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We develop a numerical scheme for solving the one-dimensional (1D) time-dependent Schrödinger equation (TDSE),
and use it to study the strong-field photoionization of the atomic hydrogen. The photoelectron energy spectra obtained for
pulses ranging from XUV to near infrared are compared in detail to the spectra calculated with our well-developed code
for accurately solving the three-dimensional (3D) TDSE. For XUV pulses, our discussions cover intensities at which the
ionization is in the perturbative and nonperturbative regimes. For pulses of 400 nm or longer wavelengths, we distinguish
the multiphoton and tunneling regimes. Similarities and discrepancies between the 1D and 3D calculations in each regime
are discussed. The observed discrepancies mainly originate from the differences in the transition matrix elements and the
energy level structures created in the 1D and 3D calculations.

Keywords: time-dependent Schrödinger equation (TDSE), strong-field ionization, photoelectron spectra, dy-
namic interference
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1. Introduction
In the past few decades, nonlinear quantum processes

stimulated by strong laser fields in atoms, molecules, and
even solids and liquids, have been one of the central parts of
the modern study of light–matter interactions.[1–3] The rep-
resentative nonlinear processes include nonsequential double
ionization,[4–6] high-order harmonic generation (HHG),[7–10]

and dynamic interference (DI) in atomic ionization.[11–14] To
fully understand these strong-field phenomena, not only so-
phisticated experimental technologies are required, but state-
of-the-art numerical methods are also indispensable. The most
accurate way to numerically reproduce the experimental data
is, of course, performing calculations from first principles,
i.e., directly solving the full-dimensional (FD) time-dependent
Schrödinger equation (TDSE) that strictly describes the time-
dependent system. This approach, on the one hand, has served
as an important tool in strong-field physics over years and
shown its power numerous times in the past numerical stud-
ies. On the other hand, however, it also has a serious drawback
that the computational cost is often too large, which hinders its
effectiveness under many circumstances.

To circumvent the aforementioned numerical difficulty,
instead of solving the TDSE in its full dimensionality, one of-
ten solve it in reduced dimensions.[15,16] Reduced-dimensional
(RD) TDSE is much more computationally tractable, but can

still grasp the key physics in a lot of cases. For linearly (cir-
cularly) polarized pulses, the main dynamics happens along
the polarization axis (in the polarization plane) and, there-
fore, the other two (one) dimensions can be approximately ig-
nored. If one just needs to study the key physics rather than
establish quantitatively exact correspondence between simula-
tions and experiments, solving the RD TDSE is a rather good
choice. In fact, quite a large number of fabulous works in
strong-field physics have been based on the solution of the RD
TDSE. For example, the 1D TDSE has been successfully ap-
plied to the studies of the resonance-like enhancements oc-
curring in the plateau regions of the electron spectra for ion-
ization of inertia gases by strong infrared pulses,[17] complex
fine structures of the above-threshold-ionization spectra gener-
ated by the combination of Freeman resonances and quantum
interferences,[18] and plasma currents induced via resonant
destabilization of atoms.[16] Typical examples of the success-
ful utilization of the 2D TDSE include investigations of the
double ionization of helium,[19] ionization and tunneling times
in HHG,[20] and nondipole effects in atomic ionization.[21,22]

In 1D TDSE calculations, simply using the Coulomb po-
tential will cause numerical instability and give infinite ground
state energy. Proper choice of the 1D model potential is
essential and has been studied by many authors. A num-
ber of 1D potentials have been designed, such as the one-
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sided hydrogenic potential,[23] the soft-core potential,[23] the
Dirac delta potential,[24] the pliant-, solid- and supersolid-core
potentials,[25] and the density-based model potential.[26] The
commonly used soft-core potential eliminates the singularity
of the Coulomb potential at the origin, but keeps the Coulomb
tail at the far end and therefore supports the Rydberg series in
the eigenspectrum. However, it was found that the singularity
or at least a cusp of the potential is essential for calculations
of the HHG spectra.[27] In this spirit, several 1D potentials
which are more realistic for HHG were put forward.[25,26] We
note that, influences of the chosen model potential have been
extensively studied in the context of HHG, but much fewer
authors[28,29] have studied the influences on photoionizations.

Despite its shortcomings, the soft-core potential is still
the most widely used model potential in the 1D TDSE calcu-
lations. To examine to what extent the 1D calculations adopt-
ing the soft-core potential can reproduce the accurate results
from the 3D TDSE calculations, it is necessary to make com-
parisons between the 1D and 3D results. Such comparisons
can be commonly found in previous works on HHG.[26,30,31]

However, comparisons between the 1D and 3D calculations
of photoionizations are much less commonly seen. Some
papers[32,33] focusing on specific physics compared the 1D and
3D results just to prove the validity of the 1D calculations for
problems under discussion. For example, in Ref. [32], which
focused on enhanced ionization in linear polyatomics, ioniza-
tion rates of H2+

3 as a function of the internuclear distance from
the 1D and 3D TDSE calculations were compared. Although
the 1D calculation overestimated the ionization rate, it cor-
rectly gave the distance at which the ionization rate peaked,
showing that the 1D calculation was valid for studying en-
hanced ionization. To our knowledge, a detailed systematic
comparison between the 1D and 3D calculations, which cov-
ers various laser parameters, is rarely seen in the field of
strong-field photoionization. In the present work, we develop
a scheme for efficiently solving the 1D TDSE (with the soft-
core potential). We then use this scheme and our existing,
well-tested code for solving the 3D TDSE, to comparatively
study the photoionization of atomic hydrogen. For several typ-
ical laser pulses, a systematic comparison of the photoelectron
energy spectra from the 1D and 3D calculations is provided.

The paper is organized as follows. In Section 2, we first
describe our scheme for solving the 1D TDSE in some de-
tail and then briefly introduce our well developed numerical
scheme for the solution of the 3D TDSE. In Section 3, nu-
merical results are presented. A summary is given in the last
section. We will use atomic units throughout unless otherwise
stated.

2. Methods
2.1. The 1D TDSE calculation

In this work, we only use sine-squared laser pulses. The
1D TDSE to be solved is of the form

i
∂

∂ t
ψ(x, t) =

[
− 1

2
∂ 2

∂x2 +V (x)+W (x, t)
]

ψ(x, t). (1)

Here, W (x, t) represents the electron-laser interaction under
the dipole approximation. In the velocity gauge, W (x, t) =
−iA(t) ∂

∂x , with A(t) being the vector potential of the laser
field. In the length gauge, W (x, t) = xF(t), where F(t) is the
electric field the electron feels. V (x) = −1/

√
x2 +α is the

soft-core Coulomb potential with an adjustable parameter α .
The ground state energy of the field-free atomic Hamiltonian,
Ha = − 1

2
∂ 2

∂x2 +V (x), can be adjusted by varying α . When
α = 0, the ground state energy is negatively infinite and all
other bound states are two-fold degenerate; after removal of
the ground state, the eigenspectrum is exactly the same as that
of the 3D hydrogen.[34,35] When α = 2, the ground state en-
ergy exactly equals 0.5 a.u.,[26] thus representing the ground
state atomic hydrogen. Furthermore, in this special case, the
ground state wavefunction can be analytically obtained, which
reads[26]

ψ
H
g (x) = N(1+

√
x2 +2)e−

√
x2+2, (2)

where N ≈ 0.9748 is the normalization factor.
The spatial coordinate x is discretized uniformly, with

the spatial derivatives being represented by the finite differ-
ence approximations. Depending on the specific numerical
scheme, we choose the three- or five-point central finite dif-
ferentiation. Using more points to represent a spatial deriva-
tive brings about higher accuracy and, consequently, less spa-
tial grids (i.e., larger grid spacing ∆x) are required to achieve
convergence in the TDSE calculation. However, using more
points also consumes more computational time to calculate
one derivative. In practical calculations, one needs to make
a trade-off between the benefits and drawbacks of the chosen
finite difference scheme.

The initial state, usually chosen as the ground state,
should be calculated numerically, except for atomic hydrogen
whose ground state is analytically obtainable. We calculate it
by the direct diagonalization of the field-free atomic Hamilto-
nian, or with imaginary time evolution method. In the latter
method, the time t in the real time evolution operator e−iĤt is
replaced by the imaginary time−iτ , thus resulting in the imag-
inary time evolution operator e−Ĥτ . Applying this operator on
an arbitrary state |ψ〉, which can be expanded in terms of the
eigenstates |n〉 (n = 0,1,2, . . .) as

|ψ〉= ∑
n

cn|n〉, (3)
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one has

e−Ĥτ |ψ〉= e−E0τ

[
∑
n6=0

cn|n〉e−(En−E0)τ + c0|0〉
]
. (4)

As τ increases, all terms in the summation ∑n 6=0 will decay.
For sufficiently large τ , only the |0〉 term, i.e., the ground state,
survives. To obtain the first excited state, one can subtract the
ground state component from |ψ〉, and then apply the imagi-
nary time evolution operator on the residual state ∑n 6=0 cn|n〉.
Similarly, the i-th excited state is obtained by applying the op-
erator on ∑n>i cn|n〉.

The time-evolution of the wavefunction ψ(x, t) is realized
using the Lanczos propagator or the fourth-order Runge–Kutta
algorithm. A major difference between the two propagators is
that the former keeps the unitarity of the time evolution opera-
tor whereas the latter does not. Practical calculations show that
the former propagator is of higher efficiency, requiring larger
time step ∆t.

Once the final electron wavefunction |ψ(tf)〉 is obtained,
we use three different methods to calculate the energy distri-
bution of the ionized electrons, g(E). The first method is the
most straightforward one, in which g(E) is obtained by pro-
jecting the final wavefunction onto the continuum eigenstates
of the field-free Hamiltonian, |E〉, i.e., g(E) = |〈E|ψ(tf)〉|2.
Alternatively, based on the continuum eigenstates |E〉, one
can appropriately construct the scattering states, |φp〉, which
asymptotically approaches the plane wave with the momentum
of p at infinity. Then, the momentum distribution of the ion-
ized electrons, f (p), is obtained as f (p) = |〈φp|ψ(tf)〉|2. The
energy spectrum can be converted from the momentum spec-
trum by using the relation g(E) = f (p)+ f (−p)

p . As far as we
know, calculation of the spectra by projecting the wavefunc-
tion to the scattering state in the 1D TDSE simulation has not
been reported before. The third method also converts the en-
ergy spectrum from the momentum spectrum using the above
relation, but it calculates f (p) by projecting |ψ(tf)〉 onto the
plane wave with momentum p, rather than onto the scatter-
ing state. Considering the asymptotic behavior of the scat-
tering state, to accurately calculate the spectrum, one should
allow the electron wavefunction to propagate under the field-
free Hamiltonian for sufficiently long time after the laser pulse
is turned off. The first method calculates the energy spectrum
very accurately, however, it cannot calculate the momentum
distribution. Another limitation of the first method is that it
cannot avoid using large spatial box, especially when the pulse
is long and intense. By contrast, in the other two methods, the
momentum spectrum can be obtained straightforwardly, and,
one can take advantage of the wave splitting technology, which
will be explained latter, to avoid the use of very large spatial
box. However, when the wave splitting technology is used, the
third method encounters a new problem: for infrared pulses,

the excited states, which are not orthogonal to the plane wave,
are often populated and included in the final wavefunction; to
correctly calculate the spectrum, the time of free propagation
should be very long, apparently increasing the computational
cost. Such a problem does not exist in the second method,
since the excited states are orthogonal to the scattering state.
Based on the above discussion, we can make a conclusion
that the second method, which utilizes the scattering state, has
great advantages over the other two methods.

As the electron wavepacket evolves with time, its spatial
extension becomes larger. The simulation box should be suf-
ficiently large to include the whole wavepacket, otherwise re-
flection would happen at the boundaries. However, the larger
the simulation box, the more computationally demanding the
simulation. In the case of intense and long laser pulses, the
computational cost could be very huge. To circumvent this
trouble, we adopt the powerful wave-splitting technology.[36]

This technology splits the wavefunction into the inner part and
the outer part, and propagates the two parts separately.

The wavefunction is split at specific equally spaced times
ti (i = 1,2,3, . . .). At the first split, i.e., at t1, the whole wave-
function ψ(x, t1) is split as

ψ(x, t1) = ψ
1
in(x, t1)+ψ

1
out(x, t1),

= ψ(x, t1)Fs(x)+ψ(x, t1)[1−Fs(x)], (5)

where ψ1
in(x, t1) and ψ1

out(x, t1) stand for the wavefunctions in
the inner region and the outer region, respectively. Fs(x) =
1/[1+ e(|x|−xc)/∆] is a smoothed step function, with ∆ repre-
senting the width of the crossover region. After the first split,
ψ1

in(x, t1) is propagated rigorously according to the TDSE
[Eq. (1)], whereas ψ1

out(x, t1) is propagated under the Volkov
Hamiltonian, HV = − 1

2
∂ 2

∂x2 +W (x, t). This treatment is valid
because, in the outer region, the Coulomb interaction is much
weaker in comparison with the electron-laser coupling and can
thus be overlooked. At the second split time t2, the inner wave-
function generated at t1, ψ1

in(x, t1), has evolved into ψ1
in(x, t2),

which is not localized in the inner region anymore. In the same
way, ψ1

in(x, t2) can be split into the inner part and the outer part
as ψ1

in(x, t2) = ψ2
in(x, t2) +ψ2

out(x, t2). Thus, at the i-th split,
the wavefunction is split as ψ

i−1
in (x, ti) = ψ i

in(x, ti)+ψ i
out(x, ti).

The momentum distribution f (p) is obtained as follows. At
the i-th split, the outer wavefunction ψ i

out(x, ti) is projected
onto the plane wave or the scattering state to calculate the pro-
jection amplitude C′(p, ti). Then, from ti to ti+1, the above
amplitude is changed only by multiplying a Volkov phase fac-
tor Up(ti, ti+1) = exp{−i

∫ ti+1
ti [ p2

2 +A(τ)p]dτ}. Thus, at ti, the
total amplitude is C(p, ti) = Up(ti−1, ti)C(p, ti−1) +C′(p, ti),
where C(p, ti−1) is the total amplitude at ti−1. If projection
onto the scattering state is adopted, at the final time tf, no split-
ting is needed, and the new produced amplitude C′(p, tf) is ob-
tained by projecting the whole residual wavefunction onto the
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scattering state. However, if projection onto the plane wave is
adopted, at tf, splitting is still needed, in order to remove the
bound state components which are not orthogonal to the plane
wave. Eventually, the momentum distribution is obtained as
f (p) = |C(p, tf)|2.

2.2. The 3D TDSE calculation

Our numerical code for solving the 3D TDSE is very
well developed and has been used with considerable success
in dealing with many problems.[12,37,38] Here, we just give a
brief description of the method. The 3D TDSE to be solved
reads

i
∂

∂ t
ψ(𝑟, t) =

[
− 1

2
∇

2 +V (r)+W (𝑟, t)
]

ψ(𝑟, t), (6)

where V (𝑟) = −1/r is the real 3D Coulomb potential, and
W (𝑟, t) takes the form −i𝐴(t) ·∇ and 𝑟 ·𝐹 (t) in the veloc-
ity gauge and the length gauge, respectively. To solve the 3D
TDSE, we first express the wavefunction as an expansion in
spherical harmonics series,

|ψ(𝑟, t)〉= ∑
lm

Rlm(r, t)
r
|lm〉, (7)

so that the 3D equation is simplified to a 1D radial equa-
tion. The radial coordinate r is discretized using finite-element
discrete variable representation (FE-DVR) method.[39–41] The
recently proposed split-Lanczos propagator[42] is adopted
for the time evolution of the wavefunction. As has been
demonstrated,[42] this propagator greatly improves the effi-
ciency of the traditional Lanczos propagator by splitting out
the centrifugal potential from the whole Hamiltonian. To avoid
using large radial box, our 3D method also adopts the wave-
splitting technique.

The momentum distribution of the ionized electrons is
calculated by projecting the final wavefunction onto the scat-
tering state, as

f (𝑝) = |〈φ𝑝(𝑟)|ψ(tf)〉|2. (8)

Then, the energy distribution, g(E), can be converted from
f (p) according to

g(E) =
∫∫

f (𝑝)psinθ dθ dϕ, (9)

with θ and ϕ being the polar and azimuthal angles, respec-
tively.

3. Results
3.1. Calculation of the ground state with the soft-core po-

tential

We first test the convergence property of the calculation
of the ground state at different values of softness parameter α .

The (converged) first ionization potential Ip as a function of
α , calculated with ∆x = 0.05 a.u., is plotted in Fig. 1(a) for α

in the range of 0.4–34. There are 103 grids for α used to get
a smooth curve. As is expected, Ip varies monotonically with
the change of α . The range of Ip covers the first ionization po-
tentials of all atoms, from the largest one of He (0.904 a.u.) to
the smallest one of Cs (0.143 a.u.). Thus, the value of α asso-
ciated with any atom can be read from the curve, provided that
the first ionization potential of this atom is known. For exam-
ples, it can be read from the curve that the α’s corresponding
to He, H, Ca, Na and Cs are 0.483, 2.0, 12.433, 18.282 and
33.641, respectively.

D
e
v
ia

ti
o
n
s 

(a
.u

.)

0 10 20 30

10-8

10-6

10-4

10-2

100 (b)

0.8

0.2
0.1

0.4
I
p
 (

a
.u

.)

0 10 20 30

0.2

0.4

0.6

0.8

1.0
(a)

α α

Fig. 1. (a) The first ionization potential Ip as a function of the softness
parameter α (α = 0.4–34), calculated with ∆x = 0.05 a.u. (b) Devia-
tions of Ip’s calculated with ∆x = 0.1, 0.2, 0.4 and 0.8 a.u. with respect
to that obtained with ∆x = 0.05 a.u. (α = 0.01–34). Note the logarith-
mic scale in the vertical axis.

The ∆x required for convergence is heavily dependent on
the value of α , as is evidenced in Fig. 1(b), where deviations
of Ip’s calculated with ∆x = 0.1, 0.2, 0.4 and 0.8 a.u. with
respect to that obtained with ∆x = 0.05 a.u. are shown for α

in the range of 0.01–34. For large α , the deviations are rather
small. The calculated ground state energy (as well as the wave-
function) converges fast with decreasing ∆x. At very small α ,
however, the plotted deviations suddenly rise rapidly when α

is decreased. Evidently, for very small α , ∆x = 0.1 a.u. is far
from sufficient to achieve convergence.

x (a.u.)

|ψ
g
↼x
↽

2
 (

a
.u

.)

-50 0 50

10-33

10-28

10-23

10-18

10-13

10-8

10-3 He
H
H, analytical
Ca
Na
Cs

Fig. 2. Spatial electron distribution of the ground state, |ψg(x)|2, for
several atoms.

The value of the parameter α also measures the extent
to which the ground state wavefunction, ψg(x), is localized
in space. The smaller the value of α , the more spatially lo-
calized the wavefunction ψg(x); see Fig. 2, where we plot
|ψg(x)|2 against the coordinate x for atoms He, H, Ca, Na
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and Cs, respectively. For comparison, we also plot the ana-
lytically obtained |ψg(x)|2 for H (in circles). Excellent corre-
spondence is found between the numerical and the analytical
results. From the figure it can be seen that, when the vertical
axis is in the logarithmic scale, all the curves shown are very
close to straight lines except the parts around x = 0. The spa-
tial extension of ψg(x) is related to the property of the soft-core
potential. When α is larger, the corresponding potential well
is wider and shallower. Thus, its ability of binding the elec-
tron is weaker, leading to a more spatially extensive ground
state wavefunction.

3.2. XUV pulses: perturbative regime

In the rest of the paper, only photoionization of atomic hy-
drogen (i.e., α = 2) is discussed. We first study the photoion-
ization by the XUV pulses with large photon energies in the
perturbative regime. The carrier frequency of the pulse is cho-
sen to be ω = 2 a.u., and the total pulse duration Ttot = 30 op-
tical cycles. Photoelectron energy spectra are extracted from
the 1D and 3D TDSE calculations performed at four typical
peak laser intensities I = 1012, 1013, 1014, and 1015 W/cm2,
and compared in Fig. 3. With these laser parameters, the ion-
ization is dominated by the one-photon absorption process. To
show the tiny signal of the multiphoton processes, logarith-
mic scale is used in the vertical axes of the spectra. A major
difference between the 1D and 3D calculations is that, for all
selected laser intensities, the photoelectron yields in the 3D

case are more than an order of magnitude larger than in the 1D
case. Because of the large photon energy (four times as large
as the ionization potential of atomic hydrogen), excited states
are scarcely populated during the ionization process and play
little roles. Considering this, we extract the ionization prob-
ability by subtracting the final ground state population from
unity. We find that, for each laser intensity, the ionization
probability in the 3D calculation is around 74 times that in
the 1D calculation. For a better comparison, we have rescaled
each 1D spectrum by multiplying a factor (as denoted in the
figure) equal to the ratio between the ionization probabilities
from the 3D and 1D calculations. As can be seen in the fig-
ure, for all intensities, the one-photon peaks in the 1D and 3D
spectra almost coincide with each other. Besides this, the gen-
eral structures of the 1D spectra closely resemble those of the
3D spectra: they have similar envelopes and exhibit peaks at
exactly the same energy positions. In each spectrum, the peak
positions are separated by the photon energy. The fast oscil-
lating parts of the spectra result as a consequence of the pulse
shape. The evolution of the spectra with the intensity changes
is also similar in the 1D and 3D cases. The ionization yield at
the first peak is nearly proportional to the intensity in either the
1D or 3D calculation. At the second peak, the yield grows by
about 100 times when the intensity increases by 10 times. The
evolution of the spectra can be well explained in terms of per-
turbation theory: the electron yields at the n-photon absorption
peaks scale with the laser intensities as In.
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Fig. 3. Comparison of the photoelectron energy spectra obtained in the 1D and 3D TDSE calculations for a 30-cycle pulse with ω = 2.0 a.u.
at four different intensities 1012 W/cm2 (a), 1013 W/cm2 (b), 1014 W/cm2 (c), 1015 W/cm2 (d). The 1D spectra are rescaled by proper factors
such that the one-photon absorption peaks of the 1D and 3D spectra have the same heights.

In addition to their similarities, the differences between

the 1D and 3D spectra are also conspicuous. As mentioned

before, the ionization probabilities from the 3D and 1D cal-

culations are different by around 74 times, irrespective of the

laser intensity. By checking the numerical data, it is found that,

for any selected intensity, the ionization yield at the first peak

from the 3D calculation is slightly more than 74 times that

from the 1D calculation. The ratios between the ionization

yields at the second peaks from the 3D and 1D calculations

lie in the range of 615–621, which do not change much with
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the intensity, either. For high-order peaks, the ratios become
larger, but still intensity insensitive. The 1D calculation un-
derestimates the ionization yield majorly because it underesti-
mates the transition matrix elements between the ground and
the continuum states. At I = 1012 W/cm2, the 3D spectrum
exhibits three peaks, whereas the 1D spectrum has only two
peaks: the three-photon absorption peak has not yet emerged,
but appears as a small bump, hidden in the fast oscillating part
of the spectrum. When the intensity is raised to 1013 W/cm2,
both spectra show three peaks. However, in the 3D case, the
envelope of the curve shows an abrupt change around 7.5 a.u.,
which is probably due to the four-photon absorption, although
the fourth peak does not show up. At intensities even higher,
both spectra have four peaks. In our 3D calculations, we note
that, if the density of the spatial grids is not sufficiently high,
an additional peak would appear at about 6.5 a.u., which is
actually the numerical artifact of unconvergent calculations.

3.3. XUV pulses: nonperturbative regime

When the intensity of the XUV pulses further increases,
nonperturbative phenomena may occur. In recent years, it
has been theoretically demonstrated that, when an atom is ex-
posed to an intense high-frequency laser pulse, the ac Stark
shift of the ground state would result in temporal interfer-
ence of the emitted wavepackets, substantially modulating the
spectrum.[11,12,43] This phenomenon is termed dynamic inter-
ference (DI).[43] To compare the DI patterns from the 1D and
3D calculations, we show in Fig. 4 the energy spectra com-
puted at four laser intensities I = 1017, 1018, 2×1018, and 3×
1018 W/cm2, for pulses of 30-cycle duration and ω = 2.0 a.u.
We do not choose intensities higher than 3× 1018 W/cm2 to
avoid the possible influence of the nondipole effect of the
laser-atom interaction. In Ref. [44], it was proved that, at
I = 4× 1018 W/cm2, the nondipole effect is still relatively
low, but at I = 1019 W/cm2, the nondipole effect is enormous.
For a better view, the spectra from the 1D calculations have
been rescaled by multiplying a factor of 10. The black vertical
dashed lines denote energy positions of one-photon absorption
peaks without taking account of the ac Stark effect, i.e., ω−Ip,
which is exactly 1.5 a.u.

The structures of the spectra shown could be interpreted
in terms of the ac Stark shift and the ground state population,
for which purpose, at every time step, we extract the instan-
taneous ground state energy and population. They are, re-
spectively, calculated as the time-derivative of the phase of
the projection amplitude of the wavefunction to the ground
state, and the same projection amplitude squared; for details
of the scheme, see Ref. [12]. Because of the fast oscillating
laser field, the extracted energy and population are accord-
ingly oscillating frequently with time; see, e.g., blue curves

in Figs. 5(a) and 6(a), computed by solving the 1D TDSE at
I = 1017 W/cm2. However, since the envelope of the pulse
varies much slower than the oscillating laser field, one is usu-
ally only concerned about the response of the system aver-
aged over the laser cycle,[12,44] which is related solely to the
laser envelope. To get the cycle-averaged ac-Stark-shifted en-
ergy and electron population of the ground state, we employ
the Fourier transformation filtering or the mean filtering to fil-
ter out the high-frequency oscillating components, arriving at
smooth curves; see red curves in Figs. 5(a) and 6(a) against the
blue ones. All curves other than the blue ones in Figs. 5 and 6
have been filtered.

1.2 1.4 1.6 1.8
0

1

2

3

4

5

6 (b)

P
↼E
↽ 

(a
.u

.)

1.4 1.5 1.6 1.7
0

1

2

3

4

5

6

1DT10 

3D

(a) 1T1017 W/cm2

1T1018 W/cm2

2T1018 W/cm2 3T1018 W/cm2

E (a.u.)
1.2 1.4 1.6 1.8

0

1

2

3

4 (d)

E (a.u.)

P
↼E
↽ 

(a
.u

.)

1.2 1.4 1.6 1.8
0

1

2

3

4

5 (c)

Fig. 4. Photoelectron energy spectra obtained at four different laser inten-
sities 1.0× 1017 W/cm2 (a), 1.0× 1018 W/cm2 (b), 2.0× 1018 W/cm2 (c),
3.0× 1018 W/cm2 (d), for 30-cycle pulses of ω = 2.0 a.u. Red lines: 1D
calculations (rescaled by multiplying a factor 10). Green lines: 3D calcula-
tions. Vertical dashed lines: energy positions of ω–Ip, exactly 1.5 a.u.
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083301-6



Chin. Phys. B Vol. 30, No. 8 (2021) 083301

We now return to the spectra (Fig. 4). At low intensity,
I = 1017 W/cm2, both the spectra from the 1D and 3D calcula-
tions exhibit a single peak; no DI patterns are observed. This
is because the ac Stark shift in each case is too tiny (less than
0.02 a.u.) to induce any observable interference to happen; see
Fig. 5(a). However, the 1D and 3D calculations show differ-
ences: in addition to the large discrepancy between the peak
heights, the peak positions also differ. The 1D peak lies at ex-
actly 1.5 a.u., whereas the 3D one shifts to the right relative to
1.5 a.u. This shift is consistent with the corresponding Stark
shift of the ground state. In the 1D case, however, the stark
shift is less than 0.005 a.u., which can hardly result in any ob-
servable changes in the spectrum. When the laser intensity is
raised to 1018 W/cm2 [Fig. 4(b)], DI patterns emerge. Both
spectra show two prominent subpeaks, one located at the right
side of the vertical dashed line, the other at the left side. The
ac Stark shift at this intensity is substantial [Fig. 5(b)], indi-
cating the importance of large Stark shift for the appearance
of DI. If the laser intensity is increased further, more interfer-
ence subpeaks will emerge, the tallest peak shifting further to
the right [Figs. 4(c)–4(d)]. As is expected, the ac Stark shift of
the ground state also increases with the laser intensity.
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Fig. 6. Time dependence of the ground state electron population com-
puted at four different laser intensities 1.0× 1017 W/cm2 (a), 1.0×
1018 W/cm2 (b), 2.0×1018 W/cm2 (c), 3.0×1018 W/cm2 (d), for pulses
of ω = 2.0 a.u. and Ttot = 30 cycles. Red lines: 1D calculations. Green
lines: 3D calculations. Blue line: 1D calculation without applying the
filter (all other curves have been filtered).

The most notable difference between the 1D and 3D cal-
culations is: in the 1D case, photoelectron signal almost ap-
proaches zero at the valleys of the spectra (corresponding to
destructive interferences), whereas in the 3D case the signal at
the valleys is still substantial. The higher contrast of the DI
patterns and complete cancellations of the electron wavepack-
ets emitted from the rising and falling edges of the pulses
obtained in the 1D calculations can be explained in terms of
the time-domain double-slit interference plus the time-varying

ground state populations. Consider a pair of double slits
(times) that result in destructive interference. In the 3D case,
the electron population of the ground state at the second slit
is largely depleted, much smaller than that at the first slit (see
Fig. 6). The two electron wavepackets emitted at the two slits,
respectively, have such different amplitudes that they cannot
cancel each other completely. In the 1D case, however, as
shown in Fig. 6, the ground state is largely populated at both
the slits, for which reason both the corresponding wavepackets
have large amplitudes, allowing for nearly complete cancella-
tion.

3.4. The 400 nm pulses

We now turn to the TDSE calculations for pulses with a
carrier wavelength of λ = 400 nm. The total pulse duration Ttot

is chosen to be 10 optical cycles. Comparison between the 1D
and 3D TDSE calculations for four different peak laser intensi-
ties I = 1.7×1012, 1.7×1013, 1.7×1014, 1.7×1015 W/cm2 is
presented in Fig. 7. When the photon energy is much smaller
than the ionization potential, the ionization can be divided into
two regimes in terms of the Keldysh parameter γ =

√
Ip/2Up

(Up is the ponderomotive energy), that is, the multiphoton
regime for γ� 1, and the tunneling regime for γ� 1.[45] The
value of γ for each intensity is given in the figure. Clearly,
I = 1.7× 1012 and 1.7× 1013 W/cm2 correspond to the deep
multiphoton regime. The energy ranges of the spectra in
Figs. 7(a) and 7(b) are set to be the same such that the sep-
arations between the main peaks are the same. The energy
ranges are so chosen in order to show as many main peaks as
possible. At the lowest intensity I = 1.7×1012 W/cm2, the to-
tal ionization yield from the 1D calculation is about 6.7 times
that from the 3D calculation. Both the 1D and 3D calculations
produce two main peaks separated by the photon energy, each
first main peak consisting of two subpeaks. We note that the
two subpeaks in the 3D spectrum are located at slightly higher
energies than their 1D counterparts. The second main peak in
the 3D case is so weak that it is modulated by the frequent
oscillations resulting from the pulse shape. The same modu-
lation happens in the bump centered around 0.29 a.u. in the
1D spectrum, which is about to emerge as the third main peak.
The oscillatory higher-energy parts of both curves are entirely
due to the pulse shape. At I = 1.7× 1013 W/cm2, both the
1D and 3D curves have eight main peaks, the first six being
smooth and the last two disturbed by the oscillations. The to-
tal ionization yield from the 1D calculation is around 8.7 times
that from the 3D calculation. The ionization yields around the
first four main peaks in the 1D spectrum are higher than those
in the 3D spectrum, but the difference between them becomes
smaller with increasing peak order. At the fifth main peaks,
the ionization yield in the 3D case starts to exceed that in the
1D case.
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Fig. 7. Comparison of the photoelectron energy spectra obtained in the 1D and 3D TDSE calculations for pulses of λ = 400 nm and Ttot = 10
cycles at four different intensities 1.7×1012 W/cm2 (a), 1.7×1013 W/cm2 (b), 1.7×1014 W/cm2 (c), and 1.7×1015 W/cm2 (d). The Keldysh
parameter and, if possible, positions of 2Up and 10Up for each intensity are also given.

I = 1.7×1014 corresponds to the intermediate regime, but
close to the multiphoton regime. The total ionization yield
from the 1D calculation is about 6.2 times larger than the 3D
result. As shown in Fig. 7(c), the spectra is composed of a
multitude of main peaks. As the peak order increases, the ion-
ization yield around a single main peak in the 3D spectrum
gradually exceeds its 1D counterpart, similar to what hap-
pens in Fig. 7(b). In several low-order main peaks of both
the curves, sharp subpeaks can be seen. These subpeaks be-
come less sharp with increasing peak order and disappear in
high-energy regions. It is worth noting that subpeaks in the
1D spectrum disappear earlier than in the 3D spectrum. When
laser intensity is increased to 1.7×1015 W/cm2, the tunneling
regime is reached. The total ionization yield from the 3D cal-
culation becomes larger than the 1D result, by approximately
10%. A notable phenomenon is that plateaus in both the 1D
and 3D spectra emerge. While low-energy photoelectrons (up
to 2Up) escape from the atom directly without any revisit, the
plateau electrons, propelled by the laser field, have recollided
with the ionic core for different times. The cutoff energy of the
plateau is 10Up. We have denoted with arrows the positions
of 2Up and 10Up for clarity. After 2Up, both spectra show a
rapid drop, followed by the plateaus. However, compared to
the 3D spectrum, the 1D spectrum drops in a much wider en-
ergy range and to a much smaller value, such that the plateau
appears later, and at a lower position.

For pulses of 400 nm or longer wavelength, the excited
states are populated and play important roles in the ionization
process. The 1D calculation gives the correct ground state en-
ergy. However, it cannot produce the real energy level struc-
ture. This is another reason, in addition to its misestimation
of the transition matrix elements, why the 1D calculation pro-
duces higher or lower ionization yields at certain photoelec-

tron energies for certain laser parameters.

3.5. The 800 nm pulses

Comparisons of the 1D and 3D TDSE calculations for
800 nm pulses with the total pulse duration of Ttot = 5 optical
cycles at four different peak laser intensities I = 1.7× 1012,
1.7× 1013, 1.7× 1014, 1.7× 1015 W/cm2 are presented in
Figs. 8(a)–8(d), respectively. As before, for each intensity, the
Keldysh parameter is given in the figure. Whenever possible,
energy positions of 2Up and 10Up are marked with the vertical
arrows.

I = 1.7×1012 W/cm2 corresponds to the deep multipho-
ton ionization regime. At this intensity, the total ionization
probability from the 1D calculation is about 1.4 times the 3D
result. The spectrum from the 1D calculation just shows one
prominent main peak, while the second peak has yet to emerge
(see the bump centered around 0.1 a.u.). The spectrum from
the 3D calculation, however, has no pronounced main peaks
at such low intensity. It only shows a bump around 0.04 a.u.
Both spectra exhibit oscillatory structures at higher-energy re-
gions, which are associated with the pulse shape. At the higher
intensity, 1.7×1013 W/cm2, the ionization roughly belongs to
the multiphoton regime. Both of the 1D and 3D spectra have
quite a few multiphoton peaks spaced by the photon energy.
The total yield from the 1D calculation is as high as about 29
times that from the 3D calculation. When the intensity is in-
creased to 1.7× 1014 W/cm2, the ionization becomes in the
intermediate regime, but is close to the tunneling regime. The
ratio between the yields from the 1D and 3D calculations is
about 5.2. At this intensity, plateaus appear between 2Up and
10Up in both the 1D and 3D spectra. At low energies, the pho-
toelectron signal (direct ionization) from the 1D calculation is
much stronger than that from the 3D calculation. However, in
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the plateau regions, the situation reverses: the 3D calculation
gives much stronger signal of the rescattered electrons.

The highest selected intensity, 1.7× 1015 W/cm2, cor-
responds to the deep tunneling regime. At this intensity,
the computational burden is quite large. In the 1D calcula-
tion, to make the calculation feasible, we adopt the method
which projects the final state onto the scattering state. We set
∆x = 0.017 a.u., ∆t = 0.00125 a.u., and use a box of 6000 a.u.
to get a converged spectrum. Because of the large cutoff en-
ergy of the plateau, 10Up, the number of grids in the momen-
tum space needs to be rather large, which further make the
computation more costly. In the obtained spectrum, the low-
energy region and the plateau region are distinctly identified,
both regions being composed of a large number of peaks. The
envelope of the spectrum in these two regions exhibits oscilla-

tions; for a more clear view, see the inset in Fig. 8(d), where
the spectrum segment bound by the dashed rectangle is en-
larged. In the 3D calculation, it is easy to get a spectrum con-
verged in the low-energy region (below 2Up). However, it is
rather challenging for the plateau region to be converged. At
present we have not yet get a converged result, but we show in
the figure the spectrum obtained with the greatest possible ef-
fort. The radial box is chosen to be 4000 a.u., and the number
of finite elements 4000; ∆t = 0.001 a.u. and 200 partial waves
are employed. Although unconverged in the high-energy re-
gion, the spectrum from the 3D simulation clearly shows the
high-energy plateau, right between 2Up and 10Up. Since the
low-energy photoelectrons are dominant, we can roughly esti-
mate the total ionization yield in the 3D calculation, which is
found to be several percent higher than the 1D result.
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Fig. 8. Comparison of the photoelectron energy spectra obtained in the 1D and 3D TDSE calculations for pulses of λ = 800 nm and Ttot = 5
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4. Summary

In summary, we have proposed a numerical scheme for
solving the 1D TDSE, which employs several advanced tech-
nologies such as the wave-splitting technology and calculation
of the spectra by projecting the wavefunction to the scattering
state. To our knowledge, the latter has not been reported in
the 1D TDSE calculation. We then systematically compare
the photoelectron energy spectra for ionization of atomic hy-
drogen obtained by the proposed method employing the soft-
core Coulomb potential with the precise 3D TDSE results.
The comparison is carried out for pulses ranging from XUV
to near infrared. For XUV pulses with photon energy far ex-
ceeding the ionization potential, two cases, one for intensities
in the perturbative regime and the other in the nonperturbative
regime, are discussed. For pulses of λ > 400 nm, where the

photon energy is much smaller than the ionization potential,
our discussion covers the multiphoton and tunneling regimes.
While the 1D calculations can reproduce the general structures
of the spectra from the 3D calculations, there are also many
details that the 1D calculations fail to capture. The observed
discrepancies can be mainly ascribed to the different transi-
tion matrix elements and energy level structures produced in
the 1D and 3D calculations.

Our main findings include: (1) For XUV pulses in the
perturbative regime, the 1D and 3D calculations produce elec-
tron spectra with similar envelopes and exactly the same peak
positions. The 1D calculations largely underestimate the yield
at any energies. (2) For XUV pulses in the nonperturbative
regime, multipeak DI patterns are generated by both the 1D
and 3D calculations, but with a sharp difference: near-zero
electron signals at some valleys of the DI patterns are observed
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in the 1D calculations, which are not found in the 3D calcula-
tions. (3) For pulses of λ > 400 nm in the multiphoton regime,
both the 1D and 3D calculations produce typical spectra with
multiphoton peaks. The peak positions show differences, and
the total yield is usually larger in the 1D case than in the 3D
case. In addition, with increasing peak order, the yield in the
3D case often gradually exceeds that in the 1D case. (4) For
pulses of λ > 400 nm in the tunneling regime, both the 1D and
3D calculations produce the high-energy plateaus with similar
cutoff energies. The plateau from the 3D calculation is usually
higher than that from the 1D calculation.
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