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SPECIAL TOPIC — Optical field manipulation
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A distant-neighbor quantum-mechanical method is used to study the nonlinear optical wave mixing in graphene
nanoflakes (GNFs), including sum- and difference-frequency generation, as well as four-wave mixing. Our analysis shows
that molecular-scale GNFs support quantum plasmons in the visible spectrum region, and significant enhancement of non-
linear optical wave mixing is achieved. Specifically, the second- and third-order wave-mixing polarizabilities of GNFs are
dramatically enhanced, provided that one (or more) of the input or output frequencies coincide with a quantum plasmon
resonance. Moreover, by embedding a cavity into hexagonal GNFs, we show that one can break the structural inversion
symmetry and enable otherwise forbidden second-order wave mixing, which is found to be enhanced by the quantum plas-
mon resonance too. This study reveals that the molecular-sized graphene could be used in the quantum regime for nanoscale

nonlinear optical devices and ultrasensitive molecular sensors.

Keywords: quantum plasmons, nonlinear optical wave mixing, graphene nanoflakes
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1. Introduction

Plasmons, collective free-electron oscillations in con-
ducting media that can concentrate light into atomic length
scales, have found a wide range of applications, in-
cluding optical metamaterials,!'->] nanophotonic lasers and
amplifiers, [/ nanoantennas,!”! quantum optics, ¥ photovoltaic
devices,”~'!l and biological sensing.!'?! Plasmons can boost
nonlinear response due to their ability to dramatically am-
plify the electromagnetic fields.!!3-'®! Noble metals have at-
tracted much attention because of their ability to support plas-
mons. It is demonstrated that the plasmonic properties of
noble metals are related to the size, shape, and surround-
[17.18] However, the practical applications of
metal plasmons are severely restricted by their large ohmic
loss and low tunability.[1°-20]

In contrast, graphene!*!!

material due to its ability to support low los
6123241

ing environment.

is an outstanding plasmonic
sI?2l and
tunable plasmon Graphene plasmons have been
found in nanoribbons,!?! nanodisks,?®! nanorings,?’! and
other confined morphologies at terahertz and mid-infrared
frequencies.?®>°l Graphene plasmons in near-infrared and
visible regions are highly demanded in a wide range of appli-
cations. This might be achieved by using graphene nanoflakes
(GNFs), and it is demonstrated that plasmon resonance fre-
quencies in a GNF having lateral size D scale as @, o< \/Eg/D,

with Fermi energy Ef taking typical experimental value <

DOI: 10.1088/1674-1056/abea8d

1 eV.3% Thus, extending graphene plasmons to the visible
regime can be achieved by reducing the scale of GNFs.

Thanks to the recent progress in the chemical synthe-
sis method, GNFs with the size down to molecular-scale
can be manufactured,*'1 allowing one to investigate plas-
monic phenomena at visible-light spectrum region. Further,
molecular-scale GNFs offer a tantalizing route to explore
plasmonic phenomena in the quantum regime. In particular,
when the geometrical size of GNFs is down to the molecu-
lar scale, quantum effects play an important role in plasmon
resonances. 2341 At such scale, full quantum mechanical de-
scriptions are required. 2433331

The combination of plasmonics with quantum mechanics,
known as quantum plasmonics, 33937 has become a rapidly
developing research field in recent years. The origins of classi-
cal and quantum plasmons are fundamentally different. Clas-
sical plasmons occur in systems with size larger than the elec-
tron mean free path, 33! and thereby can be well described by
Maxwell’s equations. However, in GNFs with the size down
to molecular scale, the electronic motion is restricted by quan-
tum confinement, and in such systems, the strong charge oscil-
lations, namely, quantum plasmons, are caused by transitions
between largely delocalized quantum states. 343

In addition to their remarkable plasmonic properties,
graphene also features a strong nonlinear optical response due

to their anharmonic charge-carrier dispersion relation.[404?1

*Project supported by the National Natural Science Foundation of China (Grant No. 11947007), the Natural Science Foundation of Guangdong Province, China
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Indeed, recent experiments on optical Kerr effect,[*3* sec-
ond and third harmonic generation!*~*"] confirm strong non-
linear optical effects in this material. Due to their remarkable
field enhancement, graphene plasmons can further enhance
the intrinsically intense nonlinearity of graphene. Such field-
enhanced nonlinearity is even more prominent in molecular-
scale GNFs due to their even more confined plasmons. More
importantly, due to the reduced size, molecular GNFs have an
additional benefit; that is, even with lower Fermi energy, one
is able to reach a high frequency range, which relaxes the de-
mand on a high Fermi level to access the visible-frequency
range.

For GNFs with a size of tens of nanometers, the optical
response is dominated by the intraband transitions, and we can
use a classical nonlinear conductivity to describe their non-
linear optical properties. [*8! However, for GNFs with the size
down to molecular scale, due to the significant influence of
nonlocal and finite-size effects'3>#°! on the optical response,
the classical electrodynamic description fails. Thus, the tight-
binding (TB) model has been proposed to describe the elec-

[24,32,41,50] However,

tronic states of nanostructured graphene.
the TB model only includes the interaction of nearest-neighbor
atoms, and thus it is not accurate enough or even invalid to de-
scribe, for example, two non-tightly bond GNFs. A previous
study of the nonlinear optical wave mixing in nanostructured
graphene has been based on the simple TB model.!*!! The in-

fluence of the quantum cavity, size, and shape of molecular

T2 T5
H3 H3I'K

GNFs on their nonlinear optical wave mixing has not been
studied yet.

In this work, we use a distant-neighbor quantum-
mechanical (DNQM) approach to investigate the nonlinear op-
tical wave mixing in molecular-scale GNFs, including sum-
and difference-frequency generation, as well as four-wave
mixing. We consider the interactions of m-orbitals of each
carbon atom between the core potential of all atoms. Com-
pared with the TB model that only including the interactions
of nearest-neighbor atoms, the DNQM method is more general
and accurate, because it includes the electron-core couplings
of all carbon atoms in the GNFs. We demonstrate that efficient
wave mixing is achieved in a molecular GNF when the input
or output frequency is close to its quantum plasmon. More-
over, our calculations indicate that the presence of a quantum
cavity can break the inversion symmetry of hexagonal GNFs,
thus enabling plasmon-enhanced second-order wave mixing.

2. Calculation of nonlinear optical wave mixing
in GNFs

The GNFs we considered are dozens of carbon atoms that
are hexagonally positioned in the x—y planar. For instance,
Fig. 1(a) is a triangular-shaped GNF, with a lattice constant
a =0.142 nm and a side length of 1.2 nm. At this scale, this
GNF contains only 46 carbon atoms, enabling us to use the
DNQM method to compute the nonlinear wave mixing polar-
izabilities of such GNFs.
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Fig. 1. GNF structures and their linear polarizabilities. (a) Nonlinear wave mixing in a triangular GNF, illuminated by two continuous waves with
frequencies ; and @,. (b) The geometrical configuration of GNFs, including triangular (Trn) and hexagonal (Hn) structures considered in our work.
Here n indicates the number of 6-atom hexagons on the side of GNFs. H3 structure containing a cavity at the I'K direction is labeled as H3I'K. (c)—(f)
Real and imaginary parts of linear polarizability for (c) T2, (d) TS, (e) H3, and (f) H3I'K nanoflakes. The green (red) lines indicate the real (imaginary)
part of the polarizabilities. The atomic units (a.u.) with ag = m. = h = e = 1 are used in the calculation of polarizabilities of GNFs.
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We initiate our calculation by computing the electronic
states of GNFs. The optical response of GNFs is dominated by
the electrons in the 7-bond forming p, orbitals. Thus, we use a
single p, orbital to represent a carbon atom. [>!! This treatment
is commonly used for GNFs modeling; however, unlike previ-
ous methods, we include the coupling of the p, electrons and
cores of all atoms in the GNFs. We then obtain the Hamilto-
nian operator for a single electron, and the eigenstates of GNFs
can be consequently calculated by solving the Schrédinger
equation (see Appendix A for more details). Finally, we cal-
culate the polarizabilities of GNFs with a perturbative method
(see Appendices A and B for more details). The GNF struc-
tures considered in our work are presented in Fig. 1(b).

3. Results and discussion
3.1. Quantum plasmons of GNFs

We first calculate the linear polarizability of molecular-
scale GNFs, as shown in Fig. 1(b). For triangular GNFs, we
assume the incident electric field to be y-polarized and use the
DNQM method to compute the linear polarizability ¢, (®).
The obtained imaginary and real parts of o, (@) are shown in
Fig. 1(c) for T2 and in Fig. 1(d) for T3, respectively. The po-
larizability spectra clearly show that the peak of the imaginary
part coincides with the zero-valued real part, which defines
the existence of quantum plasmons. 3334361 A comparison be-
tween Figs. 1(c) and 1(d) tells that the frequency of quantum
plasmon profoundly increases with the decreasing side length
of triangular GNF from 1.2 nm (for T5, the first resonance
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peak is at 1.627 eV) to 0.49 nm (for T2, the first resonance
peak is at 3.16 eV).

The dependence of linear polarizability on the incident
frequency oy, (®) of hexagonal GNFs with and without a
quantum cavity is presented in Figs. 1(e) and 1(f), respectively.
Here, the polarization direction of the incident electric field is
along the x-axis, and a cavity (see inset of Fig. 1(f)) is cre-
ated by removing a few carbon atoms along the I K symmetry
axis. It is seen that the cavity can dramatically alter the optical
response of GNFs. Particularly, by comparing the linear polar-
izability spectra presented in Figs. 1(e) and 1(f), we find that
the existence of a cavity into the H3 nanoflake induces a red-
shift of quantum plasmon frequencies. More importantly, all
molecular-scale GNFs shown in Fig. 1(b) have quantum plas-
mon resonances in the visible spectral range without requiring
electron doping.

3.2. Sum- and difference-frequency generation in GNF's

We next study the second-order nonlinear wave mix-
ing, including sum- and difference-frequency generation, in
molecular-scale GNFs. Notice that, for the hexagonal GNF, its
centrosymmetric structure forbids second or other even-order
nonlinear processes. In contrast, second-order nonlinear pro-
cesses are allowed to occur in non-centrosymmetric triangular
GNFs when, for example, there is an incident electric field
polarized along the asymmetric y-direction. Thus, our focus
is the sum- and difference-frequency generation in triangular
GNFs with a y-polarized field.

hw (eV)
0 1.0 2.0 3.0

[Im[Byyy (w1 —w2)]| (a.u.) [Im[Byy,(wi+ws)]| (a.u.)

Fig. 2. Sum- and difference-frequency generation in triangular GNFs. Nonlinear polarizability By, (@, + @, ), corresponding to sum-frequency gen-
eration (SFG), for (a) T2 and (b) T5. Nonlinear polarizability Sy (@; — @, ), corresponding to difference-frequency generation (DFG), for (c) T2 and
(d) TS. The upper panels show the linear polarizability of triangular GNFs, T2 (left) and TS5 (right). The inset in the top left panel shows the enlarged

plot of SFG polarizability when @; and @, close to 5.35 eV.
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In contour plots Figs. 2(a) and 2(b), sum-frequency gen-
eration (SFG) polarizabilities By, (w; + @) of T2 and T5
nanoflakes are shown as a function of two incident frequen-
cies (w;,®;). In order to see how the nonlinear wavelength
mixing is related to the plasmon resonance, in the upper pan-
els in Fig. 2, we also present the linear polarizability o, (®)
of the considered triangular GNFs. Remarkably, as shown in
Figs. 2(a) and 2(b), the applied field frequencies at which the
SFG is enhanced, are found to coincide exactly with the plas-
mon resonances shown in o, (@) (for example, the T2 struc-
ture has an enhanced SFG at i » = 3.16 or 5.35 eV, which is
also the two frequencies at which plasmon resonance occurs).
Moreover, it can be seen that the SFG enhancement also occurs
at the output frequency defined by the curve @, + @, = ®,, ®,
being one of the plasmon frequencies of the GNF. Finally, a
very strong enhancement is observed when the above two fea-

tures intersect.

Figures 2(c) and 2(d) present the second-order polariz-
ability By, (@) — @) associated with the difference-frequency
generation (DFG). Similarly, enhancement in DFG appears
when one of the incident frequencies coincides with the plas-
mon resonance, as well as when the output frequency follows
the frequencies ®; — @, = ®,. The results revealed here sug-
gest a unique route to boost various nonlinear responses in
GNFs.
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3.3. Four-wave mixing in GNFs

We now use the DNQM approach to explore the four-
wave mixing (FWM) processes between two applied fields
with frequencies ®; and @, in GNFs. In Figs. 3(a) and
3(b), we present the third-order nonlinear polarizabilities
corresponding to FWM with output frequency 2@, + @,
Yoyyy (201 + @), for triangular GNF T2 and T5, respectively. It
can be seen that the enhancement of FWM at frequencies fol-
lowing 2@ + @, = @y, indicating that the output frequency
resonates with a plasmon. We have also examined FWM
with output frequency 2®; — @, in the triangular GNFs, the
corresponding polarizabilities of T2 and TS5 nanoflakes being
presented in Figs. 3(c) and 3(d). Similarly, we can see that
the enhancement at the output frequency follows the curve
2m — = @p. Thus, Fig. 3 illustrates that the enhancement
of FWM occurs whenever the fundamental frequencies of the
incident fields are resonant with plasmons (see horizontal and
vertical features in the contour plots).

In Fig. 4, we present FWM polarizabilities of hexag-
onal GNF H3 as a function of the two incident frequen-
cies. The top panels show the linear polarizability of H3
nanoflake. Similar to the case of triangular GNFs, as can
be seen from the Yy (20 + @) and Yy (20; — @) spec-
tra shown in Figs. 4(a) and 4(b), efficient FWM is achieved
in the hexagonal GNF when one or more of the incident or
the mixed frequencies coincide with its quantum plasmon, in-
dicating quantum plasmon-assisted enhancement of nonlinear
wave mixing.
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Fig. 3. Four-wave mixing in triangular GNFs. We show wave mixing polarizabilities (a), (b) ¥yyy (20 + @) and (c), (d) Yy, (201 — @)

for the triangular GNFs considered in Fig. 2.
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Fig. 4. Four-wave mixing in hexagonal GNFs. We show four-wave mixing polarizabilities (a) Y (201 + @2) and (b) Y (2001 — @)
of the hexagonal GNF H3. The upper panels show the corresponding linear polarizability.
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Fig. 5. Nonlinear wave mixing in hexagonal GNFs containing a quantum cavity. We consider the hexagonal GNF H3 with a cavity
along the I'K direction, and show (a) the sum-frequency generation polarizability By (@) + @), (b) the difference-frequency genera-
tion polarizability By (®; — @,), and the four-wave mixing polarizabilities (€) Y (201 + @2) and (d) Yeex (2001 — @2). (e) The linear
polarizability of HS GNFs containing a 6-atoms cavity at the I" point, and along I'K and I"M directions. (f) The linear polarizability
of H5 GNFs containing a cavity centered at I” point, introduced by removing 6, 12, and 24 carbon atoms from the GNF, respectively,
from top to bottom.
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3.4. Nonlinear wave mixing in GNFs containing a quan-
tum cavity

Finally, we computed the second- and third-order wave
mixing in the hexagonal GNF containing a quantum cavity
along the I'K symmetry axis, including sum- and difference-
frequency generation, as well as four-wave mixing. The re-
sults of these calculations are presented in Fig. 5. As men-
tioned in the preceding section, the second-order nonlinear
processes are forbidden in hexagonal GNFs due to the in-
version symmetry. However, as shown in Figs. 5(a) and
5(b), strong sum and difference-frequency generation is en-
abled in the hexagonal GNF by embedding a cavity into the
structure, and the quantum plasmon-assisted enhancement in
B (01 + @) and B (@) — @) is observed.

Figures 5(c) and 5(d) present third-order wave mixing po-
larizabilities Yyxox (2001 + @2) and Yy (20 — @), correspond-
ing to four-wave mixing with output frequency 2w; + @, and
2m; — my, respectively. We can clearly see that the FWM po-
larizability spectra of H3 nanoflake with and without a cavity
are markedly different, implying that the quantum cavity can
efficiently alter the nonlinear polarizabilities of GNFs. More-
over, we show the effect of the position and size of the cav-
ity on the linear polarizabilities of H5 hexagonal GNFs in
Figs. 5(e) and 5(f), respectively. Figure 5(e) shows that the
first plasmon frequency of H5 nanoflake with a cavity in the
I'K direction is more redshifted than that with a cavity at the
I' point or along the I'M direction, while Figure 5(f) shows
the first resonance peak is redshifted when the cavity size in-
creases.

4. Conclusion

In conclusion, we have studied the nonlinear wave mix-
ing in molecular-scale GNFs using the DNQM approach. Our
analysis has revealed that the nonlinear response of molecu-
lar GNFs is significantly enhanced by quantum plasmon reso-
nances, when one or more of the input or output frequencies
couple to plasmons. Moreover, quantum plasmonic response
and plasmon-induced enhanced nonlinearities of GNFs with
the size down to molecular scale can be obtained within vis-
ible spectral range. We have also demonstrated that quantum
plasmon-enhanced second-order wave mixing is enabled in
hexagonal GNFs by introducing a quantum cavity to break the
structural inversion symmetry. The synergetic combination of
the large intrinsic optical nonlinearity in GNFs and the strong
local field enhancement produced by their quantum plasmons
holds strong potential for nonlinear nanophotonics, quantum
optics, and molecular sensors.

Appendix A: Calculation of electronic states of
GNFs

The optical behavior of GNFs is determined by the elec-
trons in the -bond forming p, orbitals, as shown in Fig. Al(a),

and each carbon atom has one such electron. Thus, we use
the 2p, Clementi orbital>!! as a basis function on each atom,

which is given by
ll/2pz :R2P(V)Y2pz(67(p)7 (Al)
where the radial part is
1 Zr _zr
R =——Z2¢ ™ A2
ZP(r) \/6”00 € 0, ( )
and the angular part is
3 3z
Y =4/ -—cosf =/ —-. A
o0.(0,9) =/ 5 cosO =1/~ (A3)

Here, Z = 3.136 is the effective nuclear charge for the 2p, or-
bital of a carbon atom11, 1 is the orbital number (n = 2 in this
case), and qa is the Bohr radius.

(a)
jz
Y
x> e
/
—al_ Vs
/ P
o n )
sp’> | p.

(c) (d) p

s P { d To

Fig. A1. (a) Illustration of sp2 hybridization in graphene. (b)—(d) Definitions
of the vectors used in the calculations.

For a single electron in the GNF, the Hamiltonian opera-
tor can be written as

N
. Z
A=—vi_y 2 (A4)

3
a=1 T~ Toa

where the value of effective core charge, Z.¢s = 0.637, has been
adjusted so that the computed HOMO-LUMO gap of the sim-
plest GNF structure (i.e., benzene) is 6 eV.1>°) We can obtain
the electronic states from the Schrodinger equation

Ay(r) = Ey(r),

where y(r) and E are the eigenfunction and eigenenergy. This

(A5)

eigenfunction is expanded in the atom centered basis functions
as

N N
y(r)= Z cqWy(r) = Z CqWap, (1 —T0og)- (A6)
q=1 q=1
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Combining Egs. (A5) and (A6) yields

N N

Y Hewy=EY cqu,. (A7)
g=1 q=1

We then multiply each side of this equation from the left by

v (r) and integrate over all space

N _ N
Zcq/W?Hqur:EZcq/wfufqdr. (A8)
q=1 q=1

Now we define the matrix elements
Hyy = / v Ay, dr, (A9a)
8sq = / W yydr, (A9D)

so that the Schrodinger equation is truncated to a finite gener-
alized eigenvalue problem with eigenvectors ¢, and eigenval-
ues £

Aeé=ESe, (A10)

where ¢ = (c1,¢,-,cy)T is an N-dimensional column vector.
The matrix element ﬁsq is written as the sum of two-
center and three-center terms

Ay, = EoSyy — Iy —1°

o (Al1)

where Eg = Zeg€y/n?, and gy = —13.6 eV.
A 1 1
I, = *w,d Al2
sq 2 (|T‘T‘Y|+’ _ q|)ll/swq r, ( )

fsoz; Zetre / r RATE dr

a;ésq 7T(X|

(A13)

Here 7y, 14, and 7 are the position vectors of the carbon
atoms labeled by s, ¢, and «, respectively.

The energy levels of a GNF containing N carbon atoms
are obtained by solving Eq. (A10). Figures A2(a) and A2(b)
present the energy levels of the two triangular GNFs, T2 and
T5. We also show the energy levels of hexagonal GNFs with
and without a quantum cavity in Figs. A2(c) and A2(d), re-
spectively.

In what follows, we describe the approach used to evalu-
ate the multi-center integrals. We convert the spherical coordi-
nates to a cylindrical system, as shown in Figs. A1(b)-A1(d),
where the lengths of vectors K and k, are expressed as

k5| = /P2 +d2 +2pdcos(p) +22,  (Alda)

|ikq| = \/P?+d? —2pdcos(@) + 22, (A14b)

where p, ¢, and z are the cylindrical coordinates, and d is the
length of vector d, namely it is half of the distance between the
carbon atoms s and g. Therefore, the basis functions centered
at s and ¢ are written as

_Z,.
v, = Aze o %l (A15a)

zZ
v, :Aze*%“q', (A15b)
1 Z /Z\1. .
where A = ——(—) is a normalization constant.
\/87r naop \ao
Therefore, Ssq, Isq, and [y, are expressed as follows:
Ssg = /Azz ¢ e ISR 5 45 dpde, (A16)
N A2 2 nao Y‘+|Kq|
ie = e
(X#S7q\/p2+|R | —2p |R%|cos 6 + 2
xpdpdedo, (A17)
Iy = /(IJF 1 )Azzze g (sl +lrea)
sl [roq]
xpdpdedo, (A18)
where | | is the length of vector qu =7y —Tq, and 0 is

the angle between the vector = and the plane of the graphene
lattice. The integrals Eqgs. (A16)—(A18) have been evaluated

numerically.
& &
—44 —76
a) (b)
—49 —82
> >
2 —54 L 88
R R
—59 —94
—64 —100
0 1 2 0 1 2
Degeneracy Degeneracy
—92 ggg _ g
© )
—99 —-91
> — >
L 106 L 98
= - R
—113 —105
—120 —112
0 1 2 0 1
Degeneracy Degeneracy

Fig. A2. (a), (b) Energy levels of triangular GNF (a) T2 and (b) T5. (c),
(d) Energy levels of hexagonal GNFs with and without a quantum cavity.
Appendix B: Quantum perturbative approach
to the linear and nonlinear optical response of
GNFs

We describe the optical response of GNFs using a well-
known quantum perturbative approach.?>! The linear polariz-
ability o;;(ay) (k=1 or 2) is given by

. i, J oy
trarﬁxon My Ming N ,Ufmﬂmg . (B1)

o) =
g,m

The second-order wave-mixing polarizabilities corresponding
to sum- and difference-frequency generation f3;(; + @)
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and fB;jx (@ — ) are expressed as follows:

transition

“én”émﬂrkng
gmyn (wﬂg i Ob)(wmg — )

Bijx(w + ) = B
.uénulfzm“r]:lg
(05 + @) (g — 1)

“é{"nurlzcm“rl;lg
(@ + ) (W + 01 + @) |

(B2)

transition [J(én ,urjzm uzlfqg
e L(@ng— 01+ @2)(Ong — 1)
uénﬂémﬂgzg
(@7, — @2)(Opg — 1)
ugnﬂf;nﬂ;ﬁg
(@5, — @) (@5, + 01 — @)

Bijk(w) — ) = P,

(B3)

The four-wave mixing polarizabilities ¥ i, (201 + @)
and % jin (2001 — @) are given by

YVejin (201 + @)

b trapsition [T TN
g,mn,v (ng_a)Z_zwl)(wng_zwl)(wmg_wl)
+ .ug,{v nullfn nurllm .Ll,l;llg
(05, + @) (0, — 201 ) (Opng — 01)
N T TR T TN
(05, + @) (055, + @ + O1) (O — @1)
N [T T THT B4)

(05, + @) (05, + @ + 01 ) (W + 2 + 2001 )
Yejin(201 — @)

b transition ,ug‘, uénu,’;,nuﬁg
g,mn,v (wvg +w — Zwl)(a)"g - 2(1)1)(wmg a (1)1)
Hgy By Ftn g
(@3, — 02) (@, = 201) (g — 1)
Ly Kb Eg
(@ — ) (@, — @2+ 1) (g — 1)
Ly el Epi Hog

+ -(B5)
(w\ig - a)z)(w;;g — wl)(w);g - +2(D])

Here, m; and m, are the two incident field frequencies. p = er

is the dipole moment operator, lgy, = [ l//ék 1y, dr is the tran-

Vi) = Zl Cmt | V1),

E, and ¢, = Zl ¢ are the eigenenergy and eigenvector of

.. . En—E, .
sition dipole moment, @, = — 7 £—in,

the eigenstate m, respectively. Moreover, g, m, as well as n, v
are labels used to distinguish between levels of transitions, and
n =0.1eV is related to the lifetime of excited states. Here, we
have introduced the intrinsic permutation operator, P, defined
such that the expression that follows it is to be summed over

all permutations of the Cartesian indices: i, j, k, and A.

Appendix C: Linear and nonlinear polarizability
units

In our calculation, atomic units (a.u.) are used for the
linear polarizability a, the second-order polarizability 3, and
the third-order polarizability y. The units of length and energy
are nm and eV, respectively. Following we show the transfor-
mation between a.u. and SI units.

In Eqgs. (B1)-(B5), the transition dipole moment elements
are in a.u., where 1 a.u. of the dipole is 1 electron charge times
the Bohr radius. Specifically, we have

eap =1.602x 1071 x0.529 x 1071° (C-m).  (C1)

Moreover, in Eqs. (B1)-(B5) we use eV as the energy unit, ®
must be multiplied by A, therefore,
1 1 1
—=—7)J).

how  1.602x10-1° =)

All the coefficients and units in Egs. (B1)—(B5) must be mul-
tiplied together. Thus, the conversion factors from the calcu-

(C2)

lated value to the SI unit for a, B, and 7y are given by

eap)>  (1.602 x 10719 % 0.529 x 107102

la] = =

 ho 1.602 x 10-19

=448x107%C*.m?.771, (C3)
Bl = (eap)®  (1.602x 1071 x 0.529 x 10~ 10)3

- (hw)? (1.602 x 10-19)2

=237%x107°C3 m?-172, (C4)
o] = (eag)*  (1.602x 1071? % 0.529 x 10~10)*
= ey ~ (1.602 x 10~ )3

=1.25x107°C*. m*.J73. (C5)
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