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We analyze the behavior of edge states in long-range (LR) interacting systems. In terms of lattice model Hamiltonian
with the LR coupling, we determine analytically the condition of existence of edge states within the transfer matrix method
(TMM). The expressions we obtain are general and hold for any choice of the LR hopping. The reason why edge states
can appear is the transfer matrix in the bulk different from that in the boundary layers. Our predictions are in good
agreement with numerical results by exact diagonalization. Our result is helpful in solving novel edge states in one-
and two-dimensional (2D) superconductors with LR hopping and pairing.
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1. Introduction
There is ongoing interest in understanding the effects

of electronic correlations on topological and nontopological
quantum states due to the promise of uncovering new phe-
nomena in condensed matter physics. Among such topological
states of matter, topological superconductors[1,2] offer promis-
ing perspectives for realizing robust quantum devices[3–5] due
to the presence of topologically protected edge states. In addi-
tion, much attention has been paid to nontopological states in
ferroelectric ABO3 crystals[6] and some semiconductors (i.e.,
Si, Ge)[7–9] owing to their potential applications. Quantum
states are mainly governed by Hamiltonians with short-range
terms. However, the addition of LR hopping amplitudes is
important, because they are ubiquitous in real systems and
their role can be crucial.[10–12] In recent years, LR classical
and quantum systems have become a central focus for physi-
cal investigation. The existing theoretical works have reported
that LR systems can present many interesting and unusual phe-
nomena, essentially owing to the violation of locality.[13–19] In
particular, some LR models can present new phases, mani-
festing striking properties which are absent in the short-range
limit.[20–32]

Motivated by these ideas, we study the behavior of edge
states in the presence of the LR hopping in LR interacting
systems. For most of the conventional crystals with low-
index surfaces, the short-range terms will be dominant and
the LR ones are relatively weak, which can be ignored. Pre-
vious works[33–37] have investigated the existence/absence of
edge states based on some models with many (a few) electron
modes per unit cell and with the short-range terms. However,
for some strongly correlated materials and some possible natu-

rally stable crystals with high-index surfaces and/or the strong
spin-orbit coupling, the LR coupling cannot be ignored. It is
natural to ask how LR terms affect edge states. With this mo-
tivation, the question we want to answer in this manuscript is
what is the condition of the presence of edge states in the sys-
tems with LR hopping. As we know, an infinite n-dimensional
crystal is made up of an infinite number of parallel (n− 1)-
dimensional crystals which are periodically arrayed by cou-
pling. For the sake of discussion, here we take a 2D crystal as
an example. The (n−1)-dimensional crystal represents a crys-
tal line (CL) when n is equal to 2. Here we mainly focus on
such model crystals with three different type structures (type
I: · · ·–P–P–P–P–· · · , type II: · · ·–P–Q–P–Q–· · · , and type III:
· · ·–P=P–P=P–· · · where P and Q denote CLs, and the signs
– and = mark the distance between the nearest neighbor (NN)
CLs).

In this work, we perform an analytical study of the be-
havior of edge states in LR interacting systems when LR hop-
ping terms are considered. Our analysis includes LR coupling
among CLs and all possible neighbor hoppings within each
CL. For such model crystals with three-type structures, we
determine analytically the condition of the existence of edge
states in the presence of LR terms. Our findings are supported
by numerical calculations for specific parameter choices. The
conclusion that edge states can survive in such model systems
with LR hopping terms derives from the transfer matrix in the
bulk different from that in the boundary layers.

Before presenting the following demonstration, we give a
definition of “edge state” firstly. Edge states can be described
such that they can propagate along the direction of the cut
boundary and their amplitudes decay exponentially in distance

∗Project supported by the National Natural Science Foundation of China (Grant No. 11847061) and the Startup Program of Shanghai University of Engineering
Science.

†Corresponding author. E-mail: hp wang@fudan.edu.cn
© 2021 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

107301-1

http://dx.doi.org/10.1088/1674-1056/abe9a5
hp_wang@fudan.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 30, No. 10 (2021) 107301

normal to the cut boundary. With the aid of the transfer matrix
language, an edge state has the following decay relation:

|ψi+1/ψi|= δ = e−γa < 1,
a > 0, γ > 0, i≥ 1,

where γ is a decay rate and a is the distance between the 1NN
CLs. When δ = 1 (γ = 0), it corresponds to the extended state
and must be associated with the bulk state.

2. Edge states in type I
In this section, we focus on such a semi-infinite crystal

with type I P–P–P–P–· · · . For each CL, it is a lower dimen-
sional crystal than the original one. The Fourier transforma-
tion can be used for each CL because the wave vector 𝑘|| along
the boundary is a good quantum number. When we consider
LR coupling and utilize the diagonal representation of each CL
Hamiltonian, our effective model Hamiltonian can be written
as

H0 =
∞

∑
n=1
{εm×m(𝑘||)Φ

†
n (𝑘||)Φn(𝑘||)

+[Φ†
n (𝑘||)F

(1)
m×m(𝑘||)Φn+1(𝑘||)

+Φ
†
n (𝑘||)F

(2)
m×m(𝑘||)Φn+2(𝑘||)+ · · ·+h.c.]}, (1)

where

Φ
T
n (𝑘||) = {φ

(1)
n (𝑘||),φ

(2)
n (𝑘||), . . . ,φ

(m)
n (𝑘||)},

εm×m(𝑘||) = diag(ε1,ε2, . . . ,εm),

Φn(𝑘||) = 0 : n≤ 0,

{φ (α)
n (𝑘||) : α = 1,2, . . . ,m} is the second quantization Fermi

wave function of the α th electron mode in the nth CL, {εi : i =
1,2, . . . ,m} are the energies of renormalized eigen-modes in
each CL, and {F(τ)

m×m : τ = 1,2,3, . . .} denote the m×m hop-
ping matrix from the τNN CLs, where m is any finite pos-
itive integer. The elements of {F(τ)

m×m : τ = 1,2,3, . . .} and
{εi : i = 1,2, . . . ,m} are functions of the hopping parameters
and 𝑘||. The above Hamiltonian is general, where each unit
cell in each CL can contain multiple atoms (and maybe differ-
ent) and each atom can also contribute multiple nonidentical
atomic orbits. Thus the model Hamiltonian is reasonably re-
liable for some actual materials. For later convenience, let us
omit 𝑘||. Since the original infinite crystal has geometric re-
flection symmetry for each CL, the quantum dynamical equa-
tions (QDEs) from Eq. (1) in the bulk and boundary layers
read

Em×mΦn =
∞

∑
i=1

F(i)
m×m (Φn−i +Φn+i) , (2)

where Em×m = E − εm×m and E is the eigen energy of elec-
tron waves propagating in cut crystals. In Ref. [38], it has also

been shown that edge states are absent in the presence of LR
hopping when only one electron mode near the Fermi surface
is important in the cut crystal with type I, resulting from the
transfer matrix in the bulk identical to that in the boundary lay-
ers. Consequently, an interesting question is as follows: Are
there edge states when m ≥ 2 and do LR terms exist? If yes,
what could the condition for the existence of edge states be?

In our effort to answer these questions, let us first formu-
late a specific case, that is, m = 2 and {F(1)

m×m 6= 02×2,F
(2)
m×m 6=

02×2,F
(τ)
m×m = 02×2 : τ = 3,4, . . . ,∞}, then we can adapt Eq. (2)

to the matrix form by some calculations
Θ

(α)
n+8 =Θ

(α)
n+7T8×8, Θ

(α)
8 = Ω

(α)
8 S(α)

8×8,

T8×8 =

(
T11 T12
T21 T22

)
, n≥ 1,

(3)

where T T
11 = {b1,b2,b3,b4,b3,b2,b1}, T21 = −1, T12 is

a 7 × 7 identity matrix, T22 is a 1 × 7 zero matrix,
{Θ (α)

n = {φ (α)
n ,φ

(α)
n−1, . . . ,φ

(α)
n−6,φ

(α)
n−7} : α = 1,2}, Ω

(α)
8 =

{φ (α)
2 ,φ

(α)
1 ,φ

(β )
2 ,φ

(β )
1 ,0,0,0,0}. Here {α = 1(2),β = 2(1)}

and the specific expressions {br : i = 1,2,3,4} and the ma-
trix S(α)

8×8 are summarized in Appendix A. It is straightfor-
ward to notice that b1 = Tr(T8×8) = ∑

8
i=1 λi is the trace of

T8×8, and 1 = Det(T8×8) = ∏
8
i=1 λi, the determinant, where

λi are the eigenvalues of T8×8. One can easily prove that the
roots of characteristic polynomial f (λ ) = λ 8−∑

4
i=1 biλ

8−i−
∑

3
i=1 biλ

i +1 are the eigenvalues of the matrix T8×8. We have
noticed that when the two sides of f (λ ) = 0 are divided by λ 4

and setting z = λ + 1
λ
, f (λ ) = 0 can be reduced to a quartic

equation. One can read out the roots by solving the quartic
equation, and the corresponding value λ can be obtained by
calculating λ 2− zλ + 1 = 0, as shown in more detail in Ap-
pendix B. Thus the eigenvalues of T8×8 can be found. To make
the conclusion describing the presence of edge states more re-
liable, all possible forms of eigenvalues for the matrix T8×8 are
taken into account. With the help of Appendix A in Ref. [38]
and TMM,[39,40] Eq. (3) can be taken the form

Θ
(α)
n+8 = Θ

(α)
n+7U8×8J8×8U−1

8×8

= Ω
(α)
8 S(α)

8×8U8×8Jn
8×8U−1

8×8

= Ω
(α)
8 S(α)

8×8U8×8

2l

∑
i=1

Jn
ni
(λi)U−1

8×8

=
(

N(α)
1 N(α)

2 . . . N(α)
8

)
W8×8, (4)

with

R(α)
8×8 = S(α)

8×8U8×8 =

(
R(1)

4×4 R(2)
4×4

R(3)
4×4 R(4)

4×4

)
,

W8×8 =
2l
∑

i=1
Jn

ni
(λi)U−1

8×8, {N(α)
i = R(α)

1i φ
(α)
2 + R(α)

2i φ
(α)
1 +

R(α)
3i φ

(β )
2 +R(α)

4i φ
(β )
2 : i = 1,2, . . . ,8}, n1 +n2+, · · · ,+n2l−1 +
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n2l = 8, where l ≤ 4 and we have arranged such that {|λi| ≤
1, |λi+l | ≥ 1,λiλi+l = 1 : i = 1,2, . . . , l} without loss of gener-
ality. If one of {|λi| = |λi+l | : i = 1,2, . . . , l} is equal to 1, it
will result in the bulk states that we do not care about. Now
we need to concentrate on discussing this situation {|λi| <
1, |λi+l | > 1,λiλi+l = 1 : i = 1,2, . . . , l}. In order to reach the
physically meaningful edge states, one has to ensure that all
wave functions must be finite when n goes to infinity. There-
fore, first of all, {N(α)

j = 0 : j = 5,6,7,8} must be satis-

fied for the existence of edge states, namely, Det(R(2)
4×4) = 0

(Rank(R(2)
4×4) < 4); secondly, in order to arrive at non-zero

edge states, one has to require that at least one of them {N(α)
k :

k = 1,2,3,4} is not equal to zero, namely, Det(R(1)
4×4) 6= 0

(Rank(R(1)
4×4) = 4). To verify our analytical conclusion to be

reasonable and reliable, a 2D example is provided in Fig. 1(a).
Here, due to its infinity in y-direction, we can take the Fourier
transformation on wave functions for A(B) sublattices. When
the hopping from 1NN to 2NN CLs is considered, let us write
the QDEs in the {n,ky} representation and in terms of a set of
Fermion operators {φ A(B)

n, (ky) : n = 1;2, . . . ,∞}

EAφ
A
n = tAB

0 φ
B
n + tA

i ∆iφ
A
n + tAB

i ∆iφ
B
n ,

EBφ
B
n = tAB

0 φ
A
n + tAB

i ∆iφ
A
n + tB

i ∆iφ
B
n , (5)

with

Eα = E− εα ;φ
α
n = 0, n≤ 0,

∆iφ
α
n = φ

α
n+i +φ

α
n−i, i = 1,2

tAB
0 = 2t1 cos(kya); tA

1 = t ′′1 +2t ′4 cos(2kya),

tB
1 = t ′1 +2t ′′4 cos(2kya); tAB

1 = 2t2 cos(kya),

tA
2 = t3 +2t5 cos(2kya),

tB
2 = t ′3 +2t ′5 cos(2kya),

tAB
2 = 2t4 cos(kya); α = A,B,

tAB
0 is the hopping within each CL, {tA

i , t
B
i , t

AB
i : i = 1,2} de-

note the hopping from iNN CLs and are dependent on the
wave vector 𝑘|| within each CL, εα is the on-site energy,
{ti : i = 1,2, . . . ,5; t ′1, t

′′
1 , t
′
3, t
′
4, t
′′
4 , t
′
5} are the hopping parame-

ters and {εα , tA
i , t

B
i , t

AB
i } are real. By the exact diagonalization

method, its energy spectrum of edge states is given, compati-
ble with our above demonstration (see Fig. 1(b)).

In this work we are interested in the general case and now
consider m ≥ 2 and {F(β )

m×m 6= 0m×m, : β = 1,2, . . . ,r;F(γ)
m×m =

0m×m : γ = r+1,r+2, . . . ,∞}, one will check that Eq. (2) can
be written in the form of the following matrix:

Θ
(α)
n+2m′ =Θ

(α)
n+2m′−1T2m′×2m′ ,

Θ
(α)
2m′ = Ω2m′S

(α)
2m′×2m′ ,

α = 1,2, . . . ,m, (6)

where

T2m′×2m′ =

(
T11 T12
T21 T22

)
,

m′ = mr, T T
11 = {b1,b2, . . . ,bm′−1,bm′ ,bm′−1, . . . ,b2,b1}, T12 is

a (2m′−1)× (2m′−1) identity matrix, T22 is a 1× (2m′−1)
zero matrix, T21 = −1, {bi : i = 1,2, . . . ,m′− 1,m′} and the
matrix elements in S(α)

2m′×2m′ are arbitrary complex functions

of the elements of {F(τ)
m×m : τ = 1,2,3, . . . ,r} and Em×m and

Θ
(α)
n = {φ (α)

n ,φ
(α)
n−1, . . . ,φ

(α)
n−2m′+2,φ

(α)
n−2m′+1} as well as Ω2m′ =

{ψ(α),ψ(m),ψ(m−1), . . . ,ψ(α+1),ψ(α−1), . . . ,ψ(1),ψ(0)} =

{ϕ1,ϕ2, . . . ,ϕm′ ,ψ
(0)}, where {ψ(δ ) = {φ (δ )

r ,φ
(δ )
r−1, . . . ,φ

(δ )
1 } :

δ = 1,2, . . . ,m} and ψ(0) is a 1×m′ zero matrix. From the dis-
cussion of the special case m = 2, we know that the behavior
of edge states is closely related to the eigenvalues and eigen-
states of T2m′×2m′ . The problem is reduced, therefore, to find
the eigenvalues and eigenstates of T2m′×2m′ . In order to arrive
at its eigenvalues, one can write the characteristic polynomial
f2m′(λ ) = λ 2m′ −∑

m′
i=1 biλ

2m′−i−∑
m′−1
i=1 biλ

i + 1 of T2m′×2m′

in Eq. (6), and find the solutions of f2m′(λ ) = 0, which will
also be the eigenvalues of T2m′×2m′ . Generally speaking, it is
difficult to find exact roots of f2m′(λ ) = 0, but one can solve
the approximate value of the root, which is enough for sci-
entific research. The methods for reaching the approximate
value of the root are Newton’ method and quadratic factor
algorithm, and so on. For quadratic factor algorithm, more
detail is provided in Appendix B. To determine the existence
of edge states, one has to talk about every possible scenario
of eigenvalues of T2m′×2m′ in detail. To take full advantage
of Appendix A in Ref. [38] and TMM,[39,40] we can rephrase
Eq. (6) as

Θ
(α)
n+2m′ = Θ

(α)
n+2m′−1U2m′×2m′J2m′×2m′U

−1
2m′×2m′

= Ω2m′S
(α)
2m′×2m′U2m′×2m′J

n
2m′×2m′U

−1
2m′×2m′

= Ω2m′R
(α)
2m′×2m′

2l

∑
i=1

Jn
ni
(λi)U−1

2m′×2m′

=
(

N(α)
1 N(α)

2 . . . N(α)
2m′

)
W2m′×2m′ , (7)

where

R(α)
2m′×2m′ = S(α)

2m′×2m′U2m′×2m′ =

(
R(1)

m′×m′ R(2)
m′×m′

R(3)
m′×m′ R(4)

m′×m′

)
,

W2m′×2m′ = ∑
2l
i=1 Jn

ni
(λi)U−1

2m′×2m′ with λi being the eigenvalues

of T2m′×2m′ , N(α)
i =∑

m′
j=1 R(α)

ji ϕ j, n1+n2+, · · · ,+n2l−1+n2l =

2m′, l ≤ m′, and we’ve already performed this arrangement
{|λi| ≤ 1, |λi+l | ≥ 1,λiλi+l = 1 : i = 1,2, . . . , l− 1, l} without
losing of generality. As long as one of {|λi| = |λi+l | : i =
1,2, . . . , l− 1, l} is equal to one, it will lead to the extended
states we do not interest in. Here we only need to pay at-
tention to {|λi| < 1, |λi+l | > 1,λiλi+l = 1 : i = 1,2, . . . , l −

107301-3
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1, l}. The presence of edge states requires Det(R(2)
m′×m′) =

0 (Rank(R(2)
m′×m′) < m′) at first. Secondly, this condition

Det(R(1)
m′×m′) 6= 0 (Rank(R(1)

m′×m′) = m′) must be satisfied in or-
der to obtain non-zero edge states.

(a)

(b)

BA

↩ ↩ ↩    
↩

↩

↩





2

3

ky

E

t1

t1 t1

t2 t3

t3

t4t4

t4

t5

t5

′

′′

′′
′

′

′

y

x

Fig. 1. The schematic illustration of the lattice structure of a semi-
infinite 2D crystal in (a). The dispersion relation of edge states reached
based on the exact diagonalization method (blue dashed line) and TMM
(red dashed line) in (b) with t ′1 = t ′′1 = 0.9t1, t2 = 0.7t1, t3 = t ′3 = 0.4t1,
t4 = t ′4 = t ′′4 = 0, t5 = t ′5 = 0, εA =−0.6t1 and εB = 0.9t1.

3. Edge states in type II
In this section, we analyze such model crystals with type

II, consisting of two different CLs: P and Q. Here we are only
looking to the Q cut crystal Q–P–Q–P–· · · , since the discus-
sion for the P cut crystal will be similar. When the LR cou-
pling is taken into account, QDEs for the Q cut crystal are

E(Q)
m×mΦn =

∞

∑
i=1
{F(2i−1)

m×l N2i−1Ψn +A(2i)
m×m∆2iΦn},

E(P)
l×lΨn+1 =

∞

∑
i=1
{(F(2i−1)

m×l )†N2i−1Φn+1 +B(2i)
l×l ∆2iΨn+1},

n = 1,3,5, . . . ,∞, (8)

with ΦT
n = {φ (1)

n ,φ
(2)
n , . . . ,φ

(m)
n }, Ψ T

n+1 = {ψ
(1)
n+1,ψ

(2)
n+1, . . . ,ψ

(l)
n+1},

N2i−1Ψn = Ψn+2i−1 + Ψn−(2i−1), ∆2iΦn = Φn−2i + Φn+2i,
N2i−1Φn+1 = Φn+1−(2i−1)+Φn+1+2i−1, ∆2iΨn+1 =Ψn+1−2i +

Ψn+1+2i, the CL P has l modes and Q has m modes with
l and m equal or unequal, E(α)

lα×lα = diag{Eα
1 ,E

α
2 , . . . ,E

α
lα}

with {Eα
lα = E − εα

i : i = 1,2, . . . , lα}, lP(Q) = l(m) when

α = P(Q), {Φn = 0,Ψn+1 = 0 : n < 0} and the matrix ele-
ments of {F(2i−1)

m×l ,A(2i)
m×m,B

(2i)
l×l } are composed of the hopping

parameters and 𝑘||. According to the conclusion in Ref. [34],
edge states would not emerge when only the hopping between
the 1NN CLs and all possible neighbor couplings within each
CL exist. In the following, we will focus on the behavior of
edge states in the presence of the LR hopping (the coupling
from the rNN (2≤ r < ∞) CLs). In order to make our general
conclusion more acceptable, let us first discuss a special case,
that is, {m = l = 1,F(1)

1×1 6= 0,F(3)
1×1 6= 0,A(2)

1×1 6= 0,B(2)
1×1 6= 0}

and {F(2i+1)
1×1 = A(2i)

1×1 = B(2i)
1×1 = 0 : i = 2,3, . . . ,∞}. Here we

only give the transfer matrix of the electron mode in the CL
Q, since the demonstration for the CL P will be similar. After
some calculations, Eq. (8) can be rewritten as the following
matrix form for the CL Q:

Θ
(Q)
n+12 =Θ

(Q)
n+10T6×6,

Θ
(Q)
11 = Ω6S(Q)

6×6,

n = 1,3,5, . . . ,∞, (9)

where

T6×6 =

(
T11 T12
T21 T22

)
,

and Θ
(Q)
n = {φ (1)

n ,φ
(1)
n−2,φ

(1)
n−4,φ

(1)
n−6,φ

(1)
n−8,φ

(1)
n−10}, T T

11 =

{b1,b2,b3,b2,b1}, T12 is a 5×5 identity matrix, T22 is a 1×5
zero matrix, T21 = −1, Ω6 = {φ

(1)
3 ,φ

(1)
1 ,ψ

(1)
2 ,0,0,0} and the

specific expressions {br : i = 1,2,3} and the matrix S(Q)
6×6 are

given in Appendix C. In terms of Appendix A in Ref. [38] and
TMM,[39,40] we can rewrite Eq. (9) as

Θ
(Q)
n+12 = Θ

(Q)
n+10U6×6J6×6U−1

6×6

= Ω6S(Q)
6×6U6×6J(n+1)/2

6×6 U−1
6×6

= Ω6S(Q)
6×6U6×6

2l

∑
i=1

J(n+1)/2
ni (λi)U−1

6×6

=
(

N(Q)
1 N(Q)

2 . . . N(Q)
6

)
W6×6, (10)

with

R(Q)
6×6 = S(Q)

6×6U6×6 =

(
R(1)

3×3 R(2)
3×3

R(3)
3×3 R(4)

3×3

)
,

where n1 + n2+, · · · ,+n2l−1 + n2l = 6 where l ≤ 3 and {λi :
i = 1,2, . . . ,2l} are obtained from Appendix C with λi being
the eigenvalues of T6×6. To facilitate the discussion, we have
made such arrangement {|λi| ≤ 1, |λi+l | ≥ 1,λiλi+l = 1 : i =
1,2, . . . , l− 1, l}. Once one of {|λi| = |λi+l | : i = 1,2, . . . , l−
1, l} is equal to 1, it will correspond to extended states we
do not consider. Thus one needs to discuss {|λi| < 1, |λi+l | >
1,λiλi+l = 1 : i = 1,2, . . . , l−1, l}. The existence of non-zero
edge states confines {Det(R(2)

3×3) = 0, Det(R(1)
3×3) 6= 0}. In or-

der to verify the correctness of our analytical result, let us take
a 2D crystal as an example, as shown in Fig. 2(a).
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(a)

(b)
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Fig. 2. The schematic illustration of the lattice structure of a semi-
infinite 2D crystal in (a). The energy spectrum of edge states obtained in
terms of the exact diagonalization method (blue dashed line) and TMM
(red dashed line) in (b). The parameters are t2 = t ′2 = 0.4t1, t3 = t ′3 = 0,
t4 = 0.2t1, εA =−1.0t1 and εB = 1.5t1.

Here, owing to its infinity in y-direction, the Fourier
transformation can be applied to wave functions for A(B)
sublattices. When we investigate the hopping from 1NN
to 3NN CLs, one can adopt the {n,ky} representation
and introduce QDEs based on a set of Fermion operators
{ψn,A(ky),ψn+1,B(ky) : n = 1,3,5, . . . ,∞}

EAψ
A
n =

2

∑
i=1

tAB
2i−1N2i−1ψ

B
n + tAA

2 ∆2ψ
A
n ,

EBψ
B
n+1 =

2

∑
i=1

tAB
2i−1N2i−1ψ

A
n+1 + tBB

2 ∆2ψ
B
n+1, (11)

with

Eα = E− εα , α = A,B,
tAB
1 = 2[t1 cos(kya)+ t4 cos(3kya)],

tAB
3 = 2t4 cos(kya),

tAA
2 = t2 +2t3 cos(2kya),

tBB
2 = t ′2 +2t ′3 cos(2kya),

N2i−1ψB
n = ψB

n+2i−1 + ψB
n−(2i−1), ∆2ψA

n = ψA
n−2 + ψA

n+2,
N2i−1ψA

n+1 = ψA
n+1−(2i−1) + ψA

n+1+(2i−1), ∆2ψB
n+1 = ψB

n−1 +

ψB
n+3, {ψA

n = ψB
n+1 = 0, n ≤ 0}, {tAA

2 , tBB
2 , tAB

1 , tAB
3 } rep-

resent the coupling from 1NN to 3NN CLs, εα is the on-
site energy, {t1, t2, t3, t4, t ′2, t ′3} are the hopping parameters and

{εα , tAA
2 , tBB

2 , tAB
1 , tAB

3 } are real. By the use of the exact diag-
onalization method, it is shown that edge states can appear in
the cut crystals of type II (see Fig. 2(b)), completely consistent
with our analytical calculation.

Now we focus on the general case in type II where m and
l are finite positive integers and LR couplings are introduced.
Here we are still talking about electron modes within the CL Q
because the similar result for the CL P can be obtained. Equa-
tion (8) can be rewritten as the following matrix form after
some derivation:

Θ
′(α)
n+4l′ =Θ

′(α)
n+4l′−2T

′
2l′×2l′ ,

Θ
′(α)
4l′−1 = Ω

′
2l′S
′(α)
2l′×2l′ ,

α = 1,2, . . . ,m,

n = 1,3,5, . . . ,∞, (12)

where

T ′2l′×2l′ =

(
T ′11 T ′12
T ′21 T ′22

)
,

l′ = (l+m)r
2 ( (l+m)(r−1)+2m

2 ) when r is even (odd), Θ
′(α)
n =

{φ (α)
n ,φ

(α)
n−2, . . . ,φ

(α)
n−4l′+4, φ

(α)
n−4l′+2}, T ′2l′×2l′ has the same

form as T2m′×2m′ in Eq. (6), the matrix elements in T ′11
and S′(α)

2l′×2l′ are arbitrary complex functions of the ele-

ments of {E(P)
m×m,E

(Q)
l×l } and the hopping parameters as

well as 𝑘||. Ω ′2l′ = {χ
′(α), χ ′(m), χ ′(m−1), . . ., χ ′(α+1),

χ ′(α−1), . . ., χ ′(1),κ′(l), κ′(l−1), . . ., κ′(1),Ω (0)} = {ϕ1,ϕ2, . . .,
ϕl′ , Ω (0)}, where Ω (0) is a 1 × l′ zero matrix; {χ ′(δ ) =
{φ (δ )

r ,φ
(δ )
r−2, . . ., φ

(δ )
3 ,φ

(δ )
1 }, κ′(δ

′) = {ψ(δ ′)
r−1 , ψ

(δ ′)
r−3 , . . ., ψ

(δ ′)
4 ,

ψ
(δ ′)
2 }}, where r is odd and {δ = 1,2, . . . ,m; δ ′ =

1,2, . . . , l}. {χ ′(δ ) = {φ (δ )
r−1,φ

(δ )
r−3, . . ., φ

(δ )
3 ,φ

(δ )
1 },κ′(δ

′) =

{ψ(δ ′)
r , ψ

(δ ′)
r−2 , . . ., ψ

(δ ′)
4 ,ψ

(δ ′)
2 }}, where r is even and {δ =

1,2, . . . ,m;δ ′ = 1,2, . . . , l}. To make full use of Appendix A
in Ref. [38] and TMM,[39,40] let us adapt Eq. (12) to the fol-
lowing form:

Θ
′(α)
n+4l′ = Θ

′(α)
n+4l′−1U2l′×2l′J2l′×2l′U

−1
2l′×2l′

= Ω
′
2l′S
′(α)
2l′×2l′U2l′×2l′J

(n+1)/2
2l′×2l′ U−1

2l′×2l′

= Ω
′
2l′R

′(α)
2l′×2l′

2l

∑
i=1

J(n+1)/2
ni (λi)U−1

2l′×2l′

=
(

N(α)
1 N(α)

2 . . . N(α)
2l′

)
W2l′×2l′ , (13)

with

R′(α)
2l′×2l′ = S′(α)

2l′×2l′U2l′×2l′ =

(
R′(1)l′×l′ R′(2)l′×l′

R′(3)l′×l′ R′(4)l′×l′

)
,

W2l′×2l′ = ∑
2l
i=1 J(n+1)/2

ni (λi)U−1
2l′×2l′ , where λi are the eigenval-

ues of T ′2l′×2l′ , N(α)
i = ∑

l′
j=1 R′(α)

ji ϕ j, n1 + n2+, . . . ,+n2l−1 +

n2l = 2l′, l ≤ l′ and we have arranged such that {|λi| ≤
1, |λi+l | ≥ 1, λiλi+l = 1 : i = 1,2, . . . , l − 1, l} for the sake
of argument. If one of {|λi|= |λi+l |= 1 : i = 1,2, . . . , l−1, l}
exists, it will result in bulk states we do not interest in. Here
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we only need to discuss {|λi| < 1, |λi+l | > 1,λiλi+l = 1 : i =
1,2, . . . , l − 1, l}. The presence of non-zero edge states re-
quires {Det(R(1)

l′×l′) 6= 0,Det(R(2)
l′×l′)= 0}. So far, we have com-

pleted the demonstration of the condition for the existence of
edge states for type I and II. From the above discussion, we
clearly know that the emergence of edge states originates from
the transfer matrix in the bulk different from that in the bound-
ary layers, fully compatible with the conjecture in Ref. [38].
Meanwhile, the edge of actual cutting materials is imperfect
and the edge relaxation is always unavoidable near the edge,
even edge reconstruction. Maybe in practical materials, this
requirement that the transfer matrix in the bulk is different
from that in the boundary layers is more likely to occur. Thus,
actual finite-size materials may be more prone to induce edge
states.

4. Edge states in type III
In the section, we investigate such cut crystals with type

III in detail. Since the original infinite crystals with type III
have no reflection symmetry, the forward transfer matrix from
nNN (n= 2i−1 : i= 1,2, . . .) CLs is not equal to the backward
one, and QDEs read

Em×mΦ
(o)
n = ∑

∞

i=1{F
(2i)
m×m(Φ

(o)
n−2i +Φ

(o)
n+2i)

+F(2i−1)
m×m Φ

(e)
n+(2i−1)+B(2i−1)

m×m Φ
(e)
n−(2i−1)},

Em×mΦ
(e)
n+1 = ∑

∞

i=1{F
(2i)
m×m(Φ

(e)
n+1−2i +Φ

(e)
n+1+2i)

+B(2i−1)
m×m Φ

(o)
n+1+2i−1 +F(2i−1)

m×m Φ
(o)
n+1−(2i−1)}

n = 1,3,5, . . . ,∞, (14)

where {Φ (α)T
n = {φ (1)

n ,φ
(2)
n , . . . ,φ

(m)
n } : α = o(e)} with

the superscript α = o(e) for odd (even) CL, Em×m =

diag{E1,E2, . . . ,Em} with {Ei = E − εi : i = 1,2, . . . ,m},
{Φ (o)T

n = Φ
(e)T
n+1 = 0 : n < 0} and the matrix elements of

{F(2i)
m×m,F

(2i−1)
m×m ,B(2i−1)

m×m } are made up of the hopping param-
eters and 𝑘|| within each CL. it has been clearly shown that
the form of Eq. (14) is not the same as that in Eq. (8). Now
we search for edge states in cut crystals with type III. What we
notice is that when the odd and even CLs are treated as differ-
ent CLs, one can check that the form of the transfer matrix in
the bulk for the modes within odd and even CLs is identical to
that in Eq. (12), but different from that in the boundary layers.
When this is true, the condition for the existence of edge states
is just as we have performed in type II. To determine the va-
lidity of this idea, we will proceed from the special case to the
general one. Here we only give the transfer matrix of the elec-
tron mode in the odd CL, since the discussion for the even CL
will be similar. First of all, we discuss the special case where
each CL contains one mode φ and the couplings from 1NN to
3NN CLs are added, then Eq. (14) simplifies to the following

matrix form after some derivation:{
Θ

(o)
n+12 =Θ

(o)
n+10T ′6×6 ,

Θ
(o)
11 = Ω ′6S(o)6×6,

(15)

where

T ′6×6 =

(
T ′11 T ′12
T ′21 T ′22

)
,

and the form of T ′6×6 is akin to that of T6×6 in Eq. (9), where

T ′T11 = {b′1,b′2,b′3,b′2,b′1}, Ω ′6 = {φ
(o)
3 ,φ

(o)
1 ,φ

(e)
2 ,0,0,0} and the

specific expressions {b′r : i = 1,2,3} and the matrix S(o)6×6 are
summarized in Appendix D. Now we can do such demonstra-
tions similar to that in the special case with type II and further
get the similar conclusion of the existence of edge states. To
check the validity of our conclusion, a 2D example with one
mode within each CL is discussed in Fig. 3(a). Here, because
of its infinity in y-direction, one can utilize the Fourier trans-
formation to wave functions. When the coupling from 1NN to
3NN CLs is taken into account, one can obtain QDEs in the
{n,ky} representation and by terms of a set of Fermion oper-
ators {φ (o)

n (ky),φ
(e)
n+1(ky) : n = 1,3,5, . . . ,∞}, where the super-

script α = o(e) means odd (even) CL

Eφ φ
(o)
n = tF

1 φ
(e)
n+1 + tB

1 φ
(e)
n−1 + tF

3 φ
(e)
n+3

+ tB
3 φ

(e)
n−3 + tN

2 (φ
(o)
n+2 +φ

(o)
n−2),

Eφ φ
(e)
n+1 = tB

1 φ
(o)
n+2 + tF

1 φ
(o)
n + tB

3 φ
(o)
n+4

+ tF
3 φ

(o)
n−2 + tN

2 (φ
(e)
n+3 +φ

(e)
n−1),

with

Eφ = E−2t2 cos(2kya)− εφ ,

tF
1 = 2t1 cos(kya); tB

1 = 2t ′1 cos(kya),

tN
2 = t2 +2t3 cos(2kya),

tF
3 = 2t4 cos(kya); tB

3 = 2t ′4 cos(kya),

{φ (o)
n = φ

(e)
n+1 = 0,n ≤ 0}, {tF

1 , t
F
3 , t

B
1 , t

B
3 , t

N
2 } represent the

coupling from 1NN to 3NN CLs, εφ is the on-site en-
ergy, {t1, t2, t3, t4, t ′1, t ′4} are the hopping parameters and
{εφ , tF

1 , t
F
3 , t

B
1 , t

B
3 , t

N
2 } are real. We have fitted the numerical

results using specific hopping parameters, in good agreement
with our analytical calculation (see Fig. 3(b)). Now one will
concentrate on discussing the general situation in type III. We
find that we can follow the demonstration of the general case in
type II to discuss the general one in type III, and as a result we
can get a matrix equation similar to Eq. (12) and further reach
the condition of the existence of edge states similar to that in
type II. It is straightforward to notice that the above discussion
can generalize to such model crystals with type: · · ·–P=P≡P–
P=P≡P–· · · and · · ·–Q=P–Q=P–· · · , and so on. Meanwhile,
we also note that the prior work[25] takes no consideration of
the degeneracy of eigenvalues of the matrix T (Eq. (38)[25]).
According to the matrix theory, when the eigenvalues degen-
erate, the matrix S cannot be simply written as such a form.[25]
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The exact expressions for the matrix S should be given such a
form.[38] Our work shows a way to solve zero energy states
in extended Kitaev chain with LR hopping and pairing. Our
conclusion also covers the three- and one-dimensional case,
in which the “line” represents the atomic surface and point,
respectively.

(a)

ky
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t4

t3

t1
t1 t4
′

x

y
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↩








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6

E

′

(b)

Fig. 3. The schematic illustration of the lattice structure of a semi-
infinite 2D crystal in (a) and the dispersion relation of edge states shown
via the exact diagonalization method (blue dashed line) and TMM (red
dashed line) in (b) with t1 = 0.7t

′
1, t2 = 0.4t

′
1, t3 = 0.0, t4 = 0.15t

′
1,

t4 ′ = 0.18t
′
1 and εφ = 0.

5. Conclusion and perspectives
In conclusion, based on the lattice model Hamiltonian

with the LR coupling among CLs and all possible neighbor
hoppings within each CL, we have analytically determined the
condition of the appearance of edge states in three model crys-
tals. The expressions we obtain are general and hold for any
choice of the LR hopping. In fact, the key in our demonstra-
tion is that the transfer matrix in the bulk is different from
that in the boundary layers. It is this reason so that edge
states can arise in such cut crystals. The study of edge states
has become a central focus for physical investigation in re-
cent years, such as extended Kitaev chain and Su–Schrieffer–

Heeger chain. Our approach could be generalized to one-
and three-dimensional systems. Meanwhile our demonstration
can also apply to other model crystals, such as · · ·–P=P≡P–
P=P≡P–· · · and · · ·–Q=P–Q=P–· · · . We believe that this work
can provide new proposals to solve novel edge states in ex-
tended Kitaev chain and Su–Schrieffer–Heeger chain. From a
more general perspective, our study highlights the effects of
the LR coupling in strongly correlated systems.

Appendix A: Type I with two electron modes
When the hopping from 1NN to 2NN CLs and two elec-

tron modes within each CL are discussed, QDEs of the bulk
and boundary layers from Eq. (2) in the text read

E1φ
(1)
n = ∑

2
α=1{F

(1)
1α

∆1φ
(α)
n +F(2)

1α
∆2φ

(α)
n },

E2φ
(2)
n =

2

∑
α=1
{F(1)

2α
∆1φ

(α)
n +F(2)

2α
∆2φ

(α)
n }, (A1)

where {F(α)
12 = F(α)

21 : α = 1,2} due to the original infinite
crystal having geometric reflection symmetry for each CL. We
can adapt Eq. (A1) to the matrix form by some calculations:

Θ
(α)
n+8 =Θ

(α)
n+7T8×8, Θ

(α)
8 = Ω

(α)
8 S(α)

8×8,

T8×8 =

(
T11 T12
T21 T22

)
, n≥ 1, (A2)

where T T
11 = {b1,b2,b3,b4,b3,b2,b1} with

b1 = G1/G0; b2 = G2/G0,

b3 = G3/G0; b4 = G4/G0,

G0 = F(2)
12 F(2)

12 −F(2)
11 F(2)

22 ,

G1 = F(1)
22 F(2)

11 +F(2)
22 F(1)

11 −2F(2)
12 F(1)

12 ,

G2 = F(1)
11 F(1)

22 −F(2)
22 E1−F(2)

11 E2−F(1)
12 F(1)

12 ,

G3 = G1−F(1)
22 E1−F(1)

11 E2,

G4 = E2E1−2F(1)
12 F(1)

12 +2F(1)
11 F(1)

22 −2G0. (A3)

For (1) electron mode, S(1) has the following form:

S(1) = Π
6
α=1T (α),

T (α) =

(
T (α)

11 T (α)
12

0 T (α)
22

)
,

T (α)
12 = T12,T

(α)
22 = T22, (A4)

with

T (6)T
11 = T T

11, T (5)T
11 = {b1,b2,b3,b4,b3,b2,0},

T (4)T
11 = {b1,b2,b3,b4 +1,b3 +(F(2)

12 F(1)
12 −F(2)

22 F(1)
11 )/G0,0,(F

(2)
12 F(1)

22 −F(1)
12 F(2)

22 )/G0},

T (3)T
11 = {b1,b2,b3 +(F(1)

12 F(2)
12 −F(1)

22 F(2)
11 )/G0,b4 +1+(F(1)

12 F(1)
12 −F(1)

22 F(1)
11 )/G0,(F

(1)
12 F(2)

22 −F(2)
12 F(1)

22 )/G0,0,0},
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T (2)T
11 = {b1,b2 +E2F(2)

11 /G0,b3 +(F(1)
12 F(2)

12 +E2F(1)
11 −F(1)

22 F(2)
11 )/G0,F

(2)
12 E2/G0,(F

(1)
12 F(2)

22 +F(1)
12 E2−F(1)

22 F(2)
12 )/G0,0,0},

T (1)T
11 = {(F(2)

22 F(1)
11 −F(2)

12 F(1)
12 )/G0,−F(2)

22 E1/G0,(F
(2)
22 F(1)

12 −F(2)
12 F(1)

22 )/G0,F
(2)
12 E2/G0,0,0,0}.

For (2) electron mode, S(2) has the similar matrix form to S(1), not given in detail.

Appendix B: Solutions of a general quartic equa-
tion and quadratic factor algorithm

For a general quartic equation, one can have the following
form

az4 +bz3 + cz2 +dz+ e = 0,

a 6= 0, (B1)

where we omit the detailed calculation process and can obtain
four solutions in the complex number field as follows:

z1 = y−−
1
2
√

y1− y2,

z2 = y−+
1
2
√

y1− y2,

z3 = y+−
1
2
√

y1− y2,

z4 = y++
1
2
√

y1− y2, (B2)

with

y± =
−b
4a
± 1

2

√
x+∆ ;y1 = 2x+∆ ,

y2 = (
4bc
a2 −

b3

a3 −
8d
a
)/(4
√

x+∆),

x =
b2

4a2 −
2c
3a

,

∆ =
3√2∆1

3a3

√
∆2 +

√
∆ 2

2 −4∆ 3
1

+

3

√
∆2 +

√
∆ 2

2 −4∆ 3
1

3 3√2a
,

∆1 = c2−3bd +12ae,

∆2 = 2c3−9c(bd +8ae)+27
(
ad2 +b2e

)
.

The definition of z amounts to an equation for λ :

λ
2− zλ +1 = 0. (B3)

Thus one can insert the solutions {zi : i = 1,2,3,4} and solve
for λ . We find

λ
(i)
± =

zi±
√

z2
i −4

2
, (B4)

yielding directly λ
(i)
+ · λ

(i)
− = 1. In our calculation, we have

{a = 1,b1 = −b, b2 = −c− 4a, b3 = −d − 3b, b4 = −e−
6a−2c}.

The quadratic factor algorithm is a good one for complex
roots. As is well known, one has x=

(
−b±

√
b2−4ac

)
/(2a)

for {ax2 +bx+ c = 0;a 6= 0}. Quadratic factor algorithm is to
find the quadratic factor u(λ ) = λ 2 + pλ + q of f (λ ). This
method establishes a set of iterative methods for finding p and
q and avoids complex number operation. Once p and q are
determined, one can get the two roots of f (λ ). If p2−4q < 0,
a pair of conjugate complex roots can be obtained. Then one
can use f (λ ) =

(
λ 2 + pλ +q

)
f1(λ ), where f1(λ ) is a (n−2)

polynomial and arrive at the roots of f1(λ ) by means of the
same way. By iteration step by step, we can get all the roots of
f (λ ) = 0.

Appendix C: Type II with one electron mode and
solutions of a general cubic equation

For type II, when we consider the hopping from 1NN to
3NN CLs and each CL with one electron mode, QDEs of the
bulk and boundary layers from Eq. (8) in the text read

E(Q)
m×mΦn =

2

∑
i=1

F(2i−1)
m×l N2i−1Ψn +A(2)

m×m∆2Φn,

E(P)
l×lΨn+1 =

2

∑
i=1

(F(2i−1)
m×l )†N2i−1Φn+1 +B(2)

l×l∆2Ψn+1. (C1)

Equation (C1) can be rewritten as the following matrix form
after some calculations:

Θ
(Q)
n+12 =Θ

(Q)
n+10T6×6 ,

Θ
(Q)
11 = Ω6S(Q)

6×6, (C2)

with

T6×6 =

(
T11 T12

T21 T22

)
,

and T T
11 = {b1,b2,b3,b2,b1}, where

b1 = G1/G0; b2 = G2/G0; b3 = G3/G0;

G0 = F(3)
1×1F(3)

1×1; G1 =−2F(1)
1×1F(3)

1×1 +A(2)
1×1B(2)

1×1

G2 =−E(P)
1×1A(2)

1×1−F(1)
1×1F(1)

1×1−2F(1)
1×1F(3)

1×1−E(Q)
1×1B(2)

1×1,

G3 = E(P)
1×1E(Q)

1×1−2F(1)
1×1F(1)

1×1 +2A(2)
1×1B(2)

1×1−2F(3)
1×1F(3)

1×1.

(C3)

For the CL Q, S(Q) has the following form:

S(Q) = Π
4
α=1T (α), T (4)T

11 = T T
11,

T (α) =

(
T (α)

11 T (α)
12

0 T (α)
22

)
,

T (α)
12 = T12, T (α)

22 = T22, (C4)
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with

T (1)T
11 = {(A(2)

1×1B(2)
1×1−F(1)

1×1F(3)
1×1)/G0,

(−F(1)
1×1F(3)

1×1−E(Q)
1×1B(2)

1×1)/G0,

(B(2)
1×1F(1)

1×1 +F(3)
1×1E(P)

1×1)/G0,0,0},

T (2)T
11 = {b1,b2 +F(1)

1×1F(3)
1×1/G0,

b3 +(F(1)
1×1F(1)

1×1−A(2)
1×1B(2)

1×1 +F(3)
1×1F(3)

1×1)/G0,

B(2)
1×1(F

(1)
1×1−F(3)

1×1)/G0,0},

T (3)T
11 = {b1,b2,b3 +1,b2 +F(1)

1×1F(3)
1×1/G0,F

(3)
1×1B(2)

1×1/G0}.

One can easily check that the roots of characteristic poly-
nomial f (λ ) = λ 6−∑

3
i=1 biλ

6−i−∑
2
i=1 biλ

i+1 are the eigen-
values of T6×6. When the two sides of f (λ ) = 0 are divided by
λ 3 and setting z = λ + 1

λ
, one can simplify f (λ ) = 0 to a cu-

bic equation. One can obtain the roots by calculating the cubic
equation and further get the corresponding value λ by solving
λ 2−zλ +1= 0. To reach all possible forms of the eigenvalues
of T6×6, now we discuss the general roots of a general cubic
equation whose form is as follows:

az3 +bz2 + cz+d = 0,

a 6= 0, (C5)

here we skip the detailed calculation process and can arrive at
three roots in the complex number field as follows:

z1 =
3

√
∆ − q

2
+ 3

√
−q

2
−∆ ,

z2 =
3

√
∆ − q

2
ω + 3

√
−q

2
−∆ω

2,

z3 =
3

√
∆ − q

2
ω

2 + 3

√
−q

2
−∆ω, (C6)

with

p =
3ac−b2

3a2 ; q =
2b3−9abc+27da2

27a3 ,

∆ =

√
q2

4
+

p3

27
; ω =

−1+ i
√

3
2

.

Based on the relationship λ 2− zλ + 1 = 0 and inserting {zi :
i = 1,2,3}, one can have the same form as Eq. (B4). In
our calculation, we find {a = 1; b1 = −b; b2 = −c− 3a;
b3 =−d−2b}.

Appendix D: Type III with one electron mode
For type III, when the hopping from 1NN to 3NN CLs is

added and each CL has one electron mode, QDEs of the bulk
and boundary layers from Eq. (14) in the text simplify to the
following form:

E1×1φ
(o)
n = ∑

2
i=1{F

(2i−1)
1×1 φ

(e)
n+(2i−1)+B(2i−1)

1×1 φ
(e)
n−(2i−1)}

+F(2)
1×1(φ

(o)
n−2 +φ

(o)
n+2),

E1×1φ
(e)
n+1 = ∑

2
i=1{B

(2i−1)
1×1 φ

(o)
n+1+2i−1 +F(2i−1)

1×1 φ
(o)
n+1−(2i−1)}

+F(2)
1×1(φ

(e)
n−1 +φ

(e)
n+3). (D1)

After some derivation, Eq. (D1) can be rewritten as

Θ
(o)
n+12 =Θ

(o)
n+10T ′6×6 ,

Θ
(o)
11 = Ω

′
6S(o)6×6, (D2)

where

T ′6×6 =

(
T ′11 T ′12
T ′21 T ′22

)
,

with T ′T11 = {b′1,b′2,b′3,b′2,b′1} and

b′1 = G1/G0; b′2 = G2/G0; b′3 = G3/G0;

G0 = F(3)
1×1B(3)

1×1; G1 = F(2)
1×1F(2)

1×1−F(3)
1×1B(1)

1×1−F(1)
1×1B(3)

1×1,

G2 =−2E1×1F(2)
1×1−F(1)

1×1B(1)
1×1−F(1)

1×1F(3)
1×1−B(1)

1×1B(3)
1×1,

G3 = E1×1E1×1−F(1)
1×1F(1)

1×1−B(1)
1×1B(1)

1×1 +2F(2)
1×1F(2)

1×1

−F(3)
1×1F(3)

1×1−B(3)
1×1B(3)

1×1. (D3)

For the odd CL, S(o) has the following form

S(o) = Π
4
α=1T (α),T (4)T

11 = T T
11,

T (α) =

(
T (α)

11 T (α)
12

0 T (α)
22

)
,

T (α)
12 = B(1)

1×1,T
(α)

22 = F(2)
1×1, (D4)

with

T (3)T
11 =

{
b1,b2,b3 +B(3)

1×1B(3)
1×1/G0,b2

+B(1)
1×1B(3)

1×1/G0,B
(3)
1×1F(2)

1×1/G0

}
,

T (2)T
11 =

{
b1,b2 +B(1)

1×1B(3)
1×1/G0,b3

+
(

B(1)
1×1B(1)

1×1−F(2)
1×1F(2)

1×1 +B(3)
1×1B(3)

1×1

)
/G0,

−F(2)
1×1(F

(3)
1×1−B(1)

1×1)/G0,0
}
,

T (1)T
11 =

{(
F(2)

1×1F(2)
1×1−B(1)

1×1F(3)
1×1

)
/G0,(

−F(1)
1×1F(3)

1×1−E1×1F(2)
1×1

)
/G0,(

F(2)
1×1F(1)

1×1 +F(3)
1×1E1×1

)
/G0,0,0

}
.
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