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We propose an improved real-space parallel strategy for the density matrix renormalization group (DMRG) method,
where boundaries of separate regions are adaptively distributed during DMRG sweeps. Our scheme greatly improves the
parallel efficiency with shorter waiting time between two adjacent tasks, compared with the original real-space parallel
DMRG with fixed boundaries. We implement our new strategy based on the message passing interface (MPI), and dynam-
ically control the number of kept states according to the truncation error in each DMRG step. We study the performance
of the new parallel strategy by calculating the ground state of a spin-cluster chain and a quantum chemical Hamiltonian of
the water molecule. The maximum parallel efficiencies for these two models are 91% and 76% in 4 nodes, which are much
higher than the real-space parallel DMRG with fixed boundaries.

Keywords: density matrix renormalization group, strongly correlated systems, message passing interface
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1. Introduction
The density matrix renormalization group (DMRG)

method was originally proposed to calculate ground states
of one-dimensional strongly correlated systems with high
precision.[1,2] Nowadays, DMRG has been considered as a
variationally optimizing algorithm of the matrix product state
(MPS),[3,4] and researchers have extended its applications
to one-dimensional systems with long-range interactions,[5–8]

quasi-two-dimensional lattice models[9–11] and even some
two-dimensional lattices.[12,13,15–17] Other than calculations
based on the real space representations, methods in momen-
tum space[18] and hybrid-real-momentum-space[19,20] are de-
veloped to challenge two-dimensional electronic systems. In
addition, DMRG for quantum chemical Hamiltonians is also
a very important tool to get highly accurate ground states of
small molecules and transition metal clusters.[21–24] In these
extended applications, due to large entanglement entropy be-
tween subsystems, a large number of kept states and dozens of
sweeps are usually necessary to get a converged DMRG result
with moderate accuracy. This can result in huge memory cost
and extremely long computational time, and optimizations of
the numerical method becomes more and more important.

In practice, there are two main approaches to accelerate
the calculation. On the one hand, one can reduce the com-
putational and storage complexities by various ways, such as
symmetries of Hamiltonians, or a good initial wave function
for diagonalizing the Hamiltonian in each DMRG step.[25–32]

On the other hand, many parallel strategies have been pro-

posed to take full advantages of high performance computers.
For the latter, one usually divides calculations in each DMRG
step to several parts, and then takes corresponding computa-
tions parallelly. For example, in a DMRG step, calculations
can be distributed according to good quantum numbers,[33] or
different terms in the Hamiltonian.[34] This parallel scheme
has been applied to implementations on the shared memory,
the distributed memory and the hybrid architecture with both
central processing units (CPUs) and graphics processing units
(GPUs).[33–38] In another parallel strategy, the so-called real-
space parallel DMRG,[39] DMRG steps are distributed based
on the real-space index of the local tensor to be optimized
in an MPS. Different from previous strategies, the lattice is
partitioned into several regions, and DMRG sweeps on these
regions can be performed in parallel. This method is inde-
pendent of specific systems, and can easily cooperate with
other parallel strategies. It greatly benefits to studies of two-
dimensional lattice models which are difficult to get high per-
formance in the distributed memory computers. In the pioneer
work of Stoudenmire and White,[39] it was reported that nearly
ideal speedup can be obtained in solving the ground state of
the pure Q2 model on the square lattice and the Heisenberg
model on the triangular lattice. Recently, this real-space par-
allel strategy has also been developed to accelerate algorithms
generalized from DMRG, for example, the real-space paral-
lel infinite-system DMRG,[40] parallel implementation of the
time-evolving block decimation algorithm,[41] and the parallel
time-depedent variational principle algorithm.[42]
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In the real-space parallel DMRG, sites are divided to sev-
eral regions in advance, and each computing node takes care
of DMRG sweeps within a fixed region. Synchronizations and
communications are required at boundaries between these re-
gions. In general, one can distribute regions by experience
and may get fine parallel efficiency. However, it is practically
impossible to ensure two neighboring tasks arriving at their
shared bond simultaneously for various models and parame-
ters. Especially, it is quite common to fix the truncation error
and dynamically adjust the DMRG kept states,[28,29] which re-
sults in different computational cost for different DMRG steps
at different sites and DMRG sweeps. If the system is non-
uniform, the proper DMRG kept states is impractical to be
predicted. All these uncertain factors make it hard to well es-
timate the time cost ratio of each DMRG step before DMRG
calculations. Therefore, in our new strategy, we adaptively
control boundaries between regions in each DMRG sweep,
so that the waiting time between any two neighboring nodes
is minimized. We apply our parallel scheme to calculate the
ground state of a 2-leg spin-cluster chain and a quantum chem-
ical Hamiltonian of the water molecule. In both the cases, par-
allel efficiency is greatly improved with adaptive boundaries.

The paper is organized as follows. First, two lattice mod-
els are introduced in Section 2, which are used to test the per-
formance of our parallel strategy. Then we give a short review
of the original real-space parallel DMRG in Section 3. Our
real-space parallel strategy and some implementation details
are shown in Section 4. In Section 5, we test performances
of real-space parallel methods with different partitionings of
lattices. The conclusion is given in Section 6.

2. The benchmark models
In this work, we adopt two model Hamiltonians to

benchmark the performance of our parallel algorithm. First,
we apply it to a spin-1/2 model on a clustered 2-leg lad-
der. This model is proposed to describe the quasi-one-
dimensional material K2Cu3O(SO4)3,[43] where the Hal-
dane state is observed experimentally.[44] This kind of
spin-cluster chain (SCC) has attracted recent researches
about quantum phase transitions and magnetic properties,
both theoretically and experimentally.[45–47] The quasi-one-
dimensional K2Cu3O(SO4)3 material can be described by the
Hamiltonian[44]

ĤSCC = ∑k Ĥk
intra +∑k Ĥk

inter, (1)

with intra- and inter-cluster terms

Ĥk
intra = J1

nc

∑
j=1

𝑆
(k)
1,q𝑆

(k)
2,q
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nc−1
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.

Here 𝑆
(k)
p,q is the spin-1/2 operator on the (p,q) site of kth

cluster, with p (q) being the leg (rung) index. There are 2nc

sites in each cluster, where nc is the cluster length. Within a
cluster, J1 (J2) is the nearest-neighbor interaction strength on
rungs (legs), and J3 denotes the next nearest-neighbor interac-
tion. Between clusters, the coupling strength is determined by
Jinter. In this work, we set Jinter = 1 as the energy unit, and fix
J1 = J2 = J3 = 1 in our calculations.

Second, we apply our parallel scheme to the quantum
chemical problem. In past 2 decades, DMRG for ab ini-
tio quantum chemistry (QCDMRG) has been used to in-
vestigate some small molecules,[48] quasi-one-dimensional
molecules,[49] transition metal complexes and clusters,[50,51]

and even some molecules with heavy elements.[52] The gen-
eral form of an electronic Hamiltonian in quantum chemistry
is written as

ĤQC = ∑
mn,σ

tmnĉ†
mσ ĉnσ

+
1
2 ∑

mnpq,σσ ′
vmnqpĉ†

mσ ĉ†
nσ ′ ĉpσ ′ ĉqσ , (2)

where m, n, p and q are indices of molecular orbitals, tmn

and vmnqp are the one- and two-electron integrals, respec-
tively; ĉ†

mσ (ĉmσ ) creates (annihilates) an electron with spin
σ ∈ {↑,↓} on orbital m. Here, we apply DMRG to solve the
ground energy of the water molecule, with H–O bond length
0.96 Å and the H–O–H bond angle 104.5◦. Molecular or-
bitals and electron integrals are obtained from the Hartree–
Fock (HF) calculation with the cc-pcVTZ basis in PSI4.[53]

This Hamiltonian can be regarded as a lattice model by con-
sidering each molecular orbital as one site.

3. Real-space parallel DMRG with fixed bound-
aries
In the DMRG method, the lattice is mapped to a one-

dimensional chain, and the converged ground-state is finally
obtained by back and forth optimizing sweeps. In the two-
site DMRG algorithm, the whole Hamiltonian is expressed in
four-block basis |αi−1〉l |σi〉|σi+1〉|αi+1〉r, where σi is the basis
on site i and |αi−1〉l |σi〉 (|σi+1〉|αi+1〉r) is usually considered
as the basis of the system (environment) block [see Fig. 1(a)].
Without loss of generality, in the following we introduce one
DMRG step in a sweep from left to right, which is about to op-
timize the system block. First, by diagonalizing the Hamilto-
nian one obtains the ground-state energy Eg and wavefunction

|Ψ i,i+1〉= ∑
αi−1σiσi+1αi+1

ψ
σiσi+1
αi−1αi+1 |αi−1〉l |σi〉|σi+1〉|αi+1〉r. (3)
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Then a singular value decomposition (SVD) on this eigenvec-
tor is performed as

ψ
σiσi+1
αi−1αi+1 = ∑

αi

U i
αi−1σi,αiΛ

i
αiV

i†
αi,αi+1σi+1

, (4)

where Λ i
αi are the singular values, and columns of U i and V i

are the left and right singular vectors at the bond i, respec-
tively. Finally, the basis of the system block is optimized via

|αi〉l = ∑
αi−1σi

U i
αi−1σi,αi |αi−1〉l |σi〉. (5)

Here we keep only |αi〉l corresponding to the largest D sin-
gular values, as to keep a manageable dimension of the trun-
cated Hilbert space. The truncation error of this DMRG step
is ε = 1−∑k<D Λ i2

k . A full DMRG sweep contains repeat-
ing DMRG steps from left to right and back. In particular, in a
DMRG step from right to left, the truncated states is calculated
by

|αi〉r = ∑
αi+1σi

V i
αi,αi+1σi+1 |σi+1〉|αi+1〉r. (6)

In each DMRG step, the most time-consuming operation is
the calculation of Eg by numerical diagonalization methods.
To reduce the number of iterations in these methods, one can

use a good initial wave function (as Ref. [27]) by transforming
the wave function of the previous DMRG step.

In the real-space parallel DMRG, an initial partitioning
is set to divide the lattice into several regions, and the size of
each region is fixed for all parallel sweeps. In contrast with
the real-space serial DMRG, in the real-space parallel strat-
egy, sweeps are performed on these regions in parallel. Taking
the 2-node case as an example, we review the real-space par-
allel algorithm in Fig. 1(b). At the shared bond connecting
the two parallel regions, node 0 starts a serial DMRG sweep
from right to left and optimizes enlarging right blocks. Mean-
while, node 1 carries another serial DMRG sweep from left
to right and optimizes enlarging left blocks. Note that there
is a sweeping direction reversing at the end of the lattice for
each node, just as the serial DMRG algorithm. When sweeps
on 2 nodes both reach the shared bond again from the op-
posite direction, we have a superblock with the updated ba-
sis |α̃i−1〉l |σi〉|σi+1〉|α̃i+1〉r, where |α̃i−1〉l (|α̃i+1〉r) is the up-
dated left (right) block on node 0 (1). Then optimized infor-
mation is collected from both nodes and a globally optimized
ground-state is retrieved by diagonalizing the Hamiltonian on
the superblock. Next, we can optimize the system block on
each node according to Eqs. (5) and (6), and start next parallel
sweeps.

(a)

bi

|αi↩>l

|αi>l

|αi⇁>r

bi
bi bi′

(b) (c)

node 0
node 0 node 1node 1

w
a
it
in

g

ti
m

e|αi↩>l |αi⇁>r

|αi′↩>l |αi′⇁>r~~

~~

Fig. 1. (a) One DMRG step of the sweep from left to right. The chain is shown with site 1 to L, and bond bi connects site i and i+ 1. Here |αi−1〉l
are the kept states on the block containing site 1 to i− 1, and |αi+1〉r are the kept states on the block containing site i+ 2 to L. The wave function on
4 subsystems is optimized, and the kept states |αi〉l are calculated for the left block of bond bi, then next DMRG step starts. To simplify the following
diagrams (b) and (c), we only show the site to be added and an arrow on it representing the sweep direction for each DMRG step. (b) One sweep of the
parallel strategy with fixed boundaries in 2 nodes. The DMRG steps are performed along the dashed and dot-dashed lines with an arrow in node 0 and
node 1, respectively. The first half-sweep in node 0 and node 1 starts from shared bond bi until two nodes arrive at the left and right boundaries of the
lattice, respectively, then starts the second half-sweep. Here we assume that node 0 arrives at the shared bond first, and it will wait for its neighboring
node. Then the wave function is optimized on the shared bond, and both the states on the left and right block are kept. A new parallel sweep may start
from this shared bond. (c) One sweep of the parallel strategy with dynamical boundaries in 2 nodes. It is the same as the original real-space parallel
DMRG before node 0 arriving the shared bond. However, two nodes continue their sweeps until they arrive at a new shared bond bi′ . Therefore, there
is almost no waiting time in our new strategy. After the DMRG step on shared bond bi′ , a new parallel sweep starts from this bond.
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Similar to the serial DMRG, the diagonalization of the
Hamiltonian on the shared bond can also be accelerated by a
good initial wavefunction. Consider that the last DMRG steps
before two parallel sweeps meet each other, we have the trans-
formed wavefunctions

|Ψ̃ i〉 = ∑
α̃i−1σiαi

ψ̃
σi
α̃i−1αi

|α̃i−1〉l |σi〉|αi〉r, (7)

|Ψ̃ i+1〉 = ∑
αiσi+1α̃i+1

ψ̃
σi+1
αiα̃i+1

|αi〉l |σi+1〉|α̃i+1〉r (8)

from nodes 0 and 1, respectively. Here wavefunctions are ex-
pressed in 3 blocks since the system block is already updated
using Eqs. (5) and (6). The guessing solution of the superblock
is |Φ i,i+1〉 with its coefficients

φ
σiσi+1
α̃i−1α̃i+1

= ∑
αi

ψ̃
σi
α̃i−1αi

(Λ i
αi)
−1

ψ̃
σi+1
αiα̃i+1

, (9)

where Λ i
αi is the singular value at bi from the previous sweep.

In the real-space parallel DMRG scheme, there is only
data communications between two neighboring nodes in cal-
culations at their shared bond. The time cost of communica-
tions is usually a tiny proportion compared to a whole DMRG
sweep, especially for large parallel regions or large number of
kept states. Therefore, this parallel strategy may greatly accel-
erate DMRG calculations on modern high performance com-
puters based on the distributed memory architecture. On the
other hand, it can freely collaborate with other parallel algo-
rithms on shared memory systems. The parallel efficiency of
the method sensitively depends on a priori partitioning of real-
space parallel regions. In the case of the ideal initial partition-
ing, each node takes comparative computations, and reaches
shared bonds at almost the same time. However, in practice,
it is not always easy to distribute real-space parallel regions in
a good way before DMRG calculations, for various problems,
models and parameters. In that case, one node may reach the
shared bond and then waits for its neighbor for a long time,
as shown in Fig. 1(b). Region partitioning is harder for larger
number of parallel nodes. This problem can greatly affect the
parallel efficiency.

4. Real-space parallel DMRG with dynamic
boundaries

4.1. Algorithm

To improve the parallel efficiency for general applica-
tions, we propose a dynamical real-space parallel DMRG
strategy, in which parallel regions are partitioned adaptively
and therefore greatly reduce load imbalance between nodes.
In our improved parallel scheme, the DMRG chain is parti-
tioned to several regions manually for the first half-sweep, then
positions of shared bonds are adjusted dynamically in latter
sweeps. Here we show one sweep of the strategy in Fig. 1(c),

taking 2 parallel regions as an example. In the beginning stage,
two nodes begin parallel sweeps from their shared bond bi of
the previous sweep to opposite directions, and DMRG steps
are performed independently on their own regions, as in the
strategy with fixed boundaries. Because of unbalanced initial
partitioning, one node usually arrives the shared bond bi ear-
lier than its neighboring node. Whenever this happens, we
allow the faster node going on with its current sweep proce-
dure, until both nodes arrive at a new shared bond bi′ . The
procedure of merging and communication is similar. A global
optimized global wave function is obtained by diagonalizing
the Hamiltonian in the basis |α̃i′−1〉l |σi′〉|σi′+1〉|α̃i′+1〉r, and on
each node the next parallel sweep starts from this new shared
bond independently.

Compared to the fixed boundary parallel strategy, there is
no waiting time between nodes with adaptive boundaries, as
shown in Fig. 1(c). This can greatly reduce load imbalance
and improve parallel efficiency. In particular, we have a nearly
ideal speedup with 2 nodes even if the initial partitioning is
not very good. In the new strategy there are communications
between nodes in each DMRG step, by sending real-space po-
sition information to its neighbor. However, the time cost of
this extra communication is literally negligible.

10-6

10-7

2T10-4

10-4

6T10-5

serial DMRG

dynamical, P1

dynamical, P2

2 10 12
Sweep number


↩
E

g
/
E

0

↩
E

g
/
E

0

fixed, P1

fixed, P2

serial DMRG

dynamical, P1

dynamical, P2

fixed, P1

fixed, P2

(a)

(b)

4 6 8

Fig. 2. The energies of two benchmark models after each sweep for
the serial DMRG and real-space parallel DMRG with 2 nodes. E0
is the benchmark energy come from the calculation of other DMRG
packages with more kept states. (a) Results for spin-cluster chain in
comparison with the convergent ground energy with 6148 states in
Itensor.[54] (b) Results for our QCDMRG calculations in comparison
with CheMPS2[55] with 2000 SU(2) kept states. The number of kept
states and partitionings are set as in Tables 1 and 2, respectively.

Although the initial partitioning hardly affects the paral-
lel efficiency in our scheme, it may give slightly worse re-
sults compared to the original strategy for the same number
of sweeps, because the environment of the previous sweep is
used in DMRG steps across the shared bond. To get high ac-
curate results as the original parallel DMRG, for models with
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the reflection symmetry, the preferred initial region size sat-
isfies L j = LN− j−1, where N is number of regions and L j is
the length of the jth region, and 0 ≤ j < N. Furthermore, we
set a threshold to restrict the boundary shifting between two
adjacent sweeps. In our calculations, the position of shared
bonds between two nearest sweeps satisfies |i− i′|/L ≤ 0.05
for 2 nodes, where i (i′) is the position of the dynamical shared
bond in the previous (current) sweep [see Fig. 1(c)] and L is
the length of the chain. We test the convergence of our strat-
egy by applying it to two benchmark models (see Fig. 2). With
the convergence of the ground state, both fixed and dynamical
parallel strategies with different initial partitionings get nearly
the same energy as the serial DMRG after the same number of
sweeps.

An initial guessing wavefunction at the shared bond is
more complicated for the dynamical parallel case. Specifi-
cally, it depends on wave functions when two nodes arrive at
bi′ , DMRG steps at the shared bond bi′ of the previous half-
sweep and the previous sweep. Without loss of generality,
we consider the case i < i′, in which the shared bond moves
to right comparing to the last sweep, as shown in Fig. 1(c).
First, from sweeps on the left and right region, one obtains
two wavefunctions

|Ψ̃ i′〉 = ∑
α̃i′−1σi′αi′

ψ̃
σi′
α̃i′−1αi′

|α̃i′−1〉l |σi′〉|αi′〉r, (10)

|Ψ̃ i′+1〉 = ∑
α̂i′σi′+1α̃i′+1

ψ̃
σi′+1
α̂i′ α̃i′+1

|α̂i′〉l |σi′+1〉|α̃i′+1〉r, (11)

when two nodes arrive at bi′ . Hereafter a symbol with a hat
refers to the previous half-sweep. One may notice that we can
not directly get a guessing solution

|Φ i′,i′+1〉

= ∑
α̃i′−1σi′σi′+1α̃i′+1

φ
σi′σi′+1
α̃i′−1α̃i′

|α̃i′−1〉l |σi′〉|σi′+1〉|α̃i′+1〉r (12)

similar to Eq. (9). Instead, an extra transformation between
basis |α̂i′〉 and |αi′〉 is necessary. One can establish the projec-
tion Tαi′ ,α̂i′

by SVD results of the eigenvector at bond bi′ in the
previous sweep and the previous half-sweep as

Tαi′ ,α̂i′
= (V i′†V̂ i′)αi′ ,α̂i′

. (13)

Then we can get ∑α̃i′−1σi′ α̂i′
(ψ̃σi′T )α̃i′−1α̂i′

|α̃i′−1〉l |σi′〉|α̂i′〉r as

a good approximation of |Ψ̃ i′〉. Lastly, we obtain the guessing
wave function |Φ i′,i′+1〉 with its coefficients

φ
σi′σi′+1 = ψ̃

σi′TCψ̃
σi′+1 , (14)

where C is a diagonal matrix with Cα̂i′ α̂i′
= (Λ̂ i′

α̂i′
)
−1

. For the
case i > i′, we have the similar wavefunction transformation
procedure with projection

Tαi′ ,α̂i′
= (U i′†Û i′)αi′ ,α̂i′

and |Φ i′,i′+1〉 of coefficients

φ
σi′σi′+1 = ψ̃

σi′CT †
ψ̃

σi′+1 .

In particular, if i = i′ for all sweeps, our strategy gets the same
initial wave function on the shared bond as the original fixed
boundary parallel strategy, and the guessing wavefunction de-
generates to the fixed one.

In Fig. 3, we compare the predicted wave function with
the optimized wavefunction obtained by diagonalizing the
Hamiltonian. The initial wave function is not very good in first
several sweeps for both fixed and dynamical boundary paral-
lel strategies, since kept states change dramatically in these
sweeps. As approaching to the convergence of the ground
state, both the strategies provide better initial wave functions.
For the inhomogeneous quantum chemical Hamiltonian, trun-
cation error is site dependent. In the dynamical parallel al-
gorithm, adaptive shared bonds appear at positions where the
truncation error is larger, thus this results in larger discrepancy
between the predicted and optimized wavefunctions at these
bonds.


↩
<Φ
|Ψ
>


↩
<Φ
|Ψ
>

(a)

(b)

10-9

10-8

10-7

10-6

10-8
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10-5

10-4

dynamical, P1

dynamical, P2

fixed, P1

fixed, P2

dynamical, P1

dynamical, P2

fixed, P1

fixed, P2

2 10 12
Sweep number

4 6 8

Fig. 3. The distance between the predicted state |Φ〉 and the optimized
state |Ψ〉 on the shared bond of each sweep in real-space parallel DMRG
with 2 nodes, defined as 1− 〈Φ |Ψ〉. (a) Results for the spin-cluster
chain. (b) Results for QCDMRG calculations. The number of kept
states and partitionings are set as in Tables 1 and 2, respectively.

5. Performance benchmarks
In this section we test the performance of our strategy

by applying it to benchmark models in Section 2. Parallel
sweeps start after the inifinite-system DMRG,[1,2] and the par-
allel sweeping pattern for multiple nodes as Ref. [39] is im-
plemented. To reduce the memory and time cost, the num-
ber of particles and the z-projection of the total spin are fixed,
and the dynamical block state selection approach[28] is used to
control the number of kept states in each DMRG step. Specifi-
cally, the number of kept states D changes dynamically to keep
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the truncation error ε smaller than a tolerance threshold εmax,
within the range [Dmin,Dmax]. Note that truncation error can
be larger than εmax to keep D smaller than Dmax. These values
for both the benchmark models are shown in Table 1. We per-
form 12 DMRG sweeps to get convergent ground states. To
compare the performances from different initial partitionings,
two partitionings are tested for both the models, and note that
partitionings for 4 nodes are obtained by dividing regions of
partitioning P1 for 2 nodes (see Table 2).

Table 1. Parameters for controlling the number of kept state of each
DMRG step in calculations of two benchmark models.

Parameters SCC H2O
Dmin 512 256
Dmax 4096 512
εmax 1e-9 1e-7

Table 2. Initial partitionings for different schemes and different number
of nodes.

Model Partitioning 1 (P1) Partitioning 2 (P2)

SCC
80,80 70,90

50,30,30,50 46,34,34,46

H2O
25,46 35,36

12,13,16,30 15,10,20,26

The ground state of the spin-cluster chain of periodic
boundary condition is calculated with 160 sites and nc = 4.
The speedup is defined as the ratio of the time cost for se-
rial DMRG sweeps to that for parallel DMRG sweeps, and
the parallel efficiency is the ratio of the speedup to the num-
ber of nodes. The speedup of our parallel strategy is shown
in Fig. 4(a). For calculations with 2 nodes, the waiting time
can almost be ignored for partitioning P1 with equal region
size, and we get high parallel efficiency for both parallel strate-
gies. For a bad initial partitioning P2, the speedup of fixed
boundary is lower but the dynamical version still has the same
high speedup as P1. In 4 nodes, our strategy also shows much
higher speedups than the strategy with fixed boundaries and
is nearly independent of partitionings. The waiting time is
greatly reduced with dynamical boundaries in calculations of
the spin-cluster chain. The maximum parallel efficiency is up
to 91%.

For the water molecule, we choose the cc-pcVTZ basis
to contain 71 molecular orbitals. In the QCDMRG method, a
good order of molecular orbitals is useful to avoid local min-
imal optimizations and may help to fasten the convergence.
There are many strategies to optimize the order of molecular
orbitals.[56–58] In our calculations, all orbitals are in the order
of increasing HF orbital energies. We show speedups of fixed
and dynamical parallel DMRG strategies in Fig. 4(b). Simi-
lar to calculations for the spin-chain ladder, parallel speedups
of our strategy are much higher than the original parallel
strategy with fixed boundaries and are almost independent of
initial partitionings. Best parallel efficiencies of the water

molecule are 88% and 76% for 2 and 4 nodes, respectively.
For such short lattice without translational invariant symme-
try, few DMRG steps with a large number of kept states take
most of the computational time in a whole sweep. Since the
maximum waiting time in real-space parallel DMRG is the
time cost of a single DMRG step, in general the parallel effi-
ciency in quantum chemical Hamiltonians with small number
of orbitals is lower than lattice models. For more complicated
quantum chemical systems with larger number of orbitals, our
dynamical parallel strategy is expected to have better perfor-
mance.

(a)

(b)

dynamical, P1

dynamical, P2

fixed, P1

fixed, P2

1

2

3

4

S
p
e
e
d
u
p

S
p
e
e
d
u
p

1

Number of nodes

1

2

3

4

ideal

dynamical, P1

dynamical, P2

fixed, P1

fixed, P2

ideal

2 3 4

Fig. 4. The speedup for both the fixed and dynamic boundary strategies
in calculations of (a) the ground state of the spin-cluster chain, and (b)
the QCDMRG method.

6. Conclusions
In summary, we have proposed an improved real-space

parallel DMRG strategy with dynamical boundaries, where the
waiting time between two nearest nodes is greatly reduced. To
get high parallel efficiency, a good initial wave function for the
DMRG step on the shared bond is also provided. We test the
performance of our parallel strategy in computing the ground
state of the spin-cluster chain and the Hamiltonian in quantum
chemistry. Compared with the original fixed boundary paral-
lel scheme, our strategy shows higher parallel efficiencies for
both the systems, and gets almost the same speedup for differ-
ent initial partitionings. This real-space parallel strategy can
be applied to speed up DMRG calculations with heavy compu-
tations, and is easy to be extended to other real-space parallel
applications generalized from DMRG, such as various time-
dependent algorithms.[59,60]
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Güdel H U 2020 Phys. Rev. B 101 224417

[48] Chan G K L and Head-Gordon M 2003 J. Chem. Phys. 118 8551
[49] Hachmann J, Cardoen W and Chan G K L 2006 J. Chem. Phys. 125

144101
[50] Marti K H, Ondı́k I M, Moritz G and Reiher M 2008 J. Chem. Phys.

128 014104
[51] Sharma S, Sivalingam K, Neese F and Chan G K L 2014 Nat. Chem. 6

927
[52] Knecht S, Legeza O and Reiher M 2014 J. Chem. Phys. 140 041101
[53] Smith D G A, Burns L A, Simmonett A C, Parrish R M, Schieber M

C, Galvelis R, Kraus P, Kruse H, Di Remigio R, Alenaizan A, James
A M, Lehtola S, Misiewicz J P, Scheurer M, Shaw R A, Schriber J B,
Xie Y, Glick Z L, Sirianni D A, O’Brien J S, Waldrop J M, Kumar A,
Hohenstein E G, Pritchard B P, Brooks B R, Schaefer H F, Sokolov A
Y, Patkowski K, DePrince A E, Bozkaya U, King R A, Evangelista F
A, Turney J M, Crawford T D and Sherrill C D 2020 J. Chem. Phys.
152 184108

[54] Fishman M, White S R and Miles Stoudenmire E 2020
arXiv:2007.14822 [cs.MS]

[55] Wouters S, Poelmans W, Ayers P W and Neck D V 2014 Comput. Phys.
Commun. 185 1501

[56] Chan G K L and Head-Gordon M 2002 J. Chem. Phys. 116 4462
[57] Moritz G, Hess B A and Reiher M 2005 J. Chem. Phys. 122 024107
[58] Rissler J, Noack R M and White S R 2006 Chem. Phys. 323 519
[59] White S R and Feiguin A E 2004 Phys. Rev. Lett. 93 076401
[60] Haegeman J, Cirac J I, Osborne T J, Pižorn I, Verschelde H and Ver-
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