
l
(𝑆1,l ·𝑆2,l+1 +𝑆1,l+1 ·𝑆2,l), (1)

where 𝑆α,l denotes a spin-1/2 operator at site l of the α-th
leg. J(> 0) and J⊥ are the exchange interactions on legs and
rungs, respectively; J× is the diagonal exchange coupling be-
tween the legs. For convenience, hereafter we set J = 1.0.
Finally, the dimerization patterns are defined as

Jα(l) = J[1+(−1)l+α
δ ] (staggered), (2)

Jα(l) = J[1+(−1)l
δ ] (columnar). (3)

(a) columnar

(b) staggered

Fig. 1. Pictorial representation of the dimerized two-leg spin ladder
chain. Solid dots represent spin S = 1/2 sites. The bond alternation
with strong coupling J(1+ δ ) and weak coupling J(1− δ ) in the leg
direction are marked with bold and thin lines, respectively. In the rung
direction, dashed and dotted lines represent the rung coupling J⊥ and di-
agonal coupling J×, respectively. Dimerization patterns: (a) columnar,
(b) staggered.

Our objective in this paper is to obtain the ground state
phase diagram of the dimerized two-leg spin ladder in the
presence of diagonal frustrations. We perform the finite-size
DMRG[22,23] algorithm to study the ground state properties,
and periodic boundary conditions (PBC) are applied to reduce
the boundary effect. In contrast to the previous DMRG cal-
culations which compute the vanishing of the gap directly, we
mainly calculate the string order parameter (SOP),[12,13] the
twist order parameter (TOP)[24,25] and block-block entangle-
ment entropy to calculate the phase boundary separating dif-
ferent insulating states, and determine accurately the phase di-
agram. We take L to denote the ladder length so the number
of sites is N = 2L, and rungs up to L = 128 were used in our

studies. The convergence tests as functions of number of states
kept and system size were carefully performed. The largest
number of states kept in the calculation was m = 1600 per
block, the weight of the discarded states was typically about
10−5–10−8 depending on the parameters whether the system
is in its critical state.

3. Antiferromagnetic interchain interaction
For dimerized spin ladders with two legs, the models that

may have critical phases for certain configurations of the mi-
croscopic parameters are the staggered antiferromagnetic lad-
der and the columnar ferromagnetic ladder. We begin by pre-
senting the results for the spin-1/2 antiferromagnetic two-leg
ladders with staggered dimerization. With the increasing rung
coupling, the system undergoes a phase transition from the SD
phase to the RS phase, and the critical line satisfies the behav-
ior of J⊥ ∼ δ 2/3 approximately when J× = 0.[26] The SD and
RS phases can be identified by two distinct string order param-
eters (SOPs) Oodd and Oeven. The SOP was first introduced by
den Nijs and Rommelse[27] to distinguish the different gapped
phases in the S = 1 Heisenberg chain, in which there is no lo-
cal symmetry breaking, and therefore cannot be distinguished
by the conventional Landau order parameter. For a two-leg
ladder, the form of SOP is generalized as[28]

Oz
odd/even = − lim

|n−m|→∞

〈Sz
rung/diag(n)

×exp
[

iπ
m−1

∑
l=n+1

Sz
rung/diag(l)

]
Sz

rung/diag(m)〉, (4)

where Sz
rung(l) = Sz

1(l)+Sz
2(l) and Sz

diag(l) = Sz
1(l)+Sz

2(l+1).
It is known that for a determined state, one of the

Oz
odd/even has a finite value while the other vanishes. This is re-

lated to the topological parity of the valence-bond-solid (VBS)
state. If nVBS (the number of the valence bonds cut by vertical
line) is odd, Oz

odd 6= 0; otherwise Oz
even 6= 0. Therefore, the in-

tersection of the curves of two distinct string order parameters
implies the critical point in the case of finite ladders. In order
to reduce the boundary effects, we fix site n = L/4 in Eq. (4)
and let site m = 3L/4 exist in our calculations. Our numerical
results of Oz

odd/even for various system lengths L as functions
of J⊥ have been demonstrated in Fig. 2. For better illustration,
we set δ = 0.5 and several values of J× have been taken into
account. In Fig. 2, one can distinguish a phase transition to
separate two different phases distinctly. As the ladder is in-
stinctively staggered-dimerized, the ground state for small J⊥
should be SD state, there exist Oz

odd 6= 0 and Oz
even = 0. When

J⊥ gets larger and goes beyond the phase transition point, one
has Oz

odd = 0 and Oz
even 6= 0, which implies the RS state. Com-

paring the results of different J×, it is explicit that the critical
points J⊥ of the SD–RS phase transition are larger for larger
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J×. These indicate that the antiferromagnetic diagonal frus-
tration favors the SD state, resulting in a large J⊥ to drive
the system from SD state into RS state. Furthermore, one
can find that the curves of different sizes almost coincide at
far away from the phase transition point. In the vicinity of
the phase boundary, the Oz

odd(O
z
even) curves vary even more

steeply as the system size increases. In addition, there exists
a crossover point among these Oz

odd(O
z
even) curves of different

L, and this crossover point can be considered as an estimate of
the position of phase boundary because the curves expect to
be perpendicular at the thermodynamic limit. Corresponding
to our numerical results, the phase boundaries exist roughly at
J⊥ ≈ 1.231,1.279,1.369 for J× = 0,0.2,0.5, respectively.

1.0 1.2 1.4
0

0.1

0.2

0.3

L=64 Oodd

L=80 Oodd

L=96 Oodd

L=112 Oodd

L=128 Oodd

Oeven

Oeven

Oeven

Oeven

Oeven

δ=0.5

O
o
d
d
/
e
v
e
n

z

Ju

JT=0
JT=0.2 JT=0.5

z

z

z

z

z z

z

z

z

z

Fig. 2. Evolution of string order parameters Oz
odd/even for different sys-

tem sizes L and diagonal couplings J×. The dimerization strength pa-
rameter is set to δ = 0.5.

Although SOP can distinguish the phase transition be-
tween the different states, it is difficult to determine the pre-
cise location of the critical points because the crossover point
is difficult to converge. For this purpose we consider another
non-local twist order parameter (TOP),[24,25] which can dis-
tinguish different VBS states in one-dimensional spin systems
more directly and precisely. For a two-leg ladder, the TOPs
are defined as follows:

zrung(L) =
〈

exp
[

i
2π

L

L

∑
n=1

n(Sz
1,n +Sz

2,n)

]〉
, (5)

zdiag(L) =
〈

exp
[

i
2π

L

L

∑
n=1

n(Sz
1,n+1 +Sz

2,n)

]〉
. (6)

The operator zrung (zdiag) is defined for ladders under periodic
boundary conditions, which converges to −1 (+1) in the SD
phase and to +1 (−1) in the RS phase. It has turned out that
the TOP operators perform well in the task of accurately locat-
ing the phase boundaries of dimerized chains.[24]

In the L→ ∞ limit, the saturation values of (zrung,zdiag)
are expected as (−1,1) and (1,−1) for the SD and RS re-
gions, respectively. In Fig. 3, we show the numerical results
for δ = 0.5 and J×= 0.0,0.2,0.5. In order to reduce the clutter

caused by too many curves, only zdiag for J×= 0.5 is presented
in Fig. 3 since the values of zrung are approximately equal to
−zdiag. For small rung coupling J⊥, zrung tends toward −1 as
the system size increases, and zdiag tends toward 1, consistent
with the SD state (nVBS is odd). For large J⊥, zrung converges
to 1 and zdiag converges to−1, which indicates the existence of
the RS state (nVBS is even). It has been revealed that zrung/diag

changes signs when the parity of nVBS changes. Therefore,
the location of the transition point between SD and RS phase
can be estimated by the crossing point of zrung and zdiag, where
zrung = zdiag = 0. In the inset of Fig. 3, we show the size depen-
dence of the SD-RS boundaries determined by the conditions
zrung(zdiag) = 0. From finite-size scaling, we find the critical
coupling J⊥ ≈ 1.223, 1.274, 1.367 for J× = 0.0, 0.2, 0.5, re-
spectively. One should note that these curves of zrung/diag with
different system sizes also intersect at one point, which is con-
sistent with the extrapolation results.
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L=96
L=112
L=128

Ju

JT=0 JT=0.2 JT=0.5
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JT=0.2

JT=0.5

zrung zdiag
zdiag
zdiag
zdiag
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Fig. 3. Behavior of twist order parameter zrung/diag across the phase
boundary for different system sizes L and diagonal couplings J×. The
dimerization strength parameter is set to δ = 0.5. The inset shows a lin-
ear extrapolation of the critical values with the inverse of system size 1/L.

In recent years, various types of quantum entropies[29–34]

have been proven with an effective and accurate method for
determining phase boundaries. In the beginning stage, the con-
cept of entanglement is introduced to depict nonlocal correla-
tions in a quantum system. If a system is divided into two
separate subsystems A and B, then the reduced density matrix
ρ̂A of subsystem A can be constructed by integrating out the
degrees of freedom of subsystem B. Then, the quantum entan-
glement is described by the von Neumann entropy

SA =−Trρ̂A log2 ρ̂A =−∑
α

ρα log2(ρα), (7)

where ρα are the eigenvalues of the reduced density matrix
ρ̂A. Here, we apply the quantum information analysis of the
phase diagram by calculating the so-called block-block entan-
glement (the system is divided into two equal subsystems). In
Fig. 4, we present the block-block entanglement SBB as func-
tions of J⊥. We can find that SBB firstly increases and then
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decreases as J⊥ increases, developing a peak at a critical point
as the nature of the ground state changes, and the location of
maximum corresponds to the phase boundary separating SD
and RS phases. From finite-size scaling, we obtain the criti-
cal coupling J⊥ ≈ 1.225,1.275,1.367 for J× = 0.0, 0.2, 0.5,
respectively. These results are in good agreement with the
zrung/diag results described above.

Ju

JT=0 JT=0.2 JT=0.5
Ju

/L

1.0 1.2 1.4

1.0

1.5

2.0

2.5

0 0.005 0.010 0.015
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1.30

1.35

S
B

B

 L/
 L/
 L/
 L/
 L/

JT=0.5

JT=0.2

JT=0

Fig. 4. Block-block entropy entanglement SBB as a function of J⊥ for
different system sizes L and diagonal couplings J×. The dimerization
strength parameter is set to δ = 0.5. The inset shows a linear extrapola-
tion of the critical values with the inverse of system size 1/L.
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Fig. 5. Ground-state phase diagram of antiferromagnetic spin ladder
with staggered dimerization. The simulation results are denoted by
symbols and the fitting curves by the solid lines, respectively.

Varying the interaction energies, we determine the full
ground-state phase diagram of the staggered dimerized antifer-
romagnetic spin ladder in the thermodynamic limit. Figure 5
shows the ground state phase diagram obtained from our TOP
calculations in the δ–J⊥ plane, where δ is varied from 0.1 to
1. The symbols are the numerical results and solid lines are
the fitting function written as

J⊥ = 2.0[δ −0.776(1.0−δ ) · J×]0.695+0.640·J× . (8)

If we ignore the terms consisting of J×, the fitting function can
be regarded as J⊥ ∼ δ 0.695, which is in good agreement with

the earlier J⊥ ∼ δ 2/3 results. In Fig. 5, the SD plane expands
as J× is larger, which indicates that the ladder is more likely
to be at the SD state when J× is introduced and demands a
larger J⊥ to transfer to RS state. The curves converge at J⊥= 2
when δ = 1 as the spin ladder changes to the so-called “snake
model” which can be solved exactly.

4. Ferromagnetic interchain interaction
On the other hand, many efforts have been devoted

to studying the effects of competing interactions on low-
dimensional systems, such as the competition of on-site
Coulomb repulsion versus nearest-neighbor repulsion in elec-
tronic systems, the competition between ferromagnetic and an-
tiferromagnetic interactions in spin systems, and so on. Such
investigations can be interesting both for discovering possibil-
ity new phases theoretically and explaining the correspond-
ing experimental phenomena. From this point of view, we
consider a two-leg quantum spin ladder with antiferromag-
netic interactions along the legs and ferromagnetic couplings
along the rungs. Furthermore, the intra-chain antiferromag-
netic couplings are bond alternating in a columnar configura-
tion because the CD phase is generally more stable than SD
phase, and this order parameter is available when the inter-
chain couplings are ferromagnetic. Meanwhile, there exists
a phase transition from CD phase to Haldane phase when the
magnitude of rung coupling J⊥ exceeds a certain critical value.
We determine this critical lines in the quantum phase diagram
using the same numerical methods and procedures discussed
above, as shown in Fig. 6. In this case, the initial dimer pat-
tern is set to be columnar, the inter-chain couplings J⊥ < 0
and J× < 0 are ferromagnetic. Based on the numerical results,
we also give a numerical estimation of the criticality line. In
Fig. 6, the solid curve represents an exponential function fitted
to numerical values, which is written as

J⊥ = (−0.0768−0.0525 · J×)
× [0.268−δ +0.229 · J×]−1.580+0.830·J× . (9)

As a result, the phase transition points decrease rapidly with
the increasing δ , especially in areas of large δ , which means
that the columnar order is relatively stable in the thermody-
namic limit, only a sufficiently large rung coupling can de-
stroy the dimerization on the leg and drives a transition from
the CD phase to Haldane phase. Moreover, at a fixed value of
δ , the critical values of J⊥ also decrease rapidly with increas-
ing the magnitude of J×. Hence, the diagonal ferromagnetic
frustration strongly favors the CD state over Haldane state.
When J× equals zero, the fitting function approximately sat-
isfies J⊥ = −0.0768 · (0.268−δ )−1.580, with a modest differ-
ence from the result J⊥=−0.16 ·(0.259−δ )−1.25 in Ref. [19].
These differences may come from differences in numerical
methods and boundary conditions.
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Fig. 6. Ground-state phase diagram of columnar dimerized ladder with
ferromagnetic interchain coupling, J⊥ < 0, J× < 0. The simulation re-
sults are denoted by symbols and the fitting curves by the solid lines,
respectively.

Finally, we discuss the δ = 0 situation, in this case
the model of Hamiltonian (1) is reduced to the cross-
coupled ladder. What calls for special attention is that a
columnar dimerized phase emerges in between the Haldane
phase and the rung-singlet when the interchain couplings are
ferromagnetic.[14] For the antiferromagnetic ladder, although
some results support the existence of the dimerized phase,[13]

it is now generally suggested that there is no such a phase.[12]
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sizes L and diagonal couplings J×.

In Fig. 7, we present the J⊥(< 0) dependence of the zrung

and SBB with different system sizes L and diagonal coupling
strengths J×(< 0). From Fig. 7(a), one can observe the sign of
zrung changes from positive to negative values as J⊥ decreases.
The crossing point of zrung thereby gives a signature of the
critical point between the CD and Haldane phases. It is im-
portant to note that the zrung curves present obvious inflection
points and especially evident at large system sizes, which are

smaller than the values obtained from zrung = 0. Compared
with Fig. 7(b), one can find that these inflection points cor-
respond strictly to the maximum of SBB, which are just the
transition points separating RS and CD phases.

Combining the above results, a CD phase intervenes be-
tween the RS and Haldane phases. For all values of J×, the
transition from RS phase to Haldane phase with decreasing
J⊥ takes place in two steps. Firstly, SBB reaches its maxi-
mum while zrung (zdiag) does not change sign, which denotes
that the parity does not change during QPT, so the critical
point measured by SBB indicates the RS-CD transition which
is caused by level crossing of the low-lying excited states.[35]

Then, zrung (zdiag) changes sign and the CD-Haldane transition
occurs, which is induced by the change of parity.

Based on our TOP and SBB results, the ground-state phase
diagram of the cross-coupled spin ladder in the thermody-
namic limit is demonstrated in Fig. 8. The two phase bound-
aries distinguish three different quantum phases. The weak
and strong J⊥ regions correspond to RS and Haldane phases,
respectively, and the CD phase exists in the intermediate re-
gion. Our results suggest that the RS-CD phase transition
takes place for J⊥ . 2J×. Our results are quantitative con-
sistent with the previous conclusions derived in Ref. [14] but
with improved precision.

On the other hand, for the antiferromagnetic cross-
coupled ladder(J⊥> 0,J×> 0), the difference of critical points
obtained by this two methods is very small (< 0.01, data not
shown). Hence, there is no clear evidence of an intermediate
phase. The corresponding phase diagram is also presented in
Fig. 8.
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Haldane

columnar
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 RS Haldane
 RS CD
 CD Haldane

JT

Fig. 8. Ground-state phase diagram of cross-coupled spin ladder. The
triangle, circle and rectangular symbols represent RS-Haldane, RS-CD
and CD-Haldane transition points, respectively. The solid lines are of
guides to the eyes, and the dashed line indicates J⊥ = 2J×.

5. Conclusion
In summary, we have investigated the QPTs in bond-

alternating spin ladder with diagonal frustration J× using the
DMRG algorithm. We calculate several types of measure-
ments including string order parameter, twist order parameter
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and block-block entanglement entropy to verify the different
phases and determine the phase boundaries precisely. Our re-
sults show that the diagonal frustration J× favors dimer phases
in bond-alternating spin ladder. We also discuss the situation
of ferro-antiferromagnetic cross-coupled spin ladder. We find
that the TOPs and quantum entanglement entropy infer two
different QPTs, a CD phase appears in between RS and Hal-
dane phase. For the antiferromagnetic ladder, there is no clear
evidence of an intermediate phase.
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