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Transmission matrix (TM) is an important tool for controlling light focusing, imaging, and communication through
turbid media. It can be measured by 3-step (TM3) or 4-step (TM4) phase-shifting interference, but the similarities and
differences of the transmission matrices obtained by the two methods are rarely reported. Therefore, we make a quantitative
comparison of the peak light intensity, signal-to-noise ratio, and average background of 24×24 = 576 focal points between
paired samples (TM3–TM4) through the Wilcoxon rank sum test, and discuss the singular value of the transmission matrix
and the focal peak. The comparative results of peak light intensity and signal-to-noise ratio show that there is a significant
difference between the 3-step phase shift and the 4-step phase shift transmission matrixes. The focusing effect of the former
is significantly better than that of the latter; interest concentrates on the focal intensity and singular value. The reciprocal of
the singular value is proportional to the squared intensity, which is in accordance with singular value theory. The results of
comparison of peak light intensity and signal-to-noise ratio strongly suggest that 3-step phase shift should be selected and
used in applying the phase shift method to the measurement of the transmission matrix; and the singular value is of great
significance in quantifying the focusing, imaging, and communication quality of the transmission matrix.

Keywords: scattering media, phase modulation, transmission matrix, focal point
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1. Introduction
Light scattering is a ubiquitous physical phenomenon in

nature: in gases, liquids, and solids, and including turbid
media such as clouds, milk, and white paint.[1–5] The phe-
nomenon stems from the non-uniformity of refractive index[6]

of the medium on a microscopic or mesoscopic scale, and
touches a very wide range of research fields and applica-
tions, including among many others, atmospheric optics,[7]

marine optics,[8] and biomedical photonics.[9] In recent years,
research on light scattering has advanced dramatically. For
example, the Anderson localization phenomenon[10] in the
super-scattering process has been observed experimentally;
the correlation of scattering with the microscopic geometric
structures of turbid media has been discovered; and mem-
ory effects[11,12] have been studied, with applications to ex-
panded fields of view,[13] speckle-related imaging,[14] and
spectral memory effects,[15] and others. Especially impor-
tant is the application of wavefront shaping technology to
ultrasound,[16,17] optics, and interdisciplinary areas.[18] More
recently, the focusing[9] and super-resolution imaging[9,18] of
light in deep biological tissues were realized. It is expected
that in the near future, wavefront shaping will become an im-
portant technical means for the integration of light scattering
with other disciplines.

In the past decade, wavefront shaping has made great
progress as a means of suppressing light scattering effects.[19]

The rise of this technology is inseparable from spatial
light modulators (SLM) that can control light on a mi-
crometer scale.[20] Such a control can be achieved through
wavefront shaping technologies[1] such as iterative feed-
back algorithm,[1,3] intelligent optimization algorithm,[21]

neural network algorithm,[22] and transmission matrix (TM)
method.[23,24] In 2010, Popoff et al. used an SLM com-
bined with full-field phase-shifting interferometry to measure
monochromatic light TM (a measure of transfer function)[23]

in turbid media. Based on this pioneering work, many meth-
ods of measuring TM were discovered.[25–29] Yu et al. re-
ported TM based on angular spectrum theory,[30] and Dremeau
et al. used a digital micromirror device (DMD) to measure
amplitude-type TM.[25] The most widely used method of mea-
suring TM is full-field phase shift interferometry. The optical
setup for this technique is simple and easy to operate, and is
also robust and repeatable.

However, the scale of the turbid medium TM is huge,[31]

and the 4-step phase shift method of measuring TM (here-
inafter denoted by TM4 unless otherwise stated) has two ma-
jor problems: (i) it needs to traverse a large number of input
bases, which is time-consuming and requires to collect a large
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number of data;[32] (ii) multiple phase shifts greatly increase
the amount of data collection and memory overhead, and also
increase the cost of collection time. In order to cope with these
challenges, Conkey et al. found that TM can be retrieved with
data for only three phase shifts (hereinafter denoted by TM3
unless otherwise stated).[33] The problem is whether there are
appreciable differences between the TMs retrieved by the two
methods. It is necessary to make sure which provides bet-
ter optical transmission effect. The results of focusing ex-
periments reported here show that TM3 is better than TM4 in
both peak light intensity and signal-to-noise ratio. This result
is consistent with the theoretical prediction of TM’s singular
value (a measure of focus energy). Therefore, when measur-
ing TM by the phase shift method, we strongly recommend
using a 3-step phase shift. The result shows that in the case of
descending order and normalization, the squared reciprocal of
the singular value of TM is not only proportional to the peak
light intensity of the focus, but exhibits, to good approxima-
tion, a law of linear change. This law can make the singu-
lar value an important indicator to quantify the effects of TM
focusing.[30,34–36] imaging, or communication.

2. Principle
2.1. Transmission matrix

A turbid medium is a linear medium, and the relation be-
tween its output and input light fields can be accurately de-

scribed by a Green’s function.[24] After multiple scattering of
light in a turbid medium, a random speckle pattern is formed,
which contains the information about the monochromatic light
TM of the medium, and can be measured by full-field phase
shift interference. In the process of measuring TM, if SLM
and charge-coupled device (CCD) respectively correspond to
N input and M output free modes, the relation between the out-
put field and the input field of the medium can be expressed as

Eout
m =

N

∑
n=1

tmnE in
n , (1)

where E in
n (n = 1, . . . ,N) and Eout

m (m = 1, . . . ,M) are the n-
th input mode and m-th output channel, respectively; tmn is a
complex number that relates E in

n to Eout
m , specifying the linear

transmission characteristics of the turbid medium; tmn forms
a matrix that corresponds to the TM of the medium. Equa-
tion (1) can be expressed as

𝐸out = 𝑇𝐸in, (2)

where 𝐸in and 𝐸out are the complex vectors of the input field
and output field, respectively, and 𝑇 is the TM of the scattering
medium.
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Fig. 1. Principle of TM measurement by phase shift method.

2.2. Principle of phase shift method

TM accurately characterizes the linear transmission char-
acteristics of the turbid medium. In order to measure and ac-
cess the TM, according to Eq. (2), we can find the TM by
providing a specific input field 𝐸in and measuring the corre-
sponding output field 𝐸out. Because CCD can measure only
light intensity, it is necessary to decouple TM from light in-
tensity by providing an incident monochromatic plane wave
for phase-shifting interferometry (Fig. 1),[23] where the inter-
ference light field is composed of static reference light R and
signal light S. In order to perfectly match the SLM, we make

a matrix with the Hadamard basis, which serves as the signal
field S. In the process of phase shift interferometry (Fig. 1), the
SLM needs to increase the relative phase shift ϕ (e.g. π/2)[37]

three or four times in sequence. After each group of interfer-
ence fields passes through the turbid medium, the CCD im-
mediately collects the corresponding single group of feedback
information. According to Eq. (1), the light intensity of the
m-th output mode corresponding to the n-th input mode is

Iϕ
m =

∣∣Eout
m

∣∣2 = ∣∣∣rm +∑n tmnE e iϕ
∣∣∣2

= |rm|2 +
∣∣∣∑n tmnE e iϕ

∣∣∣2 + r∗m ∑n tmnE e iϕ
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+rm ∑n t∗mnE∗ e−iϕ , (3)

where rm represents the complex amplitude of the m-th refer-
ence light input mode. After using all Hadamard bases and
collecting the corresponding feedback light intensity, the TM
can be retrieved by using the feedback light intensity. In the
process of measuring the TM, one can take ϕ = 0, π/2, π , and
3π/2, and use the light intensity data (ϕ = 0, π/2, π , 3π/2)
collected by 3-step or 4-step phase shifts. From Eq. (3), one
can construct a system of equations as follows:

I0
m = I0 + r∗m ∑n tmnE + rm ∑n t∗mnE∗, (4)

Iπ/2
m = I0 + ir∗m ∑n tmnE− irm ∑n t∗mnE∗, (5)

Iπ
m = I0− r∗m ∑n tmnE− rm ∑n t∗mnE∗, (6)

I3π/2
m = I0− ir∗m ∑n tmnE + irm ∑n t∗mnE∗, (7)

where I0 = |rm|2 +
∣∣∣∑n tmnE e iϕ

∣∣∣2. From Eqs. (4)–(6) or (4)–
(7), the TM3 or TM4 can be derived as follows:

∑n tmn =
(i +1)I0

m−2iIπ/2
m +(i−1)Iπ

m

4r∗E
, (8)

∑n tmn =
(I0

m− Iπ
m)− i(Iπ/2

m − I3π/2
m )

4r∗mE
. (9)

After the TM is obtained, knowledge of it can be used to
precisely control the energy transmission of light in a turbid
medium, that is, focusing the light (Fig. 2).

1.0

0.5

0
mask

SLM

output

the mth 

tm
†

TM

media

CCD

Fig. 2. Application of TM time inversion to focusing.

2.3. Relationship between singular value and focal energy

The light energy transmitted in the output mode can be
measured by the singular value of the TM. In the process of
time reversal and focusing, the target focus is usually set to
be a unit output vector. For convenience and without loss of
generality, we take the first focus as the target focus. Suppose

𝐸out
1 ∝ [1,0, . . . ,0]T, then, according to Eq. (2), the input of

the focus 𝐸in
1 will be proportional to 𝐸out

1 , i.e.,

𝐸in
1 ∝ 𝑇−1𝐸out

1 . (10)

One can perform singular value decomposition (SVD) on
𝑇 to obtain

𝑇 =𝑈𝑆𝑉 , (11)

where 𝑈 and 𝑉 are both the unitary matrix, 𝑆 is a diagonal
matrix, and its diagonal elements are the singular values ar-
ranged from large to small. The reverse of Eq. (11) is

𝑇−1 = 𝑉 −1𝑆−1𝑈−1. (12)

From Eqs. (10) and (12), we obtain

𝐸in
1 ∝ 𝑉 −1𝑆−1𝑈−1𝐸out

1 . (13)

When the time reversal technique is used to focus on the
target (first) focus, the first line vector of 𝑇 † († denotes the
conjugate transpose) is used as the input phase 𝐸in†

1 of the fo-
cus, and the matrix product of 𝐸in†

1 and 𝑇 is made. Since the
row vectors of 𝑇 are independent (orthogonal) under the mul-
tiple scattering mechanism, 𝑇𝐸in†

1 equals 𝐸in
1 𝐸in†

1 =
∣∣𝐸in

1

∣∣2 =
I1. 𝑉 and 𝑈 are the unitary matrices and 𝐸out

1 is the unit vec-
tor. Therefore, the CCD detects the light intensity at the target
focus,

I1 =
∣∣∣𝐸in

1

∣∣∣2 ∝
∣∣𝑉 −1𝑆−1𝑈−1𝐸out

1
∣∣2 = ∣∣𝑆−1

1

∣∣2 . (14)

Equation (14) shows that time reversal focusing is carried out
through the transmission matrix, and the light intensity of the
focus is proportional to the squared reciprocal of the singu-
lar value. Therefore, the larger the singular value of 𝑇 , the
smaller the intensity value at the focal point is.

3. Experiment
The device for measuring the TM by the phase shift

method and TM focusing is shown in Fig. 3. The laser passes
through a microscope objective O1 (40×, NA = 0.65) and a
lens L1 (focal length 100 mm). The beam splitter (BS) is used
to reflect the continuous laser (λ = 632.8 nm) to the SLM
(HOLOEYE PLUTO TELCO 1920×1080) and be coded (to
the right directly through the unmodulated BS). The incident
light is split into two beams. One of the beams which is not
modulated by the SLM is background noise in this experiment
and filtered by the pinhole “A”, and the other is modulated by
the SLM and passes through the pinhole. The physical prin-
ciple of our optical setup is the same as the commonly used
transmissive SLM. The pattern loaded in SLM is a series of or-
thogonal patterns, such as Hadamard patterns. The diaphragm
is used to filter the background light which is not modulated
by the SLM. The beam is then reduced by the 4f system L2

(focal length 300 mm) and L3 (focal length 100 mm), and
focused on the front side of a (100± 20))-µm-thick turbid
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medium comprised of polydimethylsiloxane (PDMS) and 5-
µm-diameter alumina particles by the microscope objective
lens O2 (40×, NA = 0.65). After the light passing through the
medium, the microscope objective O3 (20×, NA = 0.40) col-
lects light to illuminate the CCD (Canada Pointgrey, resolution
1920×1200@41 fps, pixel size 5.86 µm × 5.86 µm, working
mode F7 Mono8 960 × 600 Mode1). The whole process of
SLM and CCD is controlled by a computer (Dell: XPS 15-
7590 1945T, Expanded Memory to 64 GB) in real time. In
the 3-step phase-shifting interferometry, the phase shifts usu-
ally set to be 0, 2/3π , and 4/3π . The SLM needs to increase
the relative phase shift ϕ (e.g. 2π/3) three times in sequence.

After each group of interference fields passes through the tur-

bid medium, the CCD immediately collects the corresponding

single group of feedback information. The intensity pattern in

the output plane can be expressed as Eq. (3). In 4-step phase-

shifting interferometry, the phase shifts are usually set to be 0,

1/2π , π , 3/2π . The SLM needs to increase the relative phase

shift ϕ (e.g. π/2) four times in sequence. After each group of

interference fields passes through the turbid medium, the CCD

immediately collects the corresponding single group of feed-

back information. The intensity pattern in the output plane can

be expressed as Eq. (3).

CW laser P

L1 L2

L3

O1 O2 O3

SLM

M

CCD

PC

A

BS T
b
M

Fig. 3. Shematic diagram of device for measuring TM by phase shift method. CW laser: He–Ne laser. P: polarizer (transmission direction is aligned
with SLM); SLM: spatial light modulator; CCD: charge-coupled device; PC: personal computer; L1, L2, L3: lenses; O1, O2, O3: microscope objective;
BS: beam splitter; M: reflector; A: small aperture diaphragm; HM: turbid medium, a uniform mixture of cured PDMS (polydimethylsiloxane) and
Al2O3 (alumina microspheres, with average diameter of about 5 µm).

4. Results
The propagation of light in the medium can be accurately

controlled using the optical TM of a turbid medium. The TM
can be measured by 3-step or 4-step phase-shift interference.
In order to determine whether there is a significant difference
between the TMs measured by these two methods, under the
same instrument and parameter settings, we set 64×64 inputs
(SLM controllable degrees of freedom) and 48×48 outputs
(CCD controllable degrees of freedom). Comparison of the
TM focusing effects on two outputs is performed. (i) The fo-
cusing effects of the first 4 focal points are compared qual-
itatively. (ii) The Wilcoxon rank sum test of paired sam-
ples (TM3–TM4) is used to quantitatively compare the peak
light intensity with signal-to-noise ratio of 24× 24 = 576 fo-
cal points in the field of view. (iii) The singular value (recip-
rocal) and energy transmission are then compared. Here we
discuss the relation between singular value and light intensity.
The paired comparison results of each focus are surprising: i)
whether the peak light intensity and signal-to-noise ratio are
compared qualitatively or quantitatively, TM3 is better than
TM4, and ii) the singular value of TM3 is always smaller than
that of TM4. What is even more interesting is that the squared

reciprocal of the singular value is proportional to the light in-
tensity. In addition, the application of TM3 focusing can not
only obtain an excellent focusing effect, but also save 25%
of the acquisition time, retrieval time, and memory overhead.
Therefore, the focusing effect of TM3 is significantly better
than that of TM4.

4.1. Qualitative contrast focusing effect

Intuitively, the effect of TM3 and TM4 focusing make us
guess that there is a big difference between them. For com-
parison, in the case of 64×64 (input)–48×48 (output), we first
qualitatively and intuitively compare the focal points of TM3
and TM4 at the same four positions (Fig. 4). The background
intensity of the first and second focal point of TM3 (Figs. 4(a)
and 4(b)) are slightly lower than those of TM4 (Figs. 4(c) and
4(d)), but the difference is not significant. However, the back-
ground intensity of the third and fourth focal point of TM3
(Figs. 4e and 4(f)) are significantly lower than those of TM4
(Figs. 4(g) and 4(h)). This comparison range is narrow (only 4
focal points). So, to be more general, we compare the 24×24
= 576 focal points in the field of view (see Supplementary
Movie 3). The results show that the focusing effect of TM3
is significantly better than that of TM4.
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Fig. 4. Qualitative comparison among 4 focus effects before [(a), (c), (e), and (g)] 4-step phase shift and [(b), (d), (f), and (h)] 3-step phase
shift for different target places, with red values being intensity values of focal points.

4.2. Quantitative comparison of peak light intensity and
signal-to-noise ratio between TM3 focus and TM4 fo-
cus

The previous qualitative comparison is only a suggestive
result. In order to quantitatively compare the focusing effect
of TM3/4 in the case of 64×64–48×48, we take 24×24= 576
focal points in the center of the field of view as the research tar-
get, and match the peak light intensity of each focal point with
samples and signal noise. The Wilcoxon rank sum test is per-
formed for the paired samples to compare their peak light in-
tensities (quantified by the gray value of 0–255) and the differ-
ences in the signal-to-noise ratio (Fig. 5). The signal-to-noise
ratio is defined as the ratio between the peak light intensity
and the average background intensity. Among these 576 focal
points, two cases are discussed below. The first case is that the
median of the peak light intensity gray value using TM3 focus-
ing is 76 (interquartile range 61–92); the median of the peak
light intensity gray value using TM4 focusing is 36 (interquar-
tile range 28–46) (Fig. 5(a)); the paired sample Wilcoxon rank
sum test (Wilcoxon signed-rank test)[38] is performed on the
two groups of light intensities, giving P< 0.0001, which is sta-
tistically significant (since P < 0.025), with P referring to the
statistical difference between the two samples, and P < 0.025
means that there exists a large difference between the two sam-
ples. In statistics, the Mann–Whitney U test[38] (also called
the Mann–Whitney–Wilcoxon (MWW),[39] Wilcoxon rank-
sum test,[40] and Wilcoxon–Mann–Whitney test)[39] are all a
nonparametric test.[38–40] This test can be used to determine
whether two independent samples are selected from popula-
tions having the same distribution. The second case is that
the median of the peak light intensity signal-to-noise ratio us-
ing TM3 focusing is 7.998 (interquartile range 6.561–9.605)
(Fig. 5(b)); the median of the peak light intensity signal-to-
noise ratio using TM4 focusing is 3.959 (interquartile range

3.097–4.985). The paired sample Wilcoxon rank sum test is
performed on the peak light intensity signal-to-noise ratio of
the two groups, giving P < 0.0001, which is also statistically
significant (since P < 0.025).
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Fig. 5. (a) Peak light intensity and (b) signal-to-noise ratio of focal
point using TM3 and TM4 in the 64×64–24×24 mode, where red cir-
cles represent 3-step, green circles denote 4-step, red line refers to aver-
age value of peak light intensity, and blue line means interquartile peak
light intensity.

4.3. TM3 and TM4 focused average background contrast

The singular value, which is a measure of channel en-
ergy transmission, determines the total energy transmission
efficiency and is a positive factor for TM focusing. Perform-
ing SVD on T−1 naturally includes the operation of recipro-
cating singular value. The smaller the singular value of T ,
the larger the corresponding reciprocal is and the greater the
corresponding transmission energy, but with noise being am-
plified correspondingly. In the 64×64 mode, 551 (95.66%)
of the 576 focal points focused by TM3 have a slightly higher
background than TM4, and the average background gray value
is less than 0.35 (Fig. 6(a)). In order to quantitatively com-
pare the background noises of the two methods, we perform
a Wilcoxon rank sum test on the paired samples of the av-
erage background. The median of the average background
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light intensity gray value of TM3 focus is 9.490 (interquar-
tile range 9.345–9.638) (Fig. 6(b)), while the median of the
average background light intensity gray value of TM4 focus
is 9.147 (interquartile range 9.043–9.250) (Fig. 6(b)). The
paired sample Wilcoxon rank sum test is performed on the
average background light intensity of the two groups, giving
P< 0.0001, which is statistically significant (since P< 0.025).
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Fig. 6. (a) Intensity of background and (b) Wilcoxon rank sum test of back-
ground intensity and its statistical distribution for paired samples of average
background, where red circles represent 3-step; green diamonds denote 4-
step, red line refers to average light intensity obtained from method of 3-step
average light intensity, magenta line means results obtained from method of
4-step average light intensity, and blue line is interquartile of peak light in-
tensity.

4.4. Linear relationship between the singular value of the
TM and the peak light intensity

4.4.1. Singular value of TM

The TM describes the transformation process of light
passing through a turbid medium, and its singular value de-

scribes the characteristics of the transformation of light trans-
mission by the medium, so the focusing effect is closely re-
lated to the singular value. Therefore, through SVD, a se-
ries of singular values of 24× 24 = 576 output mode sam-
ples in the field of view (arranged from large to small) is ob-
tained. The results show that the singular values of TM3/4 are
in ranges of (687.11–22.04) and (992.06–26.40) (Figs. 7(a)
and 7(b)). The most important thing is that TM3’s singular
value is smaller than TM4’s for each pair of singular values.
The difference between the singular values at the correspond-
ing positions of the two is shown in Fig. 7(c) (the light green
dashed line corresponds to zero difference). It is worth noting
that due to the limitation of the numerical aperture of the mi-
croscope objective, the singular value distribution significantly
devieates from the quarter-circle law predicted by the random
matrix.[23,30]

4.4.2. Linear relationship between squared reciprocal
of singular value and light intensity

Theoretically, the intensity of the focus is proportional to
the squared reciprocal of singular value of the TM (see Sec-
tion 3 and Fig. 8). In order to reduce the noise effect, we take
80% (10%–90%) of the 576 singular values to discuss its rela-
tion with the focus. The results are surprising: (I) the squared
reciprocal of singular value of the TM fits the focus light in-
tensity well [all arranged in descending order and normalized
to the range 0 to 1, see Fig. 8(a)]; (II) squared reciprocals of
the 80% singular value and the focal light intensity show a
remarkable pattern of linear increase [see Fig. 8(b)].
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4.5. Acquisition time, memory, and retrieval time

When measuring the TM by the phase shift method, it
is first necessary to traverse all input bases to obtain the data
containing the TM information, and then to retrieve these data
to obtain the subsequent TM. This implies that there are two
problems: the process is time-consuming and it has high hard-
ware overhead. In the 64×64 mode, TM3 has 25% less in
acquisition and retrieval time than TM4, while also reducing
memory overhead by 25% [see Figs. 9(a) and 9(b)].
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Fig. 9. (a) Acquisition time and retrieval time, (b) memory.

5. Discussion
Our results show that when the settings in the text are in

64×64 mode, there are significant differences between TM3
and TM4 as follows.

I) The peak light intensity and signal-to-noise ratio of
TM3 focus are significantly better than those of TM4 (Figs. 4
and 5; Movie-2).

II) The paired singular values of TM3 and TM4 show
a significant difference. The largest difference is huge, and
TM3 is less than TM4 in all of the 576 singular values studied
(Fig. 6(c)).

The results of time reversal and focusing show that the
performance of TM3 in controlling light energy transmission
is clearly more advantageous than that of TM4, which is in
good agreement with the prediction by singular value theory:
the squared reciprocal of the TM singular value is proportional
to the focal light intensity (Figs. 7 and 8). The singular value of
TM is a quantitative indicator of peak light intensity.[23,30,34]

Based on the singular value results of TM3/4, it can be seen
that TM3 is significantly better than TM4 in terms of control-
ling light transmission and suppressing noise. We believe that
the reason is that the data collected by measuring TM3 has
25% less in noise (environmental noise, electronic noise, etc.)
than by measuring TM4 (the former is collected three times,
and the latter four times).

5.1. Illusion of background noise

Based on the theoretical prediction of singular values, the
background noise of TM3 is theoretically higher than that of
TM4. Figure 4 clearly indicates that the background of TM3
is lower than that of TM4. However, the results of quantitative
background analysis prove the correctness of the theoretical
prediction (Figs. 6 and 10). This statistical distribution is in
good agreement with theoretical predictions. The reason for
the illusion created by Fig. 4 is that the application software al-
ways adaptively maps the light intensity detected by the CCD
into the range of gray values 0–255. Normally, the average
peak light intensity of TM3 is higher than that of TM4, in fact
by a factor of nearly 2.5. In the case that the mean values
of the average backgrounds (TM3, 9.5066; TM4, 9.1568) are
not much different from each other, the background of TM4 is
magnified nearly 2.5 times on average, and the focus of TM4
will naturally show higher background noise. When we map
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the TM3/4 focus into the background range (gray values 7–
20), or the peak light intensity range, we see the real results
as follows: the background of TM3 is slightly higher than that
of TM4 as shown in green ellipse in Fig. 10, while the focal
light intensity of TM3 is significantly higher than that of TM4

as shown by the red ellipse in Fig. 10. The gray value of the
background intensity is in a range of gray values 29–178, and
the gray value of the focal point is in a range of gray values
13–93. However, this illusion can be avoided by the contrast
of peak light intensity to signal-to-noise ratio.
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Fig. 10. Effect of normalizing focus intensity. (I) and (II) display background (7–20) and foci light intensity (20–80) respectively. The first and second
row focus for TM3 and TM4 respectively. Panels (a)–(d) are for focus (1), and [(e)–(h)] for focus (II).

5.2. Deviation of singular values from quarter-circle law
predicted by random matrix

In the process of measuring the TM by the phase shift
method, the influence of noise is inevitable. In the process of
data acquisition, the transmission of light in a turbid medium
evolves in time (in the positive direction), and some very small
singular values will be overwhelmed by noise effects. When
light is focused by using the time reversal technology (corre-
sponding to the matrix inversion 𝑇−1), some extremely large
singular values (the squares of the extremely small reciprocals)
will also be annihilated by noise. In order to reduce the noise
effect, we take the middle 80% of the 576 focal points (ar-
ranged in descending order of light intensity) as the research
object, and find that the reciprocal squares of the singular val-
ues maintain a good proportional relation with light intensity
(Fig. 8), showing that the theoretical prediction and experi-
mental results fit well. However, the linear change law of the
singular value itself (Figs. 7(a), 7(b), 8(a), and 8(b)) seriously
deviates from the quarter-circle law predicted by the random
matrix.[23,30] We believe that the reason is the same as de-
scribed in Ref. [30]. Owing to the limitation of the numerical
aperture of the optical element, part of the light transmission
mode is lost.

6. Conclusions
In summary, we report the substantial differences be-

tween the 3-step and 4-step phase shift measured TM3/4, dif-
ferences that are common in 32×32, 64×64, and 128×128
input modes (Movie 1, Movie 2, and Movie 3). From all

considered perspectives: theoretical prediction of singular val-
ues, experimental results of peak light intensity (total en-
ergy transmission efficiency), and signal-to-noise ratio (back-
ground noise suppression capability): TM3 behaves signifi-
cantly better than TM4. Therefore, in the process of measur-
ing TM by the phase shift method, we strongly recommend the
3-step method. While obtaining excellent transmission perfor-
mance, the following additional benefits can be realized: data
collection, memory cost, collection time and retrieval time can
all be reduced by 25%. Most importantly, in the case of nor-
malization, there is a consistent linear relationship between
the squared reciprocal of the singular value and the peak light
intensity. This important feature can be used to quantify the
quality of TM focusing, imaging, and communication.

Supplementary materials: Movie 1–Movie 3
Supplementary materials Movie 1, Movie 2, Movie 3 for

supporting content.
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