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The bubble–bubble interaction (BBI) is attractive in most cases, but also could be repulsive. In the present study,
three specific mechanisms of repulsive BBI are given. The great contribution to the repulsive BBI is derived from the large
radius of the bubble catching the rebound point of the other bubble. For “elastic” bubble and “inelastic” bubble, with the
increase of the phase shift between two bubbles, the BBI changes from attractive to repulsive, and the repulsion can be
maintained. For both “elastic” bubbles, the BBI alternates between attractive interaction and repulsive interaction along the
direction where the ambient radius of one of bubbles increases. For stimulating bubble and stimulated bubble, the BBI can
be repulsive. Its property depends on the ambient radii of bubbles. In addition, the distribution of the radiation forces in
ambient radius space shows that the BBI is sensitive to the size of bubble and is complex because the bubbles are not of the
same size in an ultrasonic field. Finally, as the distance increases or decreases monotonically with time, the absolute value
of the BBI decreases or increases, correspondingly. The BBI can oscillate not only in strength but also in polarity when the
distance fluctuates with time.

Keywords: bubble–bubble interaction, repulsion, phase shift
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1. Introduction

It is a well-known phenomenon that the bubble–bubble
interaction (BBI) exists between gas bubbles in an ultrasonic
field,[1] and hence it is called the Bjerknes force. It is divided
into the primary Bjerknes force and the secondary Bjerknes
force. Both forces are related to the acoustic pressure gra-
dient. The former is a translational force on the bubble,
which originates from the fact that the acoustic pressure gra-
dient derived from external pressure couples with the bubble
oscillations.[2,3] If the bubble radius is larger than the resonant
radius, the bubble travels toward a pressure node. Otherwise,
the bubble moves toward a pressure anti-node. The pulsat-
ing bubbles emit the secondary acoustic field and will exert
radiation force on other bubbles, and the radiation force is av-
eraged over period, that is, the secondary Bjerknes force.[4–6]

The direction of the force represents the attraction or rejection
of bubbles. According to the classical Bjerknes theory based
on linear dynamics, the force between two bubbles is repulsive
if the driving frequency lies between their resonance frequen-
cies, otherwise it is attractive.[7–9]

As is well known, the bubble pulsation is no longer lin-
ear in actual ultrasonic field, so that the radiation force be-
tween two bubbles due to the secondary sound fields emitted
by other pulsating bubbles has been absorbing researchers’
attention,[10–17] and the direction of the force becomes a re-
search hot point.[18–21] Mettin et al.[22] concluded that the

force between two bubbles is symmetric, similar to the ac-

tion and reaction, and their strengths and directions differ

considerably from predictions by the linear theory, under the

assumptions of periodic pulsation and negligible translation.

Doinikov[23,24] considered both radial pulsation and central

translation of two bubbles and simulated their many interest-

ing behaviors in strong acoustic fields, such as self-propulsion

of a bubble pair. Oguz and Prosperetti[25] obtained that in cer-

tain parameter ranges the force between the bubbles has a sign

opposite to what is expected on the basis of the linear theory

of Bjerknes forces. Harkin[26] studied the coupled pulsation

and translation of two gas bubbles in weak amplitude acous-

tic forcing and also in moderate amplitude acoustic forcing.

In these calculations, the BBI is attractive in most cases, but

also repulsive in some cases. In this paper, the three specific

mechanisms of repulsive BBI and the evolution of the BBI in

ambient radius space are investigated in liquid driven by ultra-

sound. The rest of this paper is organized as follows. In Sec-

tion 2, the specific expression of the radiation force is given. In

Section 3, the mechanism of the repulsive BBI for pairs with

different bubble radii is analyzed and the distribution of the

BBI in ambient radius space is simulated numerically. In Sec-

tion 4, the BBIs at different distances between the bubbles are

discussed. And some conclusions are drawn from this present

study and discussion is also present in Section 5.
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2. Bubble–bubble interaction
Assuming that a spherical bubble 1 with radius R1 is lo-

cated at x1 and accompanied by the other spherical bubble 2
with radius R2 located at x2 on the x axis in an incompressible
fluid with density ρ , then the force acting on the surface of the
bubble 1 by the radiation sound field of the bubble 2 will be
written as[1]

𝐹1 =−V1∇P2, (1)

where V1 = 4πR3
1/3 is the volume of the bubble 1, ∇P2 is the

pressure gradient generated by the bubble 2. The radiation
force is proportional to the bubble volume and the pressure
gradient generated by the other bubble. In order to obtain the
pressure field of the bubble 2, the equation of motion can be
written as

ρ
∂v2

∂ t
+

∂P2

∂ r
= 0, (2)

with r being the radial coordinate. The velocity field of bub-
ble 2 v2 may be written in the form

v2 =
R2

2Ṙ2

r2 , (3)

where the overdot denotes the time derivative. Substitution of
Eqs. (2) and (3) into Eq. (1) yields

𝐹1 =−
4πρR3

1

3(x2 − x1)
2

(
2R2Ṙ2

2 +R2
2R̈2
)
𝑒x ≡ F1𝑒x, (4)

with 𝑒x being the unit vector from x1 to x2 and F1 changes
with time and may alternate between positive and negative.
Averaging Eq. (4) over an interval τ , such as an acoustic pe-
riod, one obtains the BBI acting on bubble 1 from bubble 2 as
follows:[7]

𝐹B1 =
1
τ

∫
τ

0
𝐹1 dt ≡ FB1𝑒x. (5)

If the weighted ratio of the negative F1 to positive F1 is greater
than 1 in an acoustic period, the FB1 is negative, which means
that bubble 1 moves away from bubble 2. The BBI is repul-
sive. Otherwise, the bubble 1 moves toward bubble 2. The
radii R1 and R2 , and locations x1 and x2, of course, obey their
dynamic equations including two pulsation equations and two
translation equations according to the Doinikov equations (see
Appendix A).

3. Repulsive bubble–bubble interaction
As is well known, when the ambient radii of two bubbles

are the same, the BBI is always attractive. However, the ambi-
ent radii of bubbles in acoustic field are not of the same size,
and there is a size distribution. The evolution profile including
the locations of the peak and rebound radius is different for

different bubbles. As a result, the BBI cannot always be at-
tractive. The following are three mechanisms of bubble repul-
sion. The MATLAB program package is used to analyze the
mechanism of the repulsive BBI for pairs with different bubble
radii and to simulate numerically the distribution of BBI. We
set the physical parameters to be p0 = 1 bar (1 bar = 105 Pa),
ρ = 998 kg/m, c = 1500 m/s, κ = 1.4, σ = 0.0725 N/m, and
η = 0.001 Pa·s.

3.1. “Elastic” bubble and “inelastic” bubble

The pulsating bubble dynamics shows that a bubble will
pulsate with weak rebound under a strong driving sound at a
suitable frequency, such as a sonoluminescing bubble. On the
contrary, the bubble will rebound strongly when the driving
sound is weak or when the driving frequency is not appropri-
ate. The strong rebound is similar to the elastic collision in
mechanics and the weak rebound to the inelastic collision, so
that the strong rebound bubble (weak rebound bubble) is re-
ferred to as “elastic” bubble (“inelastic” bubble), hereinafter.
Of course, the boundary between “elastic” bubble and “inelas-
tic” bubble is not clear, similar to that between the elastic ball
and inelastic ball in mechanics. The radiation force on an “in-
elastic” bubble due to the pulsation of the other “elastic” bub-
ble is considered now.
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Fig. 1. Pulsation and BBI of “inelastic” bubble accompanied with an “elas-
tic” bubble, showing (a) radius curves, and (b) instant force (solid curve)
and negative force of “inelastic” bubble (dot-dashed line) with driven sound
being 1.3 bar in amplitude at frequency 25 kHz, and the ambient radii being
4 µm and 2 µm, respectively.

Here, we investigate case A. The bubbles with different
ambient radii pulsate in different amplitudes under a given ul-
trasound. Bubble 1 in Fig. 1(a) pulsates in “inelastic” style,
and bubble 2 in “elastic” style. There is a phase shift ∆φ

between them (see Fig. 1(a)). Obviously, two bubbles with
the same ambient radii will pulsate exactly identically, that is,
∆φ = 0, and the BBI is always attractive, that is, FB1 > 0. If ∆φ

is large enough, the FB1 can change from positive to negative
(Fig. 1(b)). On the other hand, the BBI can also change into a
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repulsive interaction as the distance between bubbles changes
as shown in Ref. [22]. Figure 1(b) shows that the rebound
points of bubble 2 catch the large radius of bubble 1, which
makes a great contribution to the negative radiation force. In
order to understand the dependence of the radiation force on
bubble size, the FB1 in the ambient radius space is calculated.
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Fig. 2. Distribution of BBI for “inelastic” bubble and “elastic” bubble, with
driven sound being the same as that in Fig. 1.

The result is shown in Fig. 2, where the red region and
blue region show the attractive and repulsive BBI, respectively.
For each ambient radius of bubble 1, a repulsive BBI can be

obtained by choosing a small bubble 2, such as smaller than
2.0 µm. Furthermore, the repulsion from bubble 2 will be
maintained as bubble 2 turns smaller and smaller, that is, com-
ing down along the vertical dashed line in Fig. 2.

3.2. Both “elastic” bubbles

Then, we study case B. As shown in Figs. 3(a) and 3(c),
two bubbles pulsate in an “elastic” style with a small phase
shift ∆φ , where the strong rebound lasts a quite long time. The
FB1 can be negative (Fig. 3(b)) when some rebounds of bub-
ble 2 just meet the large radius of bubble 1 (Fig. 3(a)). If the
phase shift ∆φ increases further as shown in Fig. 3(c), how-
ever, some rebounds of bubble 2 mismatch the large radius of
bubble 1, even meet its rebounds. As a result, the BBI changes
from repulsive to attractive again (Fig. 3(d)). Similarly, the
FB1 in ambient radius space is also plotted in Fig. 4. For a
given ambient radius of the bubble 1, R10 = 9.3 µm for exam-
ple, the BBI will alternate between attractive interaction and
repulsive interaction as bubble 2 becomes larger along the ver-
tical dashed line in Fig. 4. Therefore, the BBI is complex and
sensitive to the ambient radius of the bubble and the accompa-
nying bubble.
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Fig. 3. Pulsation and BBI of “elastic” bubble accompanied with other “elastic” bubble, showing radius curves of bubble 1 and bubble 2 with (a) 9.2 µm
and 9.9 µm and (c) 9.2 µm and 12.1 µm, respectively, and their corresponding ((b) (d)) instant force (solid curve) and negative BBI of “elastic” bubble
(dot-dashed line), at driven sound of 1.05 bar in amplitude at frequency 50 kHz.
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Fig. 4. Distribution of BBI both “elastic” bubbles, with the same driven
sound as that in Fig. 3.

3.3. Stimulating bubble and stimulated bubble

Finally, we examine case C. A large bubble 1 with a small
accompanying bubble 2 is assumed to be in an ultrasonic field,
such as the ambient radii of large and small bubbles being
14.2 µm and 1.5 µm, respectively. The ultrasound at fre-
quency 25 kHz excites the bubble 1 to a strong rebound, thus
making the bubble 1 an “elastic” bubble (see solid curve in
Fig. 5(a)) and turning bubble 2 worse than bubble 1. There-
fore, bubble 2 pulsates extremely weakly and the radius evolu-
tion curve of bubble 2 is almost linear (see dot-dashed curve in
Fig. 5(a)). Fortunately, the collapse of bubble 1 near rebound
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point excites many harmonics at high frequencies and radiates
the secondary pressure in liquid. The high-frequency radiation
pressure generated by bubble 1 drives bubble 2 efficiently and
excites its high-frequency pulsation (see Fig. 5(a)). Obviously,
bubble 1 acts as a stimulating bubble while bubble 2 behaves
as a stimulated one. In other words, the ultrasound causes bub-
ble 1 to pulsate, and the pulsation of bubble 1 induces bubble 2
to pulsate, so that bubble 1 plays an important role in the pul-
sating of bubble 2, which is quite different from both case A
and case B above.
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Fig. 5. Pulsation and BBI of stimulating bubble accompanied with a stim-
ulated bubble, showing (a) radius curves, (b) instant force curve (solid) and
negative BBI of stimulating bubble (dot-dashed line), with driven sound
being 1.3 bar in amplitude at frequency 25 kHz, and ambient radii being
14.2 µm and 1.5 µm , respectively.

The radiation pressure from the stimulated bubble is al-
ternative, so that the radiation force F1 on the stimulating bub-
ble is also alternative (Fig. 5(b)). The calculation shows that
the FB1 can also be negative, which means that the stimulat-
ing bubble is repelled by the stimulated bubble (Fig. 5(b)). Of
course, it can also be positive and the property of the BBI de-
pends on ambient radii of two bubbles.

Figure 6 shows the distribution of the BBI in ambient ra-
dius space. For a given ambient radius of stimulating bubble,
R10 = 14.2 µm for example, the BBI will change from attrac-
tive interaction to repulsive interaction as the stimulated bub-
ble becomes larger along the vertical dashed line in Fig. 6. It is
worth pointing out that the pulsating style of the bubbles will
change from this case to the first case (i.e. case A) above when
the ambient radius of the bubble 2 goes up through the hor-
izontal dot-dashed line in Fig. 6, although the repulsive BBI
will be maintained

To sum up, the repulsive BBI can be obtained in the three
cases. The interaction picture can be switched among the three
cases by changing the ambient radii of bubbles. For example,

bubble 1 is set to be an “elastic” bubble. If bubble 2 is very
small and serves as a stimulated bubble, the interaction picture
belongs to the third case. If bubble 2 becomes large, bubble
2 will respond well to the driving ultrasound and can be con-
sidered as an “inelastic” bubble, leading the picture to be the
first case. If bubble 2 becomes further larger, it will be also an
“elastic” bubble, belonging to the second case.
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Fig. 6. Distribution of BBI of stimulating and stimulated bubbles with the
same driven sound as that in Fig. 5.

4. BBIs at different distances
In the calculation of this paper, the bubble translation is

considered. Both the distance between the bubbles and the
radii of the bubbles vary with time, and so does the BBI. We
discuss the BBIs at different distances now. In Fig. 7, we
record the BBIs at different distances started at the same ini-
tial distance. The variation tendency of the BBI versus the
distance, of course, is related to the parameters, such as the
ambient radii, R10 and R20.

When the BBI is attractive (repulsive), the distance be-
comes smaller and smaller (larger and larger) over time. The
relation between the BBI and the distance is shown in Fig. 7.
It is seen from Fig. 7(a) that as the distance decreases with
time increasing, the absolute value of the BBI increases. In
Fig. 7(b), as the distance increases with time increasing, the
absolute value of the BBI decreases.

(b)

(a)

-0.472

1.004

1.008

10031001993991

FB1 ↼nN↽

D ↼mm↽

Fig. 7. BBIs at different distances where initial distance is set to be 1000 µm,
ambient radii of two bubbles are (a) 9.2 µm, 12 µm, (b) 9.25 µm, 10 µm,
respectively, driven sound is 1.05 bar in amplitude at frequency 50 kHz, and
arrows mean direction of time increasing.
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Figure 8 shows the change of the BBI and the distance
with acoustic period. The distance between the bubbles gen-
erally decreases with acoustic cycle number (fluctuation) in-
creasing in a small range in Fig. 8(a), and the BBI oscillates in
Fig. 8(b). The repulsive BBI causes the distance to increase,
which in turn forms the attractive BBI, then the distance de-
creases, which in turn forms the repulsive BBI. In other words,
the BBI can oscillate not only in strength but also in polarity
when the distance fluctuates. The BBI is very sensitive to the
distance in this case.
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Fig. 8. BBI and distance between bubbles varying with acoustic cycle num-
ber, where initial distance is set to be 1000 µm, ambient radii of two bubbles
are 9.2 µm and 10.7 µm, respectively driven sound is 1.05 bar in amplitude
at frequency 50 kHz.

In a word, as the distance increases or decreases mono-
tonically with time, the absolute value of the BBI decreases
or increases, respectively. The BBI can oscillate not only in
strength but also in polarity when the distance fluctuates with
time.

5. Conclusions and discussion
In this paper, three specific repulsion mechanisms are

given. The great contribution to the repulsive BBI originates
from the large radius of the bubble catching the rebound point
of the other bubble. For “elastic” bubble and “inelastic” bub-
ble, with the increase of the phase shift between two bubbles,
the BBI changes from attraction to repulsion. The repulsion
from the “inelastic” bubble will be maintained as the ambient
radius of the “inelastic” bubble becomes smaller and smaller.
For both “elastic” bubbles, if the phase shift increases further,
the BBI can change from repulsive to attractive again, that is,
the BBI can alternate between attractive interaction and repul-
sive interaction along the direction where the ambient radius of
one of bubbles continues to increase. This is different from the

case of “elastic” bubble and “inelastic” bubble. For stimulat-
ing bubble and stimulated bubble, the pulsation of one bubble
is completely influenced by the other bubble pulsation. The
BBI can also be repulsive. Of course, it can also be attrac-
tive and its property of the BBI depends on ambient radii of
two bubbles. The interaction picture can be switched among
the three cases by changing the ambient radii of bubbles. In
addition, the distribution of the BBI in ambient radius space
shows that the BBI is sensitive to the size of bubble because
the bubbles are not of the same size. Finally, when the distance
increases or decreases monotonically with time, the absolute
value of the BBI decreases or increases, respectively. When
the distance fluctuates with time, the BBI oscillates not only
in strength but also in polarity. To sum up, the BBI is very
complex in a cavitation cloud.[27–29]

Appendix A: Four coupled dynamic equations
The four coupled equations can be written as[23](

1− Ṙi

c

)
RiR̈i +

(
3
2
− Ṙi

2c

)
Ṙ2

i

=
pi

ρ

(
1+

Ṙi

c

)
+

Ri

ρc
d pi

dt
+

ẋ2
i

4
−

R2
3−iR̈3−i +2R3−iṘ3−i

D

+ (−1)3−i R2
3−i(Ṙ3−iẋi +R3−iẍ3−i +5Ṙ3−iẋ3−i)

2D2

−
R3

3−iẋ3−i(ẋi +2ẋ3−i)

2D3 , i = 1,2, (A1)

Riẍi

3
+ Ṙiẋi

= (−1)i 1
D2

d
dt

(
RiR2

3−iṘ3−i
)

+
R2

3−i
(
RiR3−iẍ3−i +5RiṘ3−iẋ3−i +R3−iṘiẋ3−i

)
D3

+
fxi

2πρR2
i
, (A2)

with

pi =

(
p0 +

2σ

Ri0

)(
Ri0

Ri

)3κ

− 2σ

Ri
− 4ηṘi

Ri

− p0 + pa sinωt, (A3)

fxi =−12πηRi

(
ẋi +(−1)3−i R2

3−iṘ3−i

D2 −
R3

3−iẋ3−i

D3

)
, (A4)

where Ri is the ambient radius of the i-th bubble, c is the speed
of sound in liquid, D is the time-dependent distance between
bubbles’ centers, overdot denotes the time derivative, κ is the
polytropic exponent of the gas inside bubble, σ is the surface
tension between the liquid and gas, fxi is the viscous drag,[30]

pa is the amplitude of the driving sound pressure, and η is the
viscosity of the liquid.
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