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The superfluid states of attractive Hubbard model in a—T3 lattice are investigated. It is found that one usual needs
three non-zero superfluid order parameters to describe the superfluid states due to three sublattices. When two hopping
amplitudes are equal, the system has particle-hole symmetry. The flat band plays an important role in superfluid pairing
near half filling. For example, when the filling factor falls into the flat band, the large density of states in the flat band favors
superfluid pairing and the superfluid order parameters reach relatively large values. When the filling factor is in the gap
between the flat band and upper band, the superfluid order parameters take small values due to the vanishing of density of
states. The superfluid order parameters show nonmonotonic behaviors with the increase of filling factor. At last, we also
investigate the edge states with open boundary conditions. It is shown that there exist some interesting edge states in the

middle of quasi-particle bands.

Keywords: superfluid states, flat band, o—T3 lattice, particle-hole symmetry
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1. Introduction

The discovery of graphene has great significance in the
developments of condensed matter physics. Graphene was
first proposed in 19471 and Novoselv and Geim experimen-
tally prepared it in 2004.1?] Graphene is a two-dimensional
material composed of carbon atoms which are arranged in a
hexagonal to form a honeycomb lattice. In graphene, Dirac-
Weyl Hamiltonian with pseudospin S = 1/2 can be used to de-
scribe its low-energy behaviors. 3! The interests in graphene
are largely due to its unique band structures and massless low-
energy excitation.[6-8]

For researchers, it is interesting to find new two-
dimensional materials similar to graphene. The honeycomb
lattice structure of graphene provides a favorable reference
for the study of other new models. Adding an atom to the
center of nonequivalent “rim” sites on the hexagon gives a

[9-121 The low-energy excitation of the dice lat-

dice lattice.
tice is also described by the Dirac equation, but its pseudospin
S =1 instead of 1/2. The dice lattice can be realized with
two different schemes: one is to fabricate the trilayer struc-
ture of cubic lattice (e.g., SrTiO3/SrIrO3/SrTiO3) in the (111)

direction.['3-14

] Alternatively, it is convenient to use the cold
atoms in optical lattice.['517] The a—T3 lattice is essentially a
hybrid between graphene and dice lattice,!'®-0] parameter o
is used to represent the hopping strength between the hexag-
onal center and rim atoms.?!"23] When « is 0, the lattice
becomes graphene, and if « is 1, it means that the hopping
amplitudes between the central atom and one of the hexag-
onal atoms are equal, then it is the dice lattice. Compared

with graphene, the band structure of the a—T73 lattice has a

DOI: 10.1088/1674-1056/abea8a

distinguishing characteristic. In addition to the conduction
band and valence band E, (k), there is a flat band Ep(k) in
the middle, which is similar to that of the dice lattice. For this

kind of novel material, researchers have done a lot of works

¢ 127

on it, for example, Hofstadter butterfly effect,>”] magneto-

[24-26 128301 Zitterbewe-

34-36]

optical conductivity, ! Klein tunneling,
gung effect,3!] magnetism,3>33] magnetoconductivity,'
etc.

The superfluidity of dipolar excitons in double-layer o—
T lattice under strong magnetic field has been studied.*”! In-
spired by the superfluid phases for bosons in dice lattice,*8]
the superfluidity for fermions in a—73 is studied in this pa-
per. As far as we know, the literature on the superfluid states
of fermions in the o—T3 lattice is comparatively sparse. It is
expected that the dispersionless flat band would play an im-
portant role in the formations of superfluid states. In this work,
we study the Fermi Hubbard model with attractive interactions
in q—T3 lattice. In specific, with the mean-field method, we
obtain the superfluid order parameters (pairing gaps in super-
conductor) through solving the self-consistent equations. And
then we carefully analyze the evolutions of the superfluid order
parameters under the variations of the model parameters. It is
found that the Hamiltonian has particle-hole symmetry under
certain conditions. Near half-filling, in comparison with the
usual two-band system, e.g., Haldane model, the large density
of states of the flat band in the o—T73 lattice is in favor of the
superfluid states. The superfluid order parameters also show
non-monotonic behaviors as the filling factor increases. In ad-
dition, there exist some interesting edge states on the bound-
aries of a lattice ribbon.

*Project supported by the National Natural Science Foundation of China (Grant No. 11874127) and the startup grant from Guangzhou University.
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The paper is organized as following. In Section 2, we give
the o—73 Hubbard model Hamiltonian. The mean-field theory
is reviewed briefly in Section 3. In Section 4, we firstly discuss
the particle-hole symmetry of the system, and then analyze the
superfluid order parameters of the a—73 lattice. In Section 5,
we turn to the discussions on the edge states. Finally, we give
the summary in Section 6.

2. The a-75; Hubbard model Hamiltonian

Hubbard model is an important model in condensed mat-
ter physics, which can be used to describe metal—insulator

n, 3%~ magnetic phase transition, [*?! and superfluid—

transitio
insulator transition.[*3*! The spatial structure of a—T5 lattice
is shown in Fig. 1. A unit cell consists of three different lattice
sites (A, B, and C), in which sites A and B are located at the
vertices of a hexagon to form a honeycomb lattice, and site C
is located at the center of the hexagon. The hopping amplitude
tap =t =t between A and B sites. In particular, C sites are
only linked to B sites with hopping strength rgc =, = ar;
with o > 0. In this paper, we consider two-component Fermi
gases with spin o =7, , which interact through attractive in-
teraction —U (U > 0). In cold atom experiments, the interac-
tions strength U can be tuned by a magnetic field. The o—T3
Hubbard model Hamiltonian reads

H = Ztijcfccjc +M(ZniAc - ZniCrr)
ic ic

ijo
*Nznia *Uzniﬂlu
ic i
= H() — UZH,‘THL% (l)
i

where ¢;; is the hopping amplitude between sublattices and
describes the chemical potential. Noted that, M is the energy
offset between sublattices A and C,1* and n;o = ¢} cic de-
notes the particle number operator for spin component & at site
i. Hy is the non-interacting part of the Hamiltonian. Further-
more, we use i to label the unit cell, the creation operators of
three states in corresponding sublattices are represented by a}L,
blT, and clT, respectively. In the following, we only consider the
nearest neighbor hopping, and assume tpAp = tga = 1, IBc =
tcg =t are all real. Under periodic boundary condition , using
the Fourier transform, i.e., a(b/c); = 1 /x/NY a(b/c)(k)el*Ti
(N is the number of unit cells and r; is the position vector of
site i), it is convenient to obtain the non-interacting Hamilto-
nian (not including the U term) in momentum space

Ho(k) =y’ (k)h(k)y(k), )

where v (k) = [af; (k)b (k),cl (k)] and

M—u  hia(k) 0
h(k)= | ha(k) —p  hs(k) 3
0  hn(k) —-M—pu

with hlz(k) =1Ys COS(k ~ag)+ it Ygsin(k - a5), h21(k) =
hiy(k), hxs(k) = nYgscos(k - bs) + i Y ssin(k - bs),
h3:(k) = hi(k), and k = (ky,ky). Specifically, the two-
dimensional vectors ag and bg are shown in Fig. 1. In the
following, we take f; = 1 as the energy unit. The single-
particle Hamiltonian Hy has three energy bands, and there

exists a flat band in the middle (see Fig. 2).

Fig. 1. Schematic diagram of a—T73 lattice. Sublattices A, B, and C
are shown in blue, green, and red, respectively. The vectors by = a; =
v3/2,-1/2], by = az = [-V/3/2,—1/2], and b3 = a3 = [0,1] with
lattice spacing a = 1.

Fig. 2. Three single-particle energy bands in a—T13 lattice with#, =, =
1, u =0, and M = 0. The flat band is in middle of upper and lower
bands.

3. Mean-field theory

In the presence of the interaction between the opposite
spins, we use the mean field decoupling to solve the Hamilto-
nian and select A; = —U (c¢; iciT> as the superfluid order param-
eter (pairing gap). When M # 0, the Bogoliubov—de Gennes
Hamiltonian in momentum space is

Hpac = Y. V' (k)Hpac(k)¥ (k) “4)
%

with 'PT(k) = [aj.r(k)ﬂbi("’)?C%(k)aal(ik)abi(fk)vci(fk)}’

M*ﬂ hlz(k) 0 AA 0 0
hoi(k) —p  haz(k) 0 A 0
_ 0 /’L32(k) 7M7[,l 0 0 AC
Haso =1 ay “o0 07w cipw o [+ O)
0 A 0 iy (—k) u —hi(—k)
0 0 AL 0 —Iy(—k)  M+u

By using the Bogoliubov transformation, the eigenenergies
EPMW1L.23(k) can be easily obtained. It is important to empha-
size that the BdG Hamiltonian obeys the particle-hole sym-
metry, p (h) corresponds to the particle (hole) and 1, 2, 3 rep-
resent three branches of excitation due to the sublattices A,
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B, and C. With the particle-hole symmetry of Hpgg, one can
show that EN'23(k) = —EP123(—k),I*7] and in the ground
state, the thermodynamic potential per unit cell is given by

1
Q= NZ[—\EN("’N — [EP* (k)| — |EP* (k)| — 3p]
%
2 | A2 A2
n (Ax +45 +Ac). ©)

U

The pairing gaps can be solved by d€Q/9dAs g c = 0, and the
chemical potential can be obtained from n = —9Q/du. The
resultant four equations for A ¢ and pt are solved by numer-
ical methods.

4. Particle-hole symmetry and numerical re-
sults

First of all, we carefully analyze the particle-hole sym-
metry (note here that the particle-hole symmetry is different
from the one of the BAG Hamiltonian discussed in Section 3)
in the case of ©, = ;. Applying the particle-hole transforma-
tion to the system,[43’48]

dic — dj-o., blG — _b;G’ Cic — 53‘07
aj‘o‘ — a~i0'7 bj‘g — _bi(fa cj‘g — 5i07 (7)

in the case of M = 0 and the chemical potential u = 0, the
Hamiltonian remains invariant at half-filling (3 particles per
unit cell). Nevertheless, for M #£ 0, in order to keep the Hamil-
tonian unaltered, the inversion transformation » — —7 and the
exchange of A and C sublattices are needed. In this sense, the
Hamiltonian has particle-hole symmetry. In the following, we
only consider the case of the number of particles n > 3 per
unit cell (n = 3 is half-filling, i.e., there are three particles in
a unit cell). Further more, similar to the Haldane—Hubbard
model,*3! one can show that, for the cases of An=n—3 >0
and —An < 0, the chemical potential and superfluid order pa-
rameters satisfy the relationship

(~An) = —1(An), An(~An) = Ac(An),
Ac(—An) = Ap(An). (8)

The above equations show that, when it is at the half-filling
(An = 0), the chemical potential is exactly zero and Ay = Ac.

When M, t1, and ¢, take some specific values, it is found
that Ax (g c) are always real. The evolutions of the mean-field
superfluid order parameters and chemical potential with attrac-
tive interaction U are depicted in Figs. 3 and 4. It is shown that,
on the whole, Aj c) and U increase when the interaction U
becomes strong. In contrast with the usual two-band system,
for example, Haldane model, the presence of flat band plays an
important role in superfluid pairing, especially for half filling.
In the Haldane model and at the half filling, when the attrac-
tive interaction is weak, the system also remains in an insulator

phase. Only when the interaction is large enough, the system
develops some non-vanishing superfluid order parameters. (4]
While for the a-T3 lattice, because of the presence of flat
band, when it is half filling, the system is in a metal state.
Once the attractive interaction is turned on, the system gets
some nonzero superfluid order parameters.

1.6 T T T
(a) An, Ac
1.2F Ap E
< 0.8}
0.4}
0
0

Fig. 3. The superfluid order parameters as functions of interaction U
(M = 0) (a) at half-filling with 4 =0, t; =, = 1; (b) the average num-
ber of particles n = 3.5, 4 # 0 withr, =t = 15 (¢) n =3.5, u # 0 and
the hopping amplitude t = 1,1, = 1.2.

For M = 0, the Hamiltonian is subject to the inverse
symmetry, there are two different situations: (1) Dice lattice
(t2 =11), due to the equivalence between sublattices A and C,
whether it is at half-filling or not, A is the same as Ac but
differs from Ap [Figs. 3(a) and 3(b)], and Ap is smaller than
Ap(c)s (2) =Tx lattice (f2 # 1), A differs for three sublattices
A, B, and C [Fig. 3(c)]. The Ac lies in between A and Ag.

When M # 0, the Hamiltonian does not obey the inver-
sion symmetry and the roles of sublattices A and C are not
equivalent. Nevertheless, the Hamiltonian has particle-hole
symmetry when it is half-filling and 7, = ;. (3) Dice lattice
(t1 = 1) and at half-filling, the situation of Aj(g c) is similar
as the case (1) discussed above, but Ag is larger than Ay ()
[Fig. 4(a)]. Here Ap = Ac is a consequence of the particle—
hole symmetry as discussed above. When it is at half-filling,
after exchanging sublattices A and C, the Hamiltonian is not
changed. Consequently the superfluid order parameters are
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equal, i.e., Ap = Ac. (4) Above the half-filling, both dice lat-
tice and a—T3 lattice yield three different superfluid order pa-
rameters which are similar to case (2). However, for the dice
lattice, Ap is greater than Ax and Ac [Fig. 4(b)]. For the a-T3
lattice, Ac is always the smallest one. When the value of U is
small, there is a little difference between Ap and Ag. When
3.190 > U > 0.616, Ap is greater than A, but the situation
is reversed at U ~ 3.190, and Ag becomes smaller than Ap
[Fig. 4(c)].

In Figs. 5 and 6, we report the evolutions of superfluid
order parameter A and chemical potential u as the filling fac-
tor increases for different interaction strength U. It is found
that, for the whole range of filling 3 < n < 6, the order pa-
rameters increase with the interaction strength. When the fill-
ing factor falls into the flat band, i.e., 3 <n < 4, and M = 0,
the superfluid order parameters take relatively larger values
for a fixed interaction strength (see Fig. 5). This is because
the large density of states of the flat band favors the super-
fluid pairing. When the filling factor n crosses the flat band
(n > 4), the chemical potential displays a jump due to discon-
tinuous of density of states (especially when the interaction is
weak) (see Figs. 5(a) and 5(b)). Similarly, the small density
of states between the flat band and upper band also causes a
dip in the order parameters (see Fig. 6). When M = 0, on the
whole, the superfluid order parameters become smaller as the
filling factor increases. However, when M # 0, the superfluid
order parameters can reach relatively large values, especially
for strong interaction and large filling factor (see Figs. 6(c) and
6(d)). When the filling factor approaches its maximum possi-
ble value (n = 6), the system becomes a band insulator and
the superfluid order parameters are vanishing. Figures 5 and
6 also show that the superfluid order parameter for sublattice

1.6 6 1.6 6
(b) — Ap
__.AB
1.2 1.2 "
—u
9 08 3% <08 3
0.4 0.4
L 0 T e 0
0 03 1 5 6
n n

3 < 0.8

A is always larger than that of sublattice C, i.e., Ay > Ac. In
addition, when the inversion symmetry is broken (M # 0), the
superfluid order parameters show some nonmonotonic behav-
iors as the filling factor increases (see Fig. 6).

1.6 T T T
(2) An, Ac
1.2} Ag g
<1 0.8f 1
0.4 1

Fig. 4. The evolutions of superfluid order parameters with interaction
U (M = 2) (a) at half-filling with u =0, #; =, = 1; (b) the average
number of particlesn =3.5, u #0buttr, =t; =1; (c)n =35, u #0
and the hopping amplitude t; = 1,1, = 1.2.

1.6 6 1.6 6
(c) — A — A
—_ (@) o
1.2 B 1.2 A
Ac c
— N
32908 < {3 =
0.4F ===~ S 0.4
\\\ \‘
0 0
O3 4 5 6 O3 4 5 6

Fig. 5. The evolutions of the superfluid order parameters and chemical potential with filling factor (M = 0, t, = 1.2t; = 1.2). (a) Interaction

U=1,b)U=2,(c)U=3,and (d) U =4.

6 1.6
(c) T 4a
T B
1.2 Ao
—n
< 32 < 0.8f-=- B8
0.4 JEERRE -
- | — "
0
6 03 4 5
n
Fig. 6. The evolutions of the superfluid order parameters and chemical potential(M =2, , = 1.2t} = 1.2. (a) Interaction U = 1, (b) U =2, (c)

U=3,and (d) U =4.
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5. Edge states

In this section, we analyze the edge states of the system
under periodic boundary conditions in y-direction and open
boundary conditions in x-direction with B-B edges.*’! From
left-hand to right-hand side, the lattice sites are arranged like
BACBAC:- - -BACB with 20 complete spatial periods.

In the absence of interaction and M = 0, there exist two

[26] and one locates at the left-hand

degenerate edge states,
edge, while the other one is on the right-hand edge. When
M # 0, similarly as gapped graphene case, the existence of
edge states can be understood as midgap states near a domain
wall.[46491 Similar as the gapped graphene, the Dirac Hamil-

tonian (for one of two Dirac cones) of the edge state is

m(x) —vk—ivg 0
Hpirac = | —Vk+1ivgq 0 —vk—ivgq |, 9
0 —vk+ivg —m(x)

where limy_,eom(x) — M > 0 and lim,_,_.m(x) — —M < 0.
Here Fermi velocity v = 3ra/2, momentum k is a real num-
ber for y-direction, the momentum operator for x-direction
g = —idy. The wave function (non-normalized) of the edge
state near the left-hand boundary is

1 _ xm(@) dz 1 _ Mx
—V2]e V2T =—\2]e 2

1 1

Wi (x) = (10)

with energy E = /2vk.

When superfluid order parameters A # 0, one needs to
introduce freedoms for hole’s part to describe the edge states.
In such a situation, the wave functions for particle’s and hole’s
parts would couple. The edge states are reported in Figs. 7—
9. When the Hamiltonian has particle-hole symmetry (n = 3,

=0, and 1, = 1), for every lattice momentum k, there also
exist two degenerate edge states (not shown in Fig. 7), which
locate respectively at the left-hand and right-hand boundaries.
In such a case, the two edge states are related to each other
through a particle-hole symmetry, which includes inversion
transformation » — —r and the exchange of A and C sublat-
tices as discussed in Section 4.

When the particle-hole symmetry is broken, for example,
the filling is away from half filling (chemical potential p # 0)
or tp # t1, the degeneracy of two edge states (energy E; > 0)
is removed (see Figs. 7(a) and 7(b)). As the interaction grows
(U =0 — 4), the edge states near the right-hand boundary are
pushed into continuous spectra as shown in Figs. 7(b)-7(d).
The wave functions of the two edge states Fig. 7(a) are shown
inFig. 9withU =1, M =2, n=3.5,1 =12t = 1.2, and
lattice momentum k = 0.

It is found that the edge states are localized near the
boundaries. Figure 8 shows the evolutions of energy bands and
edge states as f; increases. It is found that, when #, increases,
the lowest particle band is getting flat. At the same time,
the region of existence of edge states also becomes broader.
We note that the energies of the edge states do not cross the
zero energy, which is very different from the case of Haldane
model.[*3] This is because, in the a—T3 model, the total Chern
number of the lower three hole bands is zero. Therefore, the
edge states of zero energy could not be guaranteed to exist in
this o—T3 system. While the Chern number is not vanishing
in Haldane model for the topological superfluid phase, which

supports two edge states of zero energy.

6

1.0 ~ 1.0 —0.5

k/ (m/N3) k/(m/3)

k/(m/3)

Fig. 7. Energy spectrum and edge states for M =2,1, =1.2t; =12, n=3.5. (U =1, (b) U =2, (c) U =3, (d) U = 4. The edge modes in

(a)—(d) are plotted in red.

670 =05 0 05 10 210 —05 0 05 1.0 S5 —55 0 o5 1o 210 —05 0 05 10
k/(m/\3) k/(x/3) k/ (7 /\3) k/(w/\3)
Fig. 8. Energy spectrum and edge states for M = 2,1, =1, n=3.5,U = 1. (a) 1, =0, (b) 1, = 0.4, (c) 1, = 0.8, (d) 1, = 1.2. The edge modes

in (a)—(d) are plotted in red.
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0.10 1.0
a
0.05 (a) osp ©
3 0\,\/vw\—-—< g of
~0.05 —0.5
—0.1 ~1.
00— 30 w60 % 20 40 60
Sites Sites
1.0 0.10
(b) (d)
0.5 0.05
50 1 & o}
~05 ~0.05
—10g—55 a0 60 Y% =25 40 0
Sites Sites

Fig. 9. Wave functions of two edge states (energy E; > 0) in Fig. 7(a)
withU =1,M=2,tp =1.2t; = 1.2, n= 3.5, and momentum k = 0 (see
the red lines in Fig. 7). u; (v;) is wave function for the particle (hole)
part of the i-th edge state.

6. Summary

In conclusion, we investigate the superfluid states in at-
tractive Hubbard model of a—T3 lattice. Because there ex-
ist three bands, one needs three superfluid order parameters
to describe the superfluid states, which is very different from
the usual two-band system, e.g., Haldane model or graphene.
However, similarly as the Haldane model, the @—73 model also
has particle—hole symmetry when two hopping amplitudes are
equal. It is found that the flat band plays an important role in
pairing, especially for the half-filling. We carefully analyze
the the evolutions of the superfluid order parameters with the
increase of interaction strength and filling factor. In the ab-
sence of inversion symmetry, the superfluid order parameters
show nonmonotonic behaviors with the increase of filling fac-
tor. Finally, it is found that there exist some edge states local-
ized at boundaries of a ribbon with open boundary conditions.

There are some other interesting questions which are
worthwhile to further investigations. For example, what are
the collective modes in such a multi-band system, [50-521 how
is the superfluid density affected by the flat band,>*3 and
how does magnetic field affect the superfluid states.
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