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Controlled quantum teleportation of an unknown single-qutrit state
in noisy channels with memory∗

Shexiang Jiang(蒋社想), Bao Zhao(赵宝)†, and Xingzhu Liang(梁兴柱)

School of Computer Science and Engineering, Anhui University of Science and Technology, Huainan 232001, China
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This paper proposes a three-dimensional (3D) controlled quantum teleportation scheme for an unknown single-qutrit
state. The scheme is first introduced in an ideal environment, and its detailed implementation is described via the transfor-
mation of the quantum system. Four types of 3D-Pauli-like noise corresponding to Weyl operators are created by Kraus
operators: trit-flip, t-phase-flip, trit-phase-flip, and t-depolarizing. Then, this scheme is analyzed in terms of four types of
noisy channel with memory. For each type of noise, the average fidelity is calculated as a function of memory and noise
parameters, which is afterwards compared with classical fidelity. The results demonstrate that for trit-flip and t-depolarizing
noises, memory will increase the average fidelity regardless of the noise parameter. However, for t-phase-flip and trit-phase-
flip noises, memory may become ineffective in increasing the average fidelity above a certain noise threshold.

Keywords: three-dimensional quantum teleportation, fidelity, Pauli noise, memory channel
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1. Introduction
Quantum teleportation (QT) is one of the most signifi-

cant technologies of quantum communication. It uses quan-
tum states as information carriers for remote transmission of
information about a physical system without transferring the
physical system. The QT was originally proposed by Ben-
nett et al.[1] in 1993. When an EPR (Einstein–Podolsky–
Rosen) pair is shared between a sender and a receiver, an
unknown single-qubit state is transmitted from the sender to
the remote receiver with the help of local operations and
classical information. The QT has been validated in several
physical experiments.[2,3] Interest in QT has grown consider-
ably since Bennett et al.’s work, and many QT schemes[4–14]

have been proposed. A controlled QT (CQT) scheme was
devised[15–17] that increased the security of QT by requiring a
controller to give permission for the transmission between the
sender and the receiver. Bidirectional QT (BQT) schemes have
been introduced[18–21] in which two parties, both a sender and
a receiver, teleport quantum states as multipartite entangled
states in the quantum channel. Other improved QT schemes
have been proposed that embrace a variety of communication
scenarios, such as bidirectional controlled QT (BCQT),[22,23]

cyclic QT,[24] and cyclic controlled QT.[25]

Most of the works mentioned are concerned with tele-
portation in a two-dimensional (2D) subspace of a quantum
system, and teleported quantum information has been limited
to qubits. A quantum particle can physically have many de-
grees of freedom, implying that a quantum system may have
more than two dimensions. Researchers[26–30] have thus ex-
tended QT to operate in high dimensionally, both in theory

and in practice. The authors in Ref. [26] investigated QT for
arbitrary high-dimensional photonic quantum states and gave
an example of teleportation in a three-dimensional (3D) state.
The authors in Ref. [30] implemented BCQT in a 3D quan-
tum system. High-dimensional QT schemes can not only carry
more information but also better suppress noise than conven-
tional 2D QT systems.

Quantum noise is an unavoidable phenomenon in phys-
ical QT. Noise can decohere a quantum state, in which case
the output state received is not consistent with the teleported
state. Fidelity describes the distance between two states. In
QT schemes that can be realized, it is important to study the
effect of noise on the scheme and to determine how to in-
crease the fidelity of the output state. In 2002, Oh et al.[31]

proposed a QT scheme for a noisy channel. They found that
when the channel was affected by isotropic noise, the fidelity
of QT was less than that of classical communication. How-
ever, when the noise was modeled by a Lindblad operator,
the fidelity was greater than that of classical communication.
Since then, many different QT schemes have been proposed
with noisy channels.[32–35] Researchers have analyzed the ef-
fects of different types of noise on teleportation by calculating
the fidelity of teleportation. A variety of techniques have been
used to improve fidelity, such as entanglement distillation and
weak measurement.

Most of QT research are based on the assumption that
a noisy channel used for the transmission of entangled parti-
cles is memoryless and that two consecutive uses of the chan-
nel are independent. However, when the transmission is real-
ized, there can be a noise correlation between them. A noisy
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channel with memory was first investigated by Macchiavello et
al.[36] They created a memory model using Pauli noise opera-
tors and showed that the memory can enhance the transmission
of classical information in the depolarizing channel. Many
correlated noise channels were studied after that report, and
the effects of the noise correlation between consecutive trans-
missions on different schemes[37–40] have been thoroughly in-
vestigated. Li et al.[39] showed recently that the correlation be-
tween two consecutive uses of a channel subject to Pauli noise
could be used to improve the fidelity of teleportation. More
recently, Zhang et al.[40] proposed a remote state preparation
scheme for a Pauli noise channel with memory. They quanti-
fied fidelity for five types of noisy channel with memory and
found that channel memory can enhance communication.

There are few studies of high-dimensional quantum tele-
portation in noisy channels with memory. Thus, it is of in-
terest to investigate the effects of memory on the fidelity of
high-dimensional quantum teleportation. We propose a CQT
scheme for an arbitrary 3D quantum state, which we call 3D-
CQT. The scheme is first introduced in an ideal environment.
We then consider the transmission of entangled particles in
four 3D-Pauli-like noisy channels with memory where the
noise errors are classified into four types: trit-flip, t-phase-
flip, trit-phase-flip, and t-depolarizing. The results show that
memory can increase the fidelity of teleportation when there
are trit-flip and t-depolarizing errors. When channel memory
is very strong, the scheme becomes immune to trit-flip noise.
However, for t-phase-flip noise and trit-phase-flip noise, mem-
ory can lead to perfect fidelity of teleportation only when the
noise parameter is below a certain value. This understanding
facilitates to improve the efficiency of teleportation in high-
dimensional quantum systems. In summary, the proposed
scheme possesses the following advantages.

(i) The arbitrary state of a single particle in the 3D quan-
tum system can be expressed as Eq. (1), which is used to ana-
lyze the average fidelity of the output state.

(ii) The 3D-CQT scheme is introduced in an ideal envi-
ronment and is presented for the first time in a 3D-Pauli-like
noisy channel with memory.

(iii) For each of four types of channels with memory, the
relationships between fidelity and the memory and noise pa-
rameters, and the fidelity of classical transmission, are pictori-
ally represented and mathematically formulated.

This paper is organized as follows. In Section 2, some
preliminaries related to the work are introduced, including de-
scriptions of qutrits, 3D-Bell state, 3D-GHZ state, and Weyl
operators, together with measurement bases and unitary trans-
formations for qutrits. In Section 3, the proposed scheme is
presented in an ideal environment. In Section 4, four types of
3D-Pauli-like noise are described using Kraus operators. In
Section 5, the scheme is presented in each of four types of
Pauli-like noisy channel with memory; the relationships be-

tween fidelity and the memory and noise parameters are iden-
tified and classical fidelity is analyzed. The work is summa-
rized and conclusions are presented in Section 6.

2. Preliminaries
In this section, some basic preliminaries related to the

work are presented, including descriptions of qutrits, 3D-Bell
state, 3D-GHZ state, unitary transformations for qutrits, and
Weyl operators.

2.1. Qutrit, 3D-Bell state, and 3D-GHZ state

The information unit in a 3D quantum system is a qutrit,
which is analogous to the classical trit. A qutrit is a superpo-
sition of computation basis states |0〉, |1〉, and |2〉. It can be
expressed as[41]

|ϑ〉 = cos
θ0

2
|0〉+ sin

θ0

2
cos

θ1

2
e iφ1 |1〉

+ sin
θ0

2
sin

θ1

2
e iφ2 |2〉 , (1)

where θ0,θ1 ∈ [0,π] and φ1,φ2 ∈ [0,2π].
The equation for the general two-particle Bell state in a

high-dimensional quantum system is[42]

|ψnm〉=
1√
d

∑
j

e2π i jn/3 | j〉⊗ | j+m mod d〉 , (2)

where n, m, j = 0,1,2, . . . ,d− 1. When d = 3, the nine 3D
Bell (3D-Bell) states are

|ψ00〉=
1√
3
(|00〉+ |11〉+ |22〉) ,

|ψ10〉=
1√
3

(
|00〉+e2π i/3 |11〉+e4π i/3 |22〉

)
,

|ψ20〉=
1√
3

(
|00〉+e4π i/3 |11〉+e2π i/3 |22〉

)
,

|ψ01〉=
1√
3
(|01〉+ |12〉+ |20〉) ,

|ψ11〉=
1√
3

(
|01〉+e2π i/3 |12〉+e4π i/3 |20〉

)
,

|ψ21〉=
1√
3

(
|01〉+e4π i/3 |12〉+e2π i/3 |20〉

)
,

|ψ02〉=
1√
3
(|02〉+ |10〉+ |21〉) ,

|ψ12〉=
1√
3

(
|02〉+e2π i/3 |10〉+e4π i/3 |21〉

)
,

|ψ22〉=
1√
3

(
|02〉+e4π i/3 |10〉+e2π i/3 |21〉

)
. (3)

The nine 3D-Bell states have been demonstrated to be
discriminable by using one additional single-photon, which is
described in detail in Ref. [26]. Thus, they can form a basis
{|ψnm〉} that can be used for joint measurement of the two-
qutrit state.
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The authors in Ref. [43] gives the following expression
for an n-particle high-dimensional quantum state:

|Ψ (u1,u2, . . . ,un)〉

=
1√
d

d−1

∑
j=0

e2π i ju1/d | j, j+u2, . . . , j+un〉 . (4)

When n = 3, d = 3 and ui = 0 (i = 1,2,3), the 3D version of
the GHZ (3D-GHZ) state can be derived by

|ϖ〉= 1√
3
(|000〉+ |111〉+ |222〉) . (5)

2.2. Measurement bases and unitary operations

In this subsection, some basic measurement bases and
unitary operations, which are essential to transmissions of the
qutrit state, are introduced.

2.2.1. The 3D-Z-basis and 3D-X-basis

Measurement bases for the 3D quantum system, analo-
gous to the Z-basis and X-basis used for measurement in a 2D
quantum system, are defined as

3D-Z basis : { |0〉 |1〉 |2〉 } ,

3D-X basis :

{∣∣X j
〉
=

1√
3

2

∑
k=0

e2π i jk |k〉
}
, j = 0,1,2,

|X0〉=
1√
3
(|0〉+ |1〉+ |2〉) ,

|X1〉=
1√
3

(
|0〉+e2π i/3 |1〉+e4π i/3 |2〉

)
,

|X2〉=
1√
3

(
|0〉+e4π i/3 |1〉+e2π i/3 |2〉

)
. (6)

2.2.2. 3D-Hadamard transform

The Hadamard transform for a qubit is an operator that
converts computation basis states |0〉 and |1〉 to superposition
states |+〉 = (|0〉+ |1〉)/

√
2 and |−〉 = (|0〉− |1〉)/

√
2. The

corresponding transform in a 3D quantum system, which we
call the 3D-Hadamard transform (H(3)), is defined as[44]

H(3) =
1√
3

2

∑
l, j=0

e2π i jl/3 | j〉〈l|=

 1 1 1
1 e2π i/3 e4π i/3

1 e4π i/3 e2π i/3

 . (7)

When influenced by the transform, a qutrit state can be
changed from an initial computation basis state to a superpo-
sition state as follows:

H(3) |0〉=
1√
3
(|0〉+ |1〉+ |2〉) ,

H(3) |1〉=
1√
3

(
|0〉+ e2π i/3 |1〉+ e4π i/3 |2〉

)
,

H(3) |2〉=
1√
3

(
|0〉+ e4π i/3 |1〉+ e2π i/3 |2〉

)
. (8)

2.2.3. 3D-controlled NOT gate

In a 3D quantum system, a 3D-controlled NOT gate
(CNOT(3)) can be expressed by

CNOT(3) |i〉 | j〉= |i〉 |i+ j mod 3〉 , (9)

where |i〉 is the controlled qutrit, and | j〉 is the target qutrit.
The following expressions can be derived from Eq. (9):

CNOT(3) |00〉= |00〉 , CNOT(3) |01〉= |01〉 ,
CNOT(3) |02〉= |02〉 , CNOT(3) |10〉= |11〉 ,
CNOT(3) |11〉= |12〉 , CNOT(3) |12〉= |10〉 ,
CNOT(3) |20〉= |22〉 , CNOT(3) |21〉= |20〉 ,
CNOT(3) |22〉= |21〉 . (10)

2.3. Weyl operators

Pauli operators are important operators in a 2D quantum
system that are often used as transformations of a qubit state.
The analogous operators in a high-dimensional quantum sys-
tem are Weyl operators, which can be used to transform a
high-dimensional quantum state. Weyl operators can be de-
fined as[45]

(Unm) j′ j = e2π i jn/d
δ j′, j+m bmod d , (11)

where d is the dimension of the quantum system, and
n,m, j, j′ = 0,1, . . . ,d− 1. When d = 3, nine Weyl operators
for the 3D quantum system are obtained as

U00 =

 1 0 0
0 1 0
0 0 1

 , U10 =

 1 0 0
0 e2π i/3 0
0 0 e4π i/3

 ,
U20 =

 1 0 0
0 e4π i/3 0
0 0 e2π i/3

 , U01 =

 0 0 1
1 0 0
0 1 0

 ,
U11 =

 0 0 e4π i/3

1 0 0
0 e2π i/3 0

 , U21 =

 0 0 e2π i/3

1 0 0
0 e4π i/3 0

 ,
U02 =

 0 1 0
0 0 1
1 0 0

 , U12 =

 0 e2π i/3 0
0 0 e4π i/3

1 0 0

 ,
U22 =

 0 e4π i/3 0
0 0 e2π i/3

1 0 0

 . (12)

When influced by Unm, any 3D-Bell state can be derived
from |ψ00〉 by[44]

(I⊗Unm) |ψ00〉= |ψnm〉 . (13)

3. 3D-CQT scheme
In this section, we describe an ideal 3D controlled quan-

tum teleportation (3D-CQT) scheme for an unknown single-
qutrit state. The scheme involves three distant parties, Alice,
Bob, and Charlie. Suppose that Alice (sender) intends to trans-
mit an unknown single-qutrit state |ϑ〉a to Bob (receiver). Bob
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can successfully receive the state only when the communica-
tion gets permission from Charlie (controller). The teleported
state |ϑ〉a can be expressed by

|ϑ〉a =

(
cos

θ0

2
|0〉+ sin

θ0

2
cos

θ1

2
e iφ1 |1〉

+ sin
θ0

2
sin

θ1

2
e iφ2 |2〉

)
a
, (14)

where θ0,θ1 ∈ [0,π] and φ1,φ2 ∈ [0,2π].
To accomplish communication, Alice, Bob, and Charlie

have to share an entangled state as the quantum channel. Ac-
cording to the principle of quantum teleportation, a three-qutrit
entangled state is suitable for the scheme. Assume that the
entangled state is a maximally entangled 3D-GHZ state de-
scribed by

|ϖ〉123 =
1√
3
(|000〉+ |111〉+ |222〉)123 , (15)

where qutrit 1 belongs to Alice, qutrit 2 to Bob, and qutrit 3

to Charlie. The entangled state |ϖ〉123 can be prepared using
three qutrits with initial state |0〉⊗3 and local unitary opera-
tions H(3) and CNOT(3). The corresponding preparation cir-
cuit is shown in Fig. 1.

CNOT(3)

H(3)|0>1

|0>2

|0>3 CNOT(3)

Fig. 1. The quantum circuit for 3D-GHZ state preparation.

The state of the complete quantum system consisting of
the teleported state |ϑ〉a and the entangled state |ϖ〉123 is given
by

|sys〉a123 = |ϑ〉a⊗|ϖ〉123 =
1√
3

(
cos

θ0

2
|0〉+ sin

θ0

2
cos

θ1

2
e iφ1 |1〉+ sin

θ0

2
sin

θ1

2
e iφ2 |2〉

)
a
⊗ (|000〉+ |111〉+ |222〉)123

=
1√
3

(
cos

θ0

2
|0000〉+ cos

θ0

2
|0111〉+ cos

θ0

2
|0222〉+ sin

θ0

2
cos

θ1

2
e iφ1 |1000〉

+ sin
θ0

2
cos

θ1

2
e iφ1 |1111〉+ sin

θ0

2
cos

θ1

2
e iφ1 |1222〉+ sin

θ0

2
sin

θ1

2
e iφ2 |2000〉

+ sin
θ0

2
sin

θ1

2
e iφ2 |2111〉+ sin

θ0

2
sin

θ1

2
e iφ2 |2222〉

)
a123

. (16)

Three steps in the scheme implementation are described as follows.
Step 1 Alice performs a joint 3D-Bell basis measurement on qutrits a and 1. The measurement result is one of the nine

random 3D-Bell states with equal probability 1/9. There are similarly nine possibilities for the collapsed states of qutrits 2 and
3, which can be expressed as

|φnm〉23 = a1 〈ψnm|sys〉a123 =
1√
3 a1
〈ψnm|

(
cos

θ0

2
|0000〉+ cos

θ0

2
|0111〉+ cos

θ0

2
|0222〉+ sin

θ0

2
cos

θ1

2
e iφ1 |1000〉

+ sin
θ0

2
cos

θ1

2
e iφ1 |1111〉+ sin

θ0

2
cos

θ1

2
e iφ1 |1222〉+ sin

θ0

2
sin

θ1

2
e iφ2 |2000〉

+sin
θ0

2
sin

θ1

2
e iφ2 |2111〉+ sin

θ0

2
sin

θ1

2
e iφ2 |2222〉

)
a123

. (17)

After the measurement, Alice encodes the result in classical bits and sends it to Bob via the classical channel.
Step 2 If Charlie permits the communication between Alice and Bob, he needs to carry out a single-qutrit measurement

with the 3D-X basis on qutrit 3. The result will be one of the states
{∣∣X j

〉}
, j = 0,1,2 with equal probability 1/3. The state of

qutrit 2 will be collapsed into∣∣ϕnm j
〉

2 = 3
〈
X j
∣∣
a1 〈ψnm|sys〉a123 =

1√
3 3

〈
X j
∣∣
a1 〈ψnm|

(
cos

θ0

2
|0000〉+ cos

θ0

2
|0111〉+ cos

θ0

2
|0222〉

+ sin
θ0

2
cos

θ1

2
e iφ1 |1000〉+ sin

θ0

2
cos

θ1

2
e iφ1 |1111〉+ sin

θ0

2
cos

θ1

2
e iφ1 |1222〉+ sin

θ0

2
sin

θ1

2
e iφ2 |2000〉

+ sin
θ0

2
sin

θ1

2
e iφ2 |2111〉+ sin

θ0

2
sin

θ1

2
e iφ2 |2222〉

)
a123

. (18)

Similarly to Alice, Charlie also needs to send his measurement to Bob through the classical channel.
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Step 3 Finally, based on the measurement results received from Alice and Charlie, Bob can construct the desired state
|ϑ〉a by applying the appropriate unitary transformation on qutrit 2. For example, if Alice and Charlie’s measurement results are
|ψ10〉a1 and |X1〉3, the collapsed state of qutrit 2 is given by (the global phase is omitted)

|φ〉2 =
(

cos
θ0

2
|0〉+ sin

θ0

2
cos

θ1

2
e iφ1 e−4π i/3 |1〉+ sin

θ0

2
sin

θ1

2
e iφ2 e−2π i/3 |2〉

)
2
. (19)

Bob can reconstruct the desired state |ϑ〉a by performing the unitary transformation U20 on qutrit 2. The three steps described
above show that there are 27 possible measurements that Alice and Charlie can make. Table 1 shows all of these measurements,
the collapsed states of qutrit 2, and corresponding unitary operations performed by Bob to reconstruct the teleported state |ϑ〉a.

Table 1. Possible measurement results, collapsed states of qutrit 2, and unitary operations.

Alice’s result Charlie’s result Collapsed state of qutrit 2 Unitary operation

|ψ00〉a1 |X0〉3 cos θ0
2 |0〉+ sin θ0

2 cos θ1
2 e iφ1 |1〉+ sin θ0

2 sin θ1
2 e iφ2 |2〉 (U00)2

|ψ00〉a1 |X1〉3 cos θ0
2 |0〉+ sin θ0

2 cos θ1
2 e iφ1 e−2π i/3 |1〉+ sin θ0

2 sin θ1
2 e iφ2 e−4π i/3 |2〉 (U10)2

|ψ00〉a1 |X2〉3 cos θ0
2 |0〉+ sin θ0

2 cos θ1
2 e iφ1 e−4π i/3 |1〉+ sin θ0

2 sin θ1
2 e iφ2 e−2π i/3 |2〉 (U20)2

|ψ10〉a1 |X0〉3 cos θ0
2 |0〉+ sin θ0

2 cos θ1
2 e iφ1 e−2π i/3 |1〉+ sin θ0

2 sin θ1
2 e iφ2 e−4π i/3 |2〉 (U10)2

|ψ10〉a1 |X1〉3 cos θ0
2 |0〉+ sin θ0

2 cos θ1
2 e iφ1 e−4π i/3 |1〉+ sin θ0

2 sin θ1
2 e iφ2 e−2π i/3 |2〉 (U20)2

|ψ10〉a1 |X2〉3 cos θ0
2 |0〉+ sin θ0

2 cos θ1
2 e iφ1 |1〉+ sin θ0

2 sin θ1
2 e iφ2 |2〉 (U00)2

|ψ20〉a1 |X0〉3 cos θ0
2 |0〉+ sin θ0

2 cos θ1
2 e iφ1 e−4π i/3 |1〉+ sin θ0

2 sin θ1
2 e iφ2 e−2π i/3 |2〉 (U20)2

|ψ20〉a1 |X1〉3 cos θ0
2 |0〉+ sin θ0

2 cos θ1
2 e iφ1 |1〉+ sin θ0

2 sin θ1
2 e iφ2 |2〉 (U00)2

|ψ20〉a1 |X2〉3 cos θ0
2 |0〉+ sin θ0

2 cos θ1
2 e iφ1 e−2π i/3 |1〉+ sin θ0

2 sin θ1
2 e iφ2 e−4π i/3 |2〉 (U10)2

|ψ01〉a1 |X0〉3 sin θ0
2 sin θ1

2 e iφ2 |0〉+ cos θ0
2 |1〉+ sin θ0

2 cos θ1
2 e iφ1 |2〉 (U02)2

|ψ01〉a1 |X1〉3 sin θ0
2 sin θ1

2 e iφ2 |0〉+ cos θ0
2 e−2π i/3 |1〉+ sin θ0

2 cos θ1
2 e iφ1 e−4π i/3 |2〉 (U12)2

|ψ01〉a1 |X2〉3 sin θ0
2 sin θ1

2 e iφ2 |0〉+ cos θ0
2 e−4π i/3 |1〉+ sin θ0

2 cos θ1
2 e iφ1 e−2π i/3 |2〉 (U22)2

|ψ11〉a1 |X0〉3 sin θ0
2 sin θ1

2 e iφ2 e−4π i/3 |0〉+ cos θ0
2 |1〉+ sin θ0

2 cos θ1
2 e iφ1 e−2π i/3 |2〉 (U12)2

|ψ11〉a1 |X1〉3 sin θ0
2 sin θ1

2 e iφ2 e−4π i/3 |0〉+ cos θ0
2 e−2π i/3 |1〉+ sin θ0

2 cos θ1
2 e iφ1 |2〉 (U22)2

|ψ11〉a1 |X2〉3 sin θ0
2 sin θ1

2 e iφ2 e−4π i/3 |0〉+ cos θ0
2 e−4π i/3 |1〉+ sin θ0

2 cos θ1
2 e iφ1 e−4π i/3 |2〉 (U02)2

|ψ21〉a1 |X0〉3 sin θ0
2 sin θ1

2 e iφ2 e−2π i/3 |0〉+ cos θ0
2 |1〉+ sin θ0

2 cos θ1
2 e iφ1 e−4π i/3 |2〉 (U22)2

|ψ21〉a1 |X1〉3 sin θ0
2 sin θ1

2 e iφ2 e−2π i/3 |0〉+ cos θ0
2 e−2π i/3 |1〉+ sin θ0

2 cos θ1
2 e iφ1 e−2π i/3 |2〉 (U02)2

|ψ21〉a1 |X2〉3 sin θ0
2 sin θ1

2 e iφ2 e−2π i/3 |0〉+ cos θ0
2 e−4π i/3 |1〉+ sin θ0

2 cos θ1
2 e iφ1 |2〉 (U12)2

|ψ02〉a1 |X0〉3 sin θ0
2 cos θ1

2 e iφ1 |0〉+ sin θ0
2 sin θ1

2 e iφ2 |1〉+ cos θ0
2 |2〉 (U01)2

|ψ02〉a1 |X1〉3 sin θ0
2 cos θ1

2 e iφ1 |0〉+ sin θ0
2 sin θ1

2 e iφ2 e−2π i/3 |1〉+ cos θ0
2 e−4π i/3 |2〉 (U11)2

|ψ02〉a1 |X2〉3 sin θ0
2 sin θ1

2 e iφ2 |0〉+ cos θ0
2 e−4π i/3 |1〉+ sin θ0

2 cos θ1
2 e iφ1 e−2π i/3 |2〉 (U21)2

|ψ12〉a1 |X0〉3 sin θ0
2 cos θ1

2 e iφ1 e−2π i/3 |0〉+ sin θ0
2 sin θ1

2 e iφ2 e−4π i/3 |1〉+ cos θ0
2 |2〉 (U11)2

|ψ12〉a1 |X1〉3 sin θ0
2 cos θ1

2 e iφ1 e−2π i/3 |0〉+ sin θ0
2 sin θ1

2 e iφ2 |1〉+ cos θ0
2 e−4π i/3 |2〉 (U21)2

|ψ12〉a1 |X2〉3 sin θ0
2 sin θ1

2 e iφ2 e−2π i/3 |0〉+ cos θ0
2 e−2π i/3 |1〉+ sin θ0

2 cos θ1
2 e iφ1 e−2π i/3 |2〉 (U01)2

|ψ22〉a1 |X0〉3 sin θ0
2 cos θ1

2 e iφ1 e−4π i/3 |0〉+ sin θ0
2 sin θ1

2 e iφ2 e−2π i/3 |1〉+ cos θ0
2 |2〉 (U21)2

|ψ22〉a1 |X1〉3 sin θ0
2 cos θ1

2 e iφ1 e−4π i/3 |0〉+ sin θ0
2 sin θ1

2 e iφ2 e−4π i/3 |1〉+ cos θ0
2 e−4π i/3 |2〉 (U01)2

|ψ22〉a1 |X2〉3 sin θ0
2 sin θ1

2 e iφ2 e−2π i/3 |0〉+ cos θ0
2 e−4π i/3 |1〉+ sin θ0

2 cos θ1
2 e iφ1 |2〉 (U11)2

4. 3D-Pauli-like noise

Pauli noise is the most common type of quantum noise
in a 2D quantum system. It can be bit-flip noise, phase-flip
noise, bit-phase-flip noise, or depolarizing noise. The type of
noise depends on the Pauli operator. In a 3D quantum system,
the analogous Pauli noise, which we call 3D-Pauli-like noise,
can be trit-flip noise, t-phase-flip noise, trit-phase-flip noise, or
t-depolarizing noise. The type of noise depends on the Weyl
operator (Eq. (12)). These types of noise are briefly described
using Kraus operators.

4.1. Trit-flip

This type of noise is analogous to bit-flip for a qubit. Trit-
flip can be considered as an operator that causes the computa-
tion basis state | j〉 ( j = 0,1,2) to flip either to one of the states
| j+1 mod 3〉 or | j+2 mod 3〉 with probability p or remain
unchanged with probability 1− p. The corresponding Kraus
operators are given blow:

E00 =
√

1− p U00, E01 =

√
p
2

U01, E02 =

√
p
2

U02. (20)
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4.2. T-phase-flip

This type of noise is analogous to phase-flip for a qubit. It
describes the loss of information in a qutrit without energy dis-
sipation. In a t-phase-flip, the state | j〉( j = 0,1,2) will either
undergo one of the phase shifts e2π i/3 | j〉 or e4π i/3 | j〉 with
probability p or remain unchanged with probability 1− p. The
corresponding Kraus operators are

E00 =
√

1− p U00, E10 =

√
p
2

U10, E20 =

√
p
2

U20. (21)

4.3. Trit-phase-flip

This type of noise is analogous to bit-phase-flip for a
qubit. It is a compound noise consisting of trit-flip and t-phase-
flip. In a trit-phase-flip, a qutrit may simultaneously undergo a
flip and a phase shift. The corresponding Kraus operators are

E00 =
√

1− p U00, E11 =

√
p

2
U11, E12 =

√
p

2
U12,

E21 =

√
p

2
U21, E22 =

√
p

2
U22. (22)

4.4. T-depolarizing

This type of noise is analogous to depolarizing for a qubit.
T-depolarizing will change an arbitrary qutrit state to a max-
imally mixed state I3/3. The corresponding Kraus operators
are

E00 =

√
1− 8

9
p U00, E01 =

√
p

3
U01, E02 =

√
p

3
U02,

E10 =

√
p

3
U10, E11 =

√
p

3
U11, E12 =

√
p

3
U12,

E20 =

√
p

3
U20, E21 =

√
p

3
U21, E22 =

√
p

3
U22. (23)

5. Scheme in 3D-Pauli-like noise channels with
memory
In this section, it is assumed that the 3D-GHZ state |ϖ〉123

is the quantum channel and that it is prepared on Charlie’s
side. Charlie keeps possession of qutrit 3, and sends qutrit 1 to
Alice and qutrit 2 to Bob via quantum channels. It is also as-
sumed that during transmissions, both qutrits are affected by
3D-Pauli-like noise. After the qutrits have been transmitted,

the evolution of the state |ϖ〉123 under the influence of 3D-
Pauli-like noise can be expressed by the density operator as

ρen =
2

∑
n,m,k,l=0

pnm,klUnm⊗Ukl⊗U00 |ϖ〉123 〈ϖ |

(Unm⊗Ukl⊗U00)
† , nm,kl = p∗nm pkl , (24)

where noise parameters pnm and pkl are interpreted as the
probabilities of the operators Unm and Ukl acting on qutrits 1
and 2. Equation (24) shows that each qutrit passes indepen-
dently through the 3D-Pauli-like noisy channel. This type of
channel is often considered to be memoryless (an uncorrelated
channel). However, in realistic communication, if qutrits 1 and
2 are transmitted with a very short time interval between them
in a noisy channel, there is some degree of correlation between
the two uses of the channel. Thus, the channel can be consid-
ered to be a channel with memory. In this work, we assume
that the correlation is Markovian, which can be defined by

pnm,kl = (1−µ) pnm pkl +µ pnmσnm|kl ,

σnm|kl =

{
0, nm 6= kl,
1, nm = kl, (25)

where the parameter µ (0≤ µ ≤ 1) represents the degree of
memory. Equation (25) shows that the same operator is ap-
plied to both qutrits with probability µ , and that the two oper-
ators are not correlated with probability (1−µ). The progress
of qutrits 1 and 2 through the 3D-Pauli-like noise channel with
memory is shown in Fig. 2.

According to Eq. (25), ρen can be rewritten as

ρen =
2

∑
n,m,k,l=0

[
(1−µ) pnm pkl +µ pnmσnm|kl

]
×Unm⊗Ukl⊗U00 |ϖ〉123 〈ϖ | (Unm⊗Ukl⊗U00)

†

= (1−µ)
2

∑
n,m,k,l=0

pnm pklUnm⊗Ukl⊗U00 |ϖ〉123 〈ϖ |

× (Unm⊗Ukl⊗U00)
†

+µ

2

∑
n,m,=0

pnmUnm⊗Unm⊗U00 |ϖ〉123 〈ϖ |

× (Unm⊗Unm⊗U00)
† . (26)

qutrit 2 

3D Pauli like noise

qutrit 1 
Alice

BobCharlie

Charlie

U00 U01 U02 U10 U20 U11 U12 U21 U22

U00 U01 U02 U10 U20 U11 U12 U21 U22

µµµµµµµµµ

Fig. 2. The progress of qutrits 1 and 2 through a 3D-Pauli-like noisy channel with memory, where Unm, (n,m = 0,1,2) is the Weyl operator, and µ is
the degree of memory.
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Note that when µ = 0 the channel will become a memo-
ryless channel, and when µ = 1 the channel will have perfect
memory.

Using the implementation of quantum teleportation intro-
duced in Section 3 through the channel ρen, after the measure-
ment operations and unitary transformations, Bob can obtain
the output state given by the density operator

ρ
nm j
out = Unm tra,1,3

{∣∣X j
〉

3

〈
X j
∣∣⊗|ψnm〉a1 〈ψnm| |ϑ〉a 〈ϑ |

⊗ρen (|ψnm〉a1 〈ψnm|)†⊗
(∣∣X j

〉
3

〈
X j
∣∣)†}

(Unm)
† , (27)

where tra,1,3 is the partial trace on qutrits a, 1, and 3. In ideal
teleportation, the density operator ρ

nm j
out will be identical to the

density operator |ϑ〉a 〈ϑ | of the teleported state up to the nor-
malization factor, a phenomenon described as fidelity. How-
ever, when there is quantum noise, the two density operators
will diverge. Fidelity can be calculated by

Fnm j = 〈ϑ |ρnm j
out |ϑ〉 . (28)

Mean fidelity is defined in terms of all possible measure-
ment results as

Fav =
2

∑
n,m, j=0

qnm jFnm j, (29)

where qnm j is the probability that the output state ρ
nm j
out occurs.

Fav depends mainly on the coefficients of the teleported state
|ϑ〉a and so it is more convenient to calculate the average fi-
delity over the set of input states[31,42]

〈F〉 = 2
π2

∫
π

0

∫
π

0

∫ 2π

0

∫ 2π

0
sin3 θ0

2
sin

θ1

2

× cos
θ0

2
cos

θ1

2
dθ0 dθ1 dφ0 dφ1Fav. (30)

In the following subsection, we consider the 3D-CQT
scheme for four types of 3D-Pauli-like noise (trit-flip, t-phase-
flip, trit-phase-flip, and t-depolarizing) in channels with mem-
ory. For each type of memory in the noisy channel, the rela-
tionships between fidelity, memory and noise parameters, as
well as classical fidelity, will be determined.

5.1. Calculation of fidelities

By using the Kraus operators for the four types of 3D-
Pauli-like noise (Eqs. (20)–(23)), channel noise for each type
of noise in a channel with memory can be defined by setting
noise parameters pi j (i, j = 0,1,2) in Eq. (26). Trit-flip noise
in a memory channel is given by setting noise parametersp00 =

1− p, p01 = p02 = p/2, and p10 = p11 = p12 = p20 = p21 =

p22 = 0. T-phase-flip noise in a memory channel is given
by setting noise parameters p00 = 1− p, p10 = p20 = p/2,
andp01 = p02 = p11 = p12 = p21 = p22 = 0. Trit-phase-flip
noise in a memory channel is given by setting noise param-
eters p00 = 1− p, p11 = p12 = p21 = p22 = p/4, andp01 =

p02 = p10 = p20 = 0. T-depolarizing noise in a memory chan-
nel is given by setting noise parameters p00 = 1− 8p/9 and
p01 = p02 = p10 = p20 = p11 = p12 = p21 = p22 = p/9. The
average fidelity is easily calculated using the equation given in
Ref. [41]

〈
α jα

∗
k αlα

∗
m
〉
=

πd−1

(d−1)!

∫
dΓdα jα

∗
k αlα

∗
m

=
1

d (d +1)
(
δ jkδlm +δ jmδkl

)
, (31)

where d is the dimension of the quantum system, αi

(i=0,1, . . . ,d−1) is the coefficient of the teleported state, α∗i
is the complex conjugate of αi, and dΓd is an invariant volume
element given by

dΓd =
d−2

∏
j=0

sin2d−2 j−3 θ j

2
cos

θ j

2
dθ j dφ j+1. (32)

When d = 3, the three coefficients of the teleported state
are

α0 = cos
θ0

2
|0〉 , α1 = sin

θ0

2
cos

θ1

2
e iφ1 ,

α2 = sin
θ0

2
sin

θ1

2
e iφ2 , (33)

and, according to Eq. (32), dΓ3 is given by

dΓ3 = sin3 θ0

2
sin

θ1

2
cos

θ0

2
cos

θ1

2
dθ0 dθ1 dφ0 dφ1. (34)

Equation (31) gives the following results:〈
cos4 θ0

2

〉
=

〈
sin4 θ0

2
cos4 θ1

2

〉
=

〈
sin4 θ0

2
sin4 θ1

2

〉
=

1
6
,〈

cos2 θ0

2
sin2 θ0

2
cos2 θ1

2

〉
=

〈
cos2 θ0

2
sin2 θ0

2
sin2 θ1

2

〉
=

〈
sin2 θ0

2
cos2 θ1

2
sin2 θ0

2
sin2 θ1

2

〉
=

1
12

. (35)

These results are used in calculating the average fidelity
(Eq. (30)). Equations (26)–(30), with the help of Eq. (31), give
the average fidelity of teleportation for each of the four types
of noise in a channel with memory

〈F〉F = 1− 3
2

p+
9
8

p2 +
3
2

µ p
(

1− 3
4

p
)
,

〈F〉P = 1− 3
2

p+
9
8

p2 +
3
4

µ p
(

1− 3
2

p
)
,

〈F〉FP = 1− 3
2

p+
15
16

p2 +
3
4

µ p
(

1− 5
4

p
)
,

〈F〉D = 1− 4
3

p+
49
81

p2 +µ p
(

5
6
− 49

81
p
)
, (36)

for 0 ≤ u, p ≤ 1, where 〈F〉F is the average fidelity for the
channel with trit-flip noise, 〈F〉P for t-phase-flip noise, 〈F〉FP
for trit-phase-flip noise, and 〈F〉D for t-depolarizing noise.
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5.2. Analysis of the effect of memory on the average fi-
delity

In this subsection, we examine the effect of memory on
the average fidelity for each type of channel noise. Using the
equations for 〈F〉F, 〈F〉P, 〈F〉FP, and 〈F〉D given in Eq. (36),
the corresponding partial derivatives over parameter u are

∂ 〈F〉F
∂u

=
3
2

p
(

1− 3
4

p
)
≥ 0,

∂ 〈F〉P
∂u

=
3
4

p
(

1− 3
2

p
)
≥ 0, p≤ 2

3
,

< 0, p >
2
3
,

∂ 〈F〉FP
∂u

=
3
4

p
(

1− 5
4

p
)
≥ 0, p≤ 4

5
,

< 0, p >
4
5
,

∂ 〈F〉D
∂u

= p
(

5
6
− 49

81
p
)
≥ 0. (37)

Equation (37) shows that average fidelities 〈F〉F and 〈F〉D
increase as the memory parameter increases regardless of
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Fig. 3. The relationship between the average fidelity and the memory pa-
rameter (µ): (a) p = 0.4, (b) p = 0.7, and (c) p = 0.9.

the noise parameter. However, for average fidelities 〈F〉P and
〈F〉FP, we observe respective threshold values (p = 2/3 and
p = 4/5) derived from Eq. (32). 〈F〉P and 〈F〉FP increase as
the memory parameter increases only when the noise parame-
ter is below the corresponding threshold value. In other words,
for trit-flip noise and t-depolarizing noise, teleportation accu-
racy can be improved by increasing the value of channel mem-
ory even for the strongest noise. However, for t-phase-flip and
trit-phase-flip noise, the accuracy of teleportation can be im-
proved by increasing the value of channel memory only if the
noise parameter satisfies a certain condition. Figure 3 gives
the relationship between the average fidelity and the memory
parameter for the three cases p = 0.4, p = 0.7, and p= 0.9.

Figure 3 shows that in all cases, the average fidelity in-
creases as the memory parameter increases when p = 0.4.
However, the average fidelity 〈F〉P decreases as the memory
parameter increases when p = 0.7, and the average fidelities
〈F〉P and 〈F〉FP decrease as the memory parameter increases
when p = 0.9.

Fidelity fc = 1/2 is known in a 3D quantum system as
classical fidelity.[46] It is interesting to make a comparison
between 3D average fidelity and classical fidelity. The re-
lationship between average fidelity, memory parameter, and
noise parameter, together with classical fidelity for each type
of noisy channel is shown in Fig. 4. Figures 4(a)–4(d) show the
trit-flip channel noise, t-phase-flip channel noise, trit-phase-
flip channel noise, and t-depolarizing channel noise, respec-
tively. The grey grid represents the classical fidelity, fc = 1/2.

We derive the following conclusions from inspecting
Fig. 4

i) Trit-flip noise
Figure 4(a) shows that when µ = 0 (i.e., the channel is

memoryless), the average fidelity 〈F〉F initially decreases and
then increases as the noise parameter p increases, and reaches
the minimum value 1/2 (equal to classical fidelity fc) when
p ≈ 0.7. However, when µ > 0 (i.e., the channel has mem-
ory), 〈F〉F is always larger than 1/2. When µ= 1, 〈F〉F is al-
ways at a maximum value 1, regardless of p. This observation
confirms that memory in the trit-flip noisy channel improves
the efficiency of the teleportation scheme and that the scheme
becomes immune to trit-flip noise when there is the strongest
correlation between two successive uses of the channel.

ii) T-depolarizing noise
Figure 4(d) shows that in the case 〈F〉D = 1/2, the noise

parameter p increases as the memory parameter µ increases.
When µ= 1, 〈F〉D is not always less than 1/2. This observa-
tion shows that memory increases the robustness of the scheme
for t-depolarizing noise.

iii) T-phase-flip noise and trit-phase-flip noise
Figures 4(b) and 4(c) show that there are some regions

where 〈F〉P and 〈F〉FP are below fc and that the regions do not
change significantly as the memory parameter increases. That
is, an increase in memory does not increase resistance to these
types of noise as it does for the other two types of noise.
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Fig. 4. The relationship between 3D average fidelity and the parameters µ and p together with classical fidelity.

6. Conclusions

A controlled quantum teleportation scheme in a 3D quan-
tum system was proposed. Alice transmits an unknown single-
qutrit state to Bob under the control of Charlie in a pre-shared
3D GHZ state. An ideal implementation of the scheme was
introduced. Noise is an unavoidable factor in a realistic im-
plementation that reduces the fidelity of teleportation. The
scheme was described in a realistic environment with noisy
channels. Four types of 3D-Pauli noise (trit-flip, t-phase-flip,
trit-phase-flip, and t-depolarizing) were introduced, respec-
tively. Our work is different from other existing studies in
introducing memory in channels. Relationships between the
average fidelity of teleportation with memory and noise pa-
rameters were determined, and the values of average fidelity
obtained were compared with classical qubit fidelity. The re-
sults showed that memory in a channel can increase the av-
erage fidelity for trit-flip and t-depolarizing noises but cannot
for t-phase-flip and trit-phase-flip noises, above a certain noise
threshold. This work introduces a novel approach to increas-
ing the efficiency of high-dimensional teleportation.
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