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Construction of optimal gate operations is significant for quantum computation. Here an efficient scheme is pro-
posed for performing shortcut-based quantum gates on superconducting qubits in circuit quantum electrodynamics (QED).
Two four-level artificial atoms of Cooper-pair box circuits, having sufficient level anharmonicity, are placed in a common
quantized field of circuit QED and are driven by individual classical microwaves. Without the effect of cross resonance,
one-qubit NOT gate and phase gate in a decoupled atom can be implemented using the invariant-based shortcuts to adia-
baticity. With the assistance of cavity bus, a one-step SWAP gate can be obtained within a composite qubit-photon-qubit
system by inversely engineering the classical drivings. We further consider the gate realizations by adjusting the microwave
fields. With the accessible decoherence rates, the shortcut-based gates have high fidelities. The present strategy could offer
a promising route towards fast and robust quantum computation with superconducting circuits experimentally.

Keywords: superconducting qubit, circuit QED, quantum gate, shortcuts to adiabaticity
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1. Introduction
Based on quantum state encoding and superposition prin-

ciple, quantum computers possess some incomparable advan-
tages to implement some computation tasks when compared
with the classical counterparts, and then the research field of
quantum computing has attracted tremendous attention in the
past two decades.[1–5] According to quantum circuit model,
computation execution depends on logic gate operations. By
means of a set of universal gates, including two noncom-
mutable one-qubit gates and a controlled two-qubit gate, one
can accomplish general computation tasks. Physically, qubits
carried by quantum systems are inevitably coupled to the de-
grees of freedom associated with noisy environment, giving
rise to qubit decoherence generally.[6] The decoherence ef-
fects induce the fidelity loss especially for multi-qubit gates.
To fight against the detrimental decoherence effects, one can
improve the intrinsic property and then prolong the system co-
herence time. Alternatively, considerable efforts have been de-
voted to exploring some fault-tolerant ways to suppress noise
effects.[7–12]

Behaving as artificial atoms, superconducting quantum
circuits composed of Josephson junctions hold discrete en-
ergy levels, which can be encoded to qubits for perform-
ing quantum computation.[13–17] Due to flexible controllabil-
ity and potential scalability, superconducting qubits have been
one of the most promising candidates to quantum informa-
tion processing.[18–23] Particularly, superconducting artificial
atoms can be strongly or ultrastrongly coupled to the quan-
tized cavity field generated by the transmission-line resonator

(TLR), which thus forms an excellent device of circuit QED in
the microwave range.[24–26] In recent years, by combining the
quantized cavity field and classical microwave drivings, the
investigation of quantum computation with superconducting
circuit QED has made remarkable progress.[27–33] However,
compared with natural atoms, superconducting solid-state cir-
cuits are easily affected by the decoherence effects caused by
environmental noises and control varialbe imperfections.[34,35]

Some novel strategies have been put forward for constructing
robust quantum gates on superconducting qubits.[36–43]

Stimulated Raman adiabatic passage,[44,45] as one of the
powerful approaches, is insensitive to the control parame-
ter fluctuations and timing errors, and it has been adopted
to perform coherent operations on superconducting quan-
tum circuits.[46–48] Acting as a typical shortcoming, the rel-
atively long duration times are required by the adiabatic op-
erations. During the recent years, a set of techniques named
as shortcuts to adiabaticity (STA),[49–51] generally including
invariant-based inverse engineering, counterdiabatic driving,
and fast-forward approach, has been developed theoretically
and demonstrated experimentally. The methods of STA not
only remain the robustness advantage of adiabatic manipu-
lations, but also perform quantum operations within shorter
times in the absence of adiabatic requirement. Considering
the distinctive features, the STA-based coherent controls have
been increasingly applied to exploit fast and robust quantum
operations on superconducting artificial atoms.[52–61] In the re-
search subject of quantum information processing, the explo-
ration of optimal and feasible superconducting quantum gates
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is still an interesting issue.
In this paper, we present a theoretical scheme for fast im-

plementing quantum gates on superconducting qubits inside
circuit QED in a shortcut manner. Two four-level artificial
atoms of Cooper-pair box (CPB) circuits in the charge-phase
regime are situated in a common quantized cavity and are in-
dividually driven by classical microwaves. By virtue of the
invariant-based STA, we perform a NOT gate and a π-phase
gate on a single qubit. In the two-photon resonance with large
detunings, a composite qubit-photon-qubit system can be ob-
tained effectively, in which a one-step implementation of two-
qubit SWAP gate can be realized by inversely engineering the
classical drivings. We consider the gate realizations by adjust-
ing the microwave fields of ac voltages and time-dependent
fluxes. It is found that these gates are robust by numeri-
cally simulating the decoherence effects. The proposed strat-
egy could pave a versatile avenue towards optimized quantum
computation with superconducting qubits in circuit QED.

This paper is organized as follows. Section 2 presents two
four-level artificial atoms of CPBs in a circuit QED. By the
technique of invariant-based STA, two one-qubit gates within
a decoupled atom and a two-qubit SWAP gate in a compos-
ite system are elaborated in Section 3. Section 4 concerns the
gate implementations and fidelities. Discussion and a conclu-
sion are finally drawn in Section 5.

2. Two artificial atoms of CPBs in a circuit QED
As schematically depicted in Fig. 1(a), we deal with a

high-quality coplanar circuit QED architecture, in which the
resonator of length Lr along the x direction generates a quan-
tized cavity field with a single-mode frequency ωr. Two CPB
circuits are connected to a one-dimensional resonator via ca-
pacitances C(k)

r (with k = 1 and 2), leading to electrical interac-
tions between the CPBs and quantized field. Each CPB circuit
contains a box with extra Cooper-pairs n. The box is linked to
a segment of a superconducting loop via two identical Joseph-
son junctions with coupling energies EJ and capacitances CJ.
The total Josephson energy Ē(k)

J can be adjusted by means of

a magnetic flux Φ
(k)
s threading the loop. Through a gate ca-

pacitance Cg, a static bias voltage V (k)
g is applied to the kth

box. Apart from the static voltage V (k)
g and flux Φ

(k)
s , an ac

voltage Ṽ (k)
d and time-dependent flux Φ̃

(k)
m , acting as classical

microwave drivings, exert on the kth CPB to induce level state
transitions, as mentioned later.

In the charge-phase regime,[62] the characteristic system
parameters fulfill E(k)

c ∼ Ē(k)
J , where E(k)

c is the charging en-

ergy scale with the same order of Ē(k)
J . With no radiations from

the quantized and classical fields, the system Hamiltonian of a
single CPB is

H(k)
0 = E(k)

c [n−n(k)g ]2− Ē(k)
J cosθ , (1)

where the first and second terms represent the system charg-
ing and Josephson energies, respectively. We have E(k)

c =

2e2/C(k)
t , with C(k)

t = (Cg +C(k)
d +C(k)

r + 2CJ) being the to-

tal capacitance of the box, and n(k)g = CgV (k)
g /2e indicates

the offset charge. The total Josephson energy reads Ē(k)
J =

2EJ cos[πΦ
(k)
s /Φ0], with Φ0 = h/2e being the flux quantum.

As an average phase difference of the two junctions, θ is
canonically conjugate to n, namely, [θ ,n] = i.
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Fig. 1. (a) Schematic demonstration of two CPBs connected to a one-
dimensional TLR, the kth CPB is driven by the controllable classical
microwaves Ṽ (k)

d and Φ̃
(k)
m , with k = 1 and 2. (b) The first four levels

E(k)
l of the kth CPB (with Ē(k)

J = E(k)
c ) versus gate charge n(k)g , with

l = g, e, a, and f. Here the energies are given in units of E(k)
c , and E(k)

g
has been taken as the zero-energy references.

In terms of Eq. (1), the n(k)g -dependent eigenlevels and
eigenstates of the kth CPB circuit can be obtained. We have
the first four levels E(k)

l (with l = g, e, a, and f) versus n(k)g ,
as given in Fig. 1(b). The CPB system with discrete lev-
els is often referred to as artificial atom. The eigenstates
|l〉 can be expressed as superpositions of Cooper-pair num-
ber states, |l〉 = ∑n cln |n〉, with cln being combination coeffi-
cients. At a bias point n(k)g = 0.4, the level states |l〉 constitute
an effective four-level system, which has a sufficiently large
level anharmonicity. In this case, the transition frequencies
ω

(k)
ae = [E(k)

a −E(k)
e ]/h̄ and ω

(k)
eg = [E(k)

e −E(k)
g ]/h̄ are far away

from each other, which is highly beneficial to eliminate leak-
age errors.

With the chosen E(1)
c and E(2)

c , there exist obvious fre-
quency differences ω

(2)
ae −ω

(1)
ae and ω

(2)
eg −ω

(1)
eg between two

atoms in our scenario. Since the eigenstates |l〉(1) and |l〉(2) are
identical correspondingly, the superscripts of |l〉(k) in Fig. 1(b)
have been ignored. Here, |g〉(k) and |e〉(k) are encoded into
qubit states, while |a〉(k) and | f 〉(k) serve as ancillary states.
The current choice of n(k)g = 0.4 is based on a balance of

088501-2
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two aspects. On the one hand, qubit states at a magic point
(ng = 0.5) can be well immune to the first-order fluctuation
of gate charge,[62] contributing to prolong the qubit coherence
time. Thereby, to keep the advantage as much as possible, the
bias point should be close to ng = 0.5. On the other hand, the
working points should be appropriately deviated from 0.5 for
obtaining sufficient level separations between |a〉(k) and | f 〉(k).

3. STA-based quantum gates
3.1. Two one-qubit gates

Before constructing one-qubit gates, two CPBs in a cavity
field need to be decoupled from each other. The cavity mode of
frequency ωr aims at causing the couplings between |e〉(k) and
|a〉(k), the coupling strengths of which are assumed to be λ (1)

and λ (2), see Fig. 2(a). Since the cavity frequency ωr is largely
detuned from the transition frequencies ω

(k)
ae , we have the de-

tunings ∆ (k) = ω
(k)
ae −ωr much larger than λ (k). When the

difference ∆ (21) = ∆ (2)−∆ (1) is large enough, the cross res-
onance between |e〉(1) |a〉(2) and |a〉(1) |e〉(2) that is induced by
the cavity field can be suppressed effectively.[63,64] Moreover,
in the dispersive regime, the cavity field cannot directly trig-
ger the transition between |e〉(k) and |a〉(k) within each atom.
In this situation, two atoms will not be affected by the cavity
field,[65] and then we can individually address each atom.

First, we start with a one-qubit NOT gate within a decou-
pled atom, for example, the 1st atom. As shown in Fig. 2(b),
within a subspace {|g〉 , |a〉 , |e〉}(1), two classical microwave
drivings with resonant frequencies result in a Λ -configuration
interaction with Rabi couplings Ω

(1)
ag and Ω

(1)
ae . The interac-

tion Hamiltonian is described by

Hn(t) = h̄[Ω (1)
ag |a〉〈g|+Ω

(1)
ae |a〉〈e|+H.c.]. (2)

The invariant of Hamiltonian in Eq. (2) reads

In(t) = h̄Ωn(cosα sinβ |a〉〈g|+ cosα cosβ |a〉〈e|

+i sinα |e〉〈g|+H.c.), (3)

where Ωn is a constant in units of frequency to keep In(t) with
dimensions of energy. The three eigenstates of In(t) are de-
rived as

|φ0(t)〉 = cosα cosβ |g〉− i sinα |a〉− cosα sinβ |e〉 ,

|φ±(t)〉 =
1√
2
[(sinα cosβ ± i sinβ ) |g〉+ i cosα |a〉

−(sinα sinβ ∓ i cosβ ) |e〉],

the eigenvalues of which are λ0 = 0 and λ± = ±Ωn, respec-
tively. The relations between the Rabi couplings and the pa-
rameters α and β satisfy

Ω
(1)
ag = β̇ cotα sinβ + α̇ cosβ ,

Ω
(1)
ae = β̇ cotα cosβ − α̇ sinβ .

The time evolution of an arbitrary state |ψ(t)〉 obeys the
Schrödinger equation, ih̄ d

dt |ψ(t)〉 = Hn(t) |ψ(t)〉, in which
|ψ(t)〉 can be expressed as a superposition of |φ0(t)〉 and
|φ±(t)〉, namely,

|ψ(t)〉= ∑
m=0,±

Cm e iγm(t) |φm(t)〉 ,

where Cm are time-independent probability amplitudes, and

γm(t) =
1
h̄

∫ t

0
dt ′
〈
φm(t ′)

∣∣ ih̄ ∂

∂ t ′
−Hn(t ′)

∣∣φm(t ′)
〉

are Lewis–Riesenfeld phases.[66]

a>(1)

e>(1)

e>(1)
e>(1)

g>(1)

e>(2)

∆(2)∆(1)

λ(1) λ(2)

Ωae

a>(1)

a>(1)

a>(2)

f>(2)

(1)

Ωag
(1)

Ωfe
(1)

Ωfa
(1)

(a)

(b) (c)

Fig. 2. (a) The cavity-induced Rabi couplings λ (k) between |e〉(k) and
|a〉(k), and large detunings ∆ (k) exist between ω

(k)
ae and ωr, with k = 1

and 2. (b) Within a subspace {|g〉 , |a〉 , |e〉}(1) of the 1st CPB, there is
a Λ -configuration interaction with Rabi coupling Ω

(1)
ag (Ω (1)

ae ) between
|a〉 and |g〉 (|e〉). (c) Within a subspace {|e〉 , | f 〉 , |a〉}(1), Rabi coupling
Ω

(1)
fe (Ω (1)

fa ) between | f 〉 and |e〉 (|a〉) occurs in the 1st CPB.

We parameterize α and β as functions of time t ∈ [0, tn],

α = ε, β =
3π

2tn
t, (4)

where tn is a final time, ε is a constant. At the initial time t = 0,
the eigenstates |φm〉 are

|φ0(0)〉= cosε |g〉− i sinε |a〉 ,

|φ±(0)〉=
1√
2
[sinε |g〉+ i cosε |a〉± i |e〉].

Differently, the eigenstates at the final time t = tn change to

|φ0(tn)〉=−i sinε |a〉+ cosε |e〉 ,

|φ±(tn)〉=
1√
2
(∓i |g〉+ i cosε |a〉+ sinε |e〉).

Assume that the system state is initially in |ψ(0)〉 = cg |g〉+
ce |e〉, with cg,e being superposition coefficients, we obtain
C0 = cg cosε and C± = (cg sinε ± ice)/

√
2. After a coher-

ent evolution driven by the present pulses Ω
(1)
ag and Ω

(1)
ae , the

final state yields |ψ(tn)〉 = ∑m=0,±Cm e iγm(tn) |φm(tn)〉, where
the phases take γ0(tn) = 0 and

γ±(tn) =∓
∫ tn

0
[β̇ sinε +(Ω

(1)
ag sinβ +Ω

(1)
ae cosβ )cosε]dt.
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In this case, we have the following state

|ψ(tn)〉 = (−cg sinε sinγ + ce cosγ) |g〉+
(−icg sinε cosε + icg cosε sinε cosγ

+ice cosε sinγ) |a〉+(cg cos2
ε +

cg sin2
ε cosγ + ce sinε sinγ) |e〉 , (5)

in which γ(= |γ±(tn)|) = 3π/(2sinε). When γ = 2Nπ (with
N = 1,2,3, . . .), the final state becomes

|ψ(tn)〉= ce |g〉+ cg |e〉 .

Apparently, no population of |a〉 occurs at the initial and fi-
nal times. Within the qubit state basis, an initial input state
|ψin〉= cg |g〉+ ce |e〉 will evolve into an output state |ψout〉=
ce |g〉+ cg |e〉 after a duration time t = tn. In the framework of
quantum computing, such a process is just a NOT-gate opera-
tion on the encoded qubit.

Secondly, we address a π-phase gate operation on the 1st
qubit. At the initial time t = 0, an input qubit state is expressed
as |ψin〉= cg |g〉+ce |e〉. At a final time t = tp, the output state
needs to be |ψout〉= cg |g〉− ce |e〉, which has a π-phase accu-
mulation on |e〉. To this end, we consider a coherent operation
within another subspace {|e〉 , | f 〉 , |a〉}(1). By tuning the mi-
crowave frequency ω

(1)
m (ω(1)

d ) of driving field Φ̃
(1)
m (Ṽ (1)

d ), we

obtain ω
(1)
m = ω

(1)
fe and ω

(1)
d = ω

(1)
fa , respectively. By adopting

the resonant drivings, the transitions between | f 〉 and |e〉 (|a〉)
with Rabi couplings Ω

(1)
fe (Ω (1)

fa ) appear within the subspace
having a large level anharmonicity as well. In the two-photon
resonance, as displayed in Fig. 2(c), the interaction Hamilto-
nian is given by

Hp(t) = h̄[Ω (1)
fe | f 〉〈e|+Ω

(1)
fa | f 〉〈a|+H.c.], (6)

which has a dynamical symmetry same as that of Hn(t).
Thereby, the invariant Ip(t) of Hp(t) is similar to In(t) in
Eq. (3).

To implement the π-phase operation on state |e〉, as men-
tioned in Ref. [67], the dependencies of parameters α and β

on time t ∈ [0, tp] meet

α = ε, β =
π

tp
t, (7)

which determine the initial and final eigenstates of Ip(t).
Meanwhile, the time-dependent Rabi couplings take

Ω
(1)
fe =

π

tp
cotε sin

(
π

tp
t
)
,

Ω
(1)
fa =

π

tp
cotε cos

(
π

tp
t
)
.

For an initial system state |ψ(0)〉 = |e〉, there are C0 = cosε

and C± = 1√
2

sinε . After an evolution time t = tp, the final
system state is∣∣ψ(tp)

〉
= −(cos2

ε + sin2
ε cosγ) |e〉+(i sinε cosε cosγ

−i cosε sinε) | f 〉− sinε sinγ |a〉 . (8)

When the phase factor is γ(= π/sinε) = 2Nπ (with N =

1,2,3, . . .), the final state becomes
∣∣ψ(tp)

〉
= −|e〉. Since

the qubit state |g〉 is not involved during the whole evolution,
the input state |ψin〉 = cg |g〉+ ce |e〉 will change to |ψout〉 =
cg |g〉− ce |e〉 in the operation time t = tp, enabling a π-phase
accumulation on qubit state |e〉. As a result, we obtain a π-
phase gate by the invariant-based shortcut.

3.2. Two-qubit SWAP gate

To perform a two-qubit SWAP gate, we first focus on
the effective interaction between two qubits. As displayed in
Fig. 3(a), through the creation (annihilation) of cavity photon,
the quantized field induces couplings between |e〉(k) and |a〉(k)

with Rabi frequencies λ (k). The couplings Ω
(k)
ag between |a〉(k)

and |g〉(k) can be realized by applying two individual drivings
Φ̃

(k)
m , with k = 1, 2. In our scenario, λ (k) are constants while

Ω
(k)
ag are adjustable. In the two-photon resonance with detun-

ings ∆ (k), there exists ω
(k)
ae −ωr = ω

(k)
ag −ω

(k)
m = ∆ (k), and two

Λ -configuration interactions occur within the atoms.
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g>(2)
e>(1)

g>(1)

∆(2)

∆(2)

∆(1)

∆(1)

λ(1)

λ(1)

λ(2)

λ(2)

a>(1) a>(2)

Ωag
(1)

Ωag
(1)

Ωag
(2)

Ωag
(2)

Ωeff
(1)

Ωeff
(2)

ge>

ae> ea>

ee> ee>

eg>

(a)

(b) (c)

Fig. 3. (a) In the two-photon resonances ω
(k)
ag −ωm = ω

(k)
ae −ωr = ∆ (k),

cavity field couples states |a〉(k) to |e〉(k) (with k = 1, 2), two individual
pulses Ω

(k)
ag lead to couplings of |g〉(k) to |a〉(k). (b) Within the com-

posite state space {|ge0〉 , |ae0〉 , |ee1〉 , |ea0〉 , |eg0〉}, the interactions of
qutrits 1 and 2 with external fields. (c) For the large detunings ∆ (k),
a reduced composite system {|ge0〉 , |ee1〉 , |eg0〉} with effective Rabi
couplings Ω

(k)
eff .

To explicitly illustrate the cavity-mediated interaction be-
tween two atoms, we consider the state couplings within
a composite system {|ge0〉 , |ae0〉 , |ee1〉 , |ea0〉 , |eg0〉}, where
the symbols in each product state represent the quantum states
of atoms 1, 2, and cavity photon, respectively. For simplic-
ity, the superscripts of product states have been omitted here.
In the composite system, the interaction only associated with
atom 1, as sketched on the left side of Fig. 3(b), gives rise to
a coupling of |g〉(1) |0〉 to |e〉(1) |1〉 via an intermediate state
|a〉(1) |0〉. Within the atom 2, the coupling between |e〉(2) |1〉
and |g〉(2) |0〉 can be built with the assistance of |a〉(2) |0〉, see
the right side of Fig. 3(b). In this situation, the cavity field
plays a role of data bus to couple target states |ge〉 and |eg〉.
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In the regime of large detunings ∆ (k)�Ω
(k)
ag and λ (k), the

intermediate states |a〉(k) are not populated almost. After adi-
abatically removing |a〉(k), these two qutrits can be reduced to
two-level systems only containing |e〉(k) and |g〉(k).[68] Based
on an auxiliary state |ee1〉, the transitions |ge0〉 ↔ |ee1〉 and
|ee1〉 ↔ |ge0〉 cause a resulting coupling between |ge0〉 and
|eg0〉, as depicted in Fig. 3(c). The effective Rabi couplings
are given by

Ω
(k)
eff =−

λ (k)Ω
(k)
ag

2∆ (k)
. (9)

Then the indirect coupling between two qubits can be realized
in this way. For the fixed λ (k) and ∆ (k), it is found that Ω

(k)
eff can

be adjusted by the variables Ω
(k)
ag . Within a reduced subspace

{|ge0〉 , |ee1〉 , |eg0〉} of interest, we can perform coherent op-
erations by the manipulations of Ω

(1)
eff and Ω

(2)
eff following the

central idea of STA.
Next, we deal with the construction of two-qubit SWAP

gate. The Hamiltonian describing an effective interaction as
given in Fig. 3(c) is

Hs = h̄[Ω (1)
eff |ge0〉〈ee1|+Ω

(2)
eff |eg0〉〈ee1|+H.c.]. (10)

The invariant Is of Hs is as follows:

Is = h̄Ωs(cosα sinβ |ee1〉〈ge0|+ cosα cosβ |ee1〉〈eg0|
+i sinα |eg0〉〈ge0|+H.c.), (11)

which has three eigenstates,

|φ0(t)〉 = cosα cosβ |ge0〉− i sinα |ee1〉− cosα sinβ |eg0〉 ,

|φ±(t)〉 =
1√
2
[(sinα cosβ ± i sinβ ) |ge0〉+ i cosα |ee1〉

−(sinα sinβ ∓ i cosβ ) |eg0〉].

An arbitrary state |ψ(t)〉 of the composite system can be ex-
pressed as a superposition of |φ0(t)〉 and |φ±(t)〉, namely,
|ψ(t)〉= ∑m=0,±Cm e iγm(t) |φm(t)〉.

To acquire a two-qubit SWAP gate, the parameters α and
β are designed as functions of time t ∈ [0, ts],

α(t) = ε, β (t) =
3π

2ts
t, (12)

which enable the effective Rabi couplings to be expressed as

Ω
(1)
eff =

3π

2ts
cotε sin

(
3π

2ts
t
)
,

Ω
(2)
eff =

3π

2ts
cotε cos

(
3π

2ts
t
)
.

Provided that the system is initially in |ψ(0)〉 = cge |ge0〉+
ceg |eg0〉, we can reach C0 = cge cosε and C± = (cge sinε ±
iceg)/

√
2. After the evolution time t = ts, the system state

yields

|ψ(ts)〉 = (−cge sinε sinγ + ceg cosγ) |ge0〉

+(−icge sinε cosε + icge cosε sinε cosγ

+iceg cosε sinγ) |ee1〉+(cge cos2
ε

+cge sin2
ε cosγ + ceg sinε sinγ) |eg0〉 . (13)

When γ = 2Nπ (with N = 1,2,3, . . .), we have |ψ(ts)〉 =
cge |eg0〉 + ceg |ge0〉. For a two-qubit input state |ψin〉 =
cgg |gg〉+ cge |ge〉+ ceg |eg〉+ cee |ee〉, the output state is then
|ψout〉 = cgg |gg〉+ cge |eg〉+ ceg |ge〉+ cee |ee〉, since |gg〉 and
|ee〉 do not take part in the evolution. As a consequence, a
two-qubit SWAP gate can be executed within the composite
system.

4. Gate implementations and fidelities
In what follows, we concern the required microwave driv-

ings to implement the above mentioned gate operations. First
of all, based on the Rabi coupling Ω

(1)
ag (Ω (1)

ae ) that is caused
by pulse driving Φ̃

(1)
m (Ṽ (1)

d ), we give the performance of
one-qubit NOT gate. The time-dependent flux has a form of
Φ̃

(1)
m = Φ

(1)
m cos[ω(1)

m t], where Φ
(1)
m is an adjustable amplitude,

the microwave frequency ω
(1)
m is tuned to be in resonance with

ω
(1)
ag . Thus the magnetic coupling between |a〉 and |g〉 can be

induced by means of the flux driving. With the rotating-wave
approximation (RWA), the relevant Rabi coupling is

Ω
(1)
ag =

EJ

2
π

Φ
(1)
m

Φ0
sin
[

πΦ
(1)
s

Φ0

]
Oag/h̄, (14)

where Oag ' −0.645 is the state overlap between |a〉 and |g〉
at the bias point n(1)g = 0.4,[60] the static flux is chosen as
Φ

(1)
s = Φ0/3, and the Josephson coupling takes EJ/h̄ = 2π×

8500 MHz. When the amplitude of bias flux satisfies Φ
(1)
m '

0.015Φ0 sin( 3π

2tn
t), behaving as a function of time t ∈ [0, tn], the

coupling strength takes Ω
(1)
ag /2π '−110.2sin( 3π

2tn
t) MHz.

With the aid of ac voltage Ṽ (1)
d =V (1)

d cos[ω(1)
d t], the cou-

pling between |a〉 and |e〉 can be obtained, where the time-
dependent amplitude V (1)

d is controllable, and ω
(1)
d is in reso-

nance with ω
(1)
ae . With the RWA, the Rabi coupling is in the

form of

Ω
(1)
ae =−E(1)

c Oaen(1)d /h̄, (15)

where Oae ' 0.291 is the overlap between |a〉 and |e〉,
and n(1)d = C(1)

d V (1)
d /2e. By setting the gate voltage V (1)

d ,

we have n(1)d ' 0.045cos( 3π

2tn
t) within a time domain t ∈

[0, tn]. In this case, the Rabi coupling changes Ω
(1)
ae /2π '

−110.2sin( 3π

2tn
t) MHz for E(1)

c = EJ, which has an amplitude

as same as that of Ω
(1)
ag /2π .

Based on the designed couplings Ω
(1)
ag and Ω

(1)
ae , we ana-

lyze the time evolution of state |ψ(t)〉 by numerically solving
the Schrödinger equation, ih̄ d

dt |ψ(t)〉 = Hn(t) |ψ(t)〉. As an
example, an initial state |g〉 can be coherently transferred to |e〉
in an operation time tn = 6 ns, see Fig. 4(a). Compared with
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Eq. (4), ε = asin(3/4) is taken here. Thereby, an input qubit
state |ψin〉 = cg |g〉+ ce |e〉 is transformed into an output state
|ψout〉= cg |e〉+ ce |g〉, with cg = 1 and ce = 0. Consequently,
such a process implements a one-qubit NOT operation.

Secondly, we concentrate on the performance of π-phase
gate. The employed Ω

(1)
fe and Ω

(1)
fa can be induced using

the adjustable microwave drivings Φ̃
(1)
m = Φ

(1)
m cos[ω(1)

m t] and
Ṽ (1)

d = V (1)
d cos[ω(1)

d t], respectively, in which the frequencies

ω
(1)
m and ω

(1)
d are tuned to be resonant with ω

(1)
fe and ω

(1)
fa .

The Rabi coupling between | f 〉 and |e〉 caused by the mag-
netic interaction meets

Ω
(1)
fe =

EJ

2
π

Φ
(1)
m

Φ0
sin
[

πΦ
(1)
s

Φ0

]
Ofe/h̄, (16)

where Ofe ' 0.906 is the state overlap, and the RWA has
been adopted. For a flux Φ

(1)
m ' 0.005Φ0 sin( π

tp
t), we ob-

tain Ω
(1)
fe /2π ' 57.7sin( π

tp
t) MHz. In addition, the electrical

interaction-induced Rabi coupling between | f 〉 and |a〉 is ex-
pressed as

Ω
(1)
fa =−E(1)

c Ofan(1)d /h̄, (17)

with Ofa ' 0.150. When n(1)d is chosen as n(1)d '
0.044cos( π

tp
t), the Rabi coupling takes Ω

(1)
fa /2π '

−57.7cos( π

tp
t) MHz. Based on the designed drivings, quan-

tum state evolution from |e〉 to −|e〉 can be achieved by nu-
merically simulating the Schrödinger equation, ih̄ d

dt |ψ(t)〉 =
Hp(t) |ψ(t)〉. As displayed in Fig. 4(b), the operation has a
duration time tp = 15 ns and the corresponding constant is
ε = arcsin(1/2).
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Fig. 4. (a) For a NOT gate operation, an initial state |g〉 evolves to |e〉
in a time tn = 6 ns. (b) For the π-phase gate, an initial input state |e〉
evolves to a final output state −|e〉 after a duration time tp = 15 ns. (c)
Within a composite system, a final state |eg0〉 is obtained from an initial
state |ge0〉 in a time ts = 50 ns.

Next, the couplings Ω
(1)
eff and Ω

(2)
eff for implementing a

two-qubit SWAP gate are our concern. The artificial atoms
electrically interact with a standing-wave cavity field. A
quantized voltage Vr generated by the resonator takes Vr =√

h̄ωr
Lrc

(b+b†) at the antinodes, where c is the transmission line

capacitance per unit length, b (b†) is the annihilation (creation)
operator associated with the photon. The quantized voltage Vr

exerts on each CPB via a capacitance C(k)
r , and the coupling

strength is

λ
(k) =

eC(k)
r

C(k)
t

√
h̄ωr

Lrc
, (18)

by which quantum state coupling between |a〉(k) |0〉 and
|e〉(k) |1〉 can be induced through the creation and annihila-
tion of microwave photons. According to Eq. (9), when λ (k)

and ∆ (k) are fixed, the manipulations of Ω
(k)
eff can be realized

only by adjusting Ω
(k)
ag . For Φ

(1)
m ' 0.035Φ0 sin( 3π

2ts
t), the

driving-induced coupling between |a〉 and |g〉 is Ω
(1)
ag /2π '

−260sin( 3π

2ts
t) MHz. With the given λ (1)/2π = 260 MHz and

∆ (1)/2π = 2560 MHz, there is Ω
(1)
eff /2π ' 13.2sin( 3π

2ts
t) MHz.

For Φ
(2)
m ' 0.041Φ0 cos( 3π

2ts
t) and Φ

(2)
s = 0.32Φ0, we have

Ω
(2)
ag /2π ' −300cos( 3π

2ts
t) MHz. In the case of ∆ (2)/2π =

3410 MHz and λ (2)/2π = 300 MHz, the effective Rabi cou-
pling takes Ω

(2)
eff /2π ' 13.2cos( 3π

2ts
t) MHz. By a numerical

simulation with the effective drivings, an initial state |ge0〉 can
be fully transferred to |eg0〉 via the intermediate state |ee1〉, as
exhibited in Fig. 4(c), where the SWAP gate needs a duration
time ts = 50 ns for a selected ε = arcsin(3/4).

Physically, the quantum system of interest is unavoidably
surrounded by noisy environment, leading to the qubit deco-
herence and cavity decay. By means of the standard dissipa-
tion theory, we now analyze the impact of decoherence effects
on the gate operations. For the one-qubit gates, after tracing
over the environmental degrees of freedom, we obtain the re-
duced density matrices ρx (with x = n, p), where ρn,p are as-
sociated with the single-atom system of {|g〉 , |a〉 , |e〉}(1) and
{|e〉 , | f 〉 , |a〉}(1), respectively. In the Born–Markov approxi-
mation, the dynamical evolutions of ρx obey the Lindblad-type
master equation

dρx

dt
= i [ρx,Hx]+

j 6=l

∑
j,l

{
γ
( jl)D[σ

( jl)
− ]ρx +

γ
( jl)
φ

2
D[σ

( jl)
z ]ρx

}
, (19)

where the first term of the right side describes the
decoherence-free evolution subject to Hx, and the other terms
characterize the level relaxation and dephasing effects,[69] re-
spectively. Here, γ( jl) (γ( jl)

φ
) are the relaxation (dephasing)

rates between states | j〉 and |l〉. The Lindblad superopera-
tors are expressed as D[L]ρx = (2LρxL†−L†Lρx−ρxL†L)/2,
with L = σ

( jl)
− and σ

( jl)
z . The inversion operators read σ

( jl)
− =

|l〉〈 j|, and the Pauli operators are defined as σ
( jl)
z = | j〉〈 j|−

|l〉〈l|, in which the energy levels fulfill E j > El . For the two-
qubit gate, the time evolution of reduced density matrix ρs re-
garding {|ge0〉 , |ee1〉 , |eg0〉} is governed by

dρs

dt
= i [ρs,Hs]+κD[b]ρs
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+ ∑
k=1,2

{
γ
(k)D[σ

(k)
− ]ρs +

γ
(k)
φ

2
D[σ

(k)
z ]ρs

}
, (20)

where κ indicates the decay rate of cavity photon, σ
(k)
− =

|g〉(k) 〈e| is an inversion operator of the kth qubit, and σ
(k)
z =

|e〉(k) 〈e|− |g〉(k) 〈g|.
To quantitatively represent the decoherence effects, we

introduce the fidelities

Fg =
〈
ψi(tg)

∣∣ρ(tg) ∣∣ψi(tg)
〉
, (21)

where Fg (with g = n, p, and s) are the fidelities concern-
ing NOT gate, phase gate, and SWAP gate, respectively;∣∣ψi(tg)

〉
are ideal states at the final times t = tg, as displayed

in Figs. 4(a), 4(b), and 4(c); and ρ(tg) =
∣∣ψ(tg)

〉〈
ψ(tg)

∣∣ de-
note the density matrices regarding the realistic states

∣∣ψ(tg)
〉
.

For simplicity, we choose γ( jl) = γ and γ
( jl)
φ

= γφ for the one-

qubit gates, meanwhile, γ(1) = γ(2) = γ and γ
(1)
φ

= γ
(2)
φ

= γφ for
the two-qubit gate. By calculating Eqs. (19) and (21) with the
accessible rates γ/2π = 0.02 MHz and γφ/2π = 0.1 MHz,[27]

we obtain Fn = 99.63% and Fp = 99.00%, respectively. The fi-
delity of two-qubit SWAP gate could reach up to Fs = 96.72%
by numerically simulating Eqs. (20) and (21), where we have
adopted a decay rate κ/2π = 0.25 MHz.[70] These results im-
ply that the shortcut-based approach can perform fault-tolerant
operations, which can be mainly attributed to the shorter evo-
lution times and inherent resilience to control parameter vari-
ations.

5. Discussions and conclusions
The proposed strategy may have the following advan-

tages. (i) By suitably choosing the atom level spacings, the
direct cross resonance that is caused by the cavity virtual exci-
tations vanishingly exists between two artificial atoms, which
is beneficial to mitigate error effect and then to enhance quan-
tum robustness. (ii) The coupling between atoms inside a cav-
ity field is flexibly switchable by manipulating the classical
drivings. In this manner, we can implement one-qubit gate op-
erations in a decoupled atom and a two-qubit SWAP gate in a
composite qubit-photon-qubit system. The controllable qubit-
qubit coupling contributes to explore quantum computing in a
scalable multiqubit system. (ii) Compared with scheme men-
tioned in Ref. [71], the present two-qubit SWAP gate can be
accomplished only in one step, which could provide a simpli-
fied way to experimental execution of the shortcut-based quan-
tum gates.

In summary, we have developed an efficient protocol for
constructing shortcuts to adiabatic quantum gates on super-
conducting qubits in circuit QED. Two artificial atoms of CPB
circuits, having sufficient level anharmonicity, are placed in a

common quantized cavity and are driven by individual clas-
sical microwaves. In a decoupled atom, a NOT gate and a
π-phase gate can be constructed using the method of invariant-
based shortcuts. With the assistance of cavity bus and by in-
versely engineering the Rabi drivings, a two-qubit SWAP gate
only in one step can be acquired within a composite qubit-
photon-qubit system. Moreover, we consider these gate im-
plementations by virtue of the controllable microwave fields.
Through numerically simulating the noise effects, it is found
that the gates have high fidelities. The present strategy could
offer a possibility of improving quantum computation with su-
perconducting qubits.
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