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Super-sensitivity measurement of tiny Doppler frequency shifts based
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The precision measurement of Doppler frequency shifts is of great significance for improving the precision of speed
measurement. This paper proposes a precision measurement scheme of tiny Doppler shifts by a parametric amplification
process and squeezed vacuum state. This scheme takes a parametric amplification process and squeezed vacuum state into
a detection system, so that the measurement precision of tiny Doppler shifts can exceed the Cramér–Rao bound of coherent
light. Simultaneously, a simulation study is carried out on the theoretical basis, and the following results are obtained: for
the signal light of Gaussian mode, when the amplification factor g = 1 and the squeezed factor r = 0.5, the measurement
error of Doppler frequency shifts is 14.4% of the Cramér–Rao bound of the coherent light in our system. At the same time,
when the local light mode and squeezed vacuum state mode are optimized, the measurement precision of this scheme can
be further improved by

√
(2n+1)/(n+1) times, where n is the mode-order of the signal light.

Keywords: squeezed vacuum state, quantum metrology

PACS: 42.50.–p, 42.50.St DOI: 10.1088/1674-1056/abe3e5

1. Introduction
Making use of Doppler frequency shifts to measure speed

is very important in many applications.[1–4] The measurement
precision of Doppler frequency shifts determines the measure-
ment precision of speed. At present, the methods to improve
measurement precision are mainly in two aspects: the first
is to use non-classical light sources to improve measurement
precision, including the precision measurement of phase,[5–10]

the measurement of small beam deflection,[11–13] the measure-
ment of gravitational waves,[14–16] and the precise measure-
ment of the magnetic field,[17] and the second is to use a suit-
able measurement scheme at the receiving end. For exam-
ple, Fabre et al.[18] gave the standard quantum limit of beam
splitting detection when measuring a small beam deflection.
Trep et al.[19] used a four-quadrant detector combined with a
squeezed light source to measure the transversal displacement
beyond shot noise limit. Then they adopted a balanced ho-
modyne detection scheme to reach the Cramér–Rao bound of
information parameters in optical image. Hsu et al.[20] and
Delaubert et al.[21] found that balanced homodyne detection
was the optimal detection scheme for transversal displacement
and the tilt measurement, and proved their theoretical scheme
in experiment.

The precision measurement of Doppler frequency shifts
also occupies an important position in quantum precision
measurement. Viza et al.[22] used coherent light source and
adopted a weak measurement scheme to precisely measure
Doppler frequency shifts. Pinel et al.[23] used a weak mea-
surement scheme to accurately measure the frequency modu-
lation range of continuous wave. However, the coherent state

belongs to a classical light source. No matter how the de-
tection scheme is optimized, there is an unbreakable quan-
tum Cramér–Rao bound for the measurement precision. The
emergence of quantum state light sources and the maturity of
non-linear technology make it possible to break through the
Cramér–Rao bound of coherent light measurement, and to fur-
ther improve the measurement precision of Doppler frequency
shifts.

This paper incorporates a parametric amplification tech-
nique and squeezed vacuum state into the detection system of
tiny Doppler frequency shifts, and proposes a theoretical mea-
surement scheme of Doppler frequency shifts. For weak signal
detection at long distance, the use of parametric amplification
is of importance for improving the measurement precision.
The scheme adopts the structure of Michelson interferome-
ter to realize the homodyne detection of local light and signal
light. Our research finds that when the n-order (n > 0) Her-
mite Gaussian beam is adopted as the signal light, the Doppler
measurement precision can be improved, and the measurement
precision of the system can exceed the Cramér–Rao bound of
coherent light through a parametric amplification process and
squeezed vacuum state injected. Then we discuss factors in-
fluencing the measurement precision in our scheme.

The rest of this paper is organized as follows. In Sec-
tion 2, the parametric amplification and squeezed vacuum state
are used to precisely measure Doppler frequency shifts. In
Section 3, the factors influencing tiny Doppler measurement
precision are analyzed. In Section 4, some conclusions are
drawn from the present study, and the perspectives are also
presented, finally.
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2. Using parametric amplification and squeezed
vacuum state to precisely measure Doppler
frequency shifts
As shown in Fig. 1, we use a beam splitter BS1 (50:50) to

divide the laser into local light and signal light. After the sig-
nal light passes through an acousto-optic modulator (AOM),

its frequency is ω2, and then the signal light passes through an
atomic pool that performs a parametric amplification process
to achieve stimulated Raman scattering (SRS). At this time,
the signal light is the Stokes seed light in the SRS process. Af-
ter exiting from the atomic pool, the intensity of signal light
will increase.
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Fig. 1. Doppler precision measurement scheme of parametric amplification and squeezed vacuum state. The laser is divided into the local light and
signal light by a beam splitter BS1. The signal light passes through an acousto-optic modulator (AOM) to obtain a frequency shift. The mirror M2
moves at a tiny constant speed, and the signal light is amplified by a parametric amplification process. After the squeezed vacuum state is injected, the
signal light is incident on a dispersive prism. This process converts the tiny frequency shifts into the transversal displacements of the beam. The local
light that is reflected by mirror M1 and the signal light separately pass through a mode converter, which can change their transversal modes. Finally, the
transversal displacement d is obtained by balanced homodyne detection (BHD), and then the tiny Doppler frequency shift ∆ω can be obtained.

The Hamiltonian of the interaction among signal light,
pump light, and atoms is expressed as Ĥ = ih̄ηApâ+s Ŝ+a +h.c.,
where η = gemgeg/∆ , geg is the coupling coefficient between
the excited state and the ground state of atoms, and gem is
the coupling coefficient between the excited state and the
metastable state, ∆ is a detuning parameter between the pump
light and the excited state, Ap is the amplitude of pump light.
The frequency of the pump light and the frequency of the sig-
nal light must satisfy ωP−ω2 = ωmg, where ωmg is the energy
difference between the ground state and the excited state of
atoms. Then the relationship between the input and output of
signal light in SRS is

âs = âs0 coshg+ Ŝ+a0 sinhg,

Ŝa = Ŝa0 coshg+ â+s0 sinhg. (1)

In the above equation, âs and âs0 are respectively the an-
nihilation operators of the output signal and the input signal,
Ŝa is the atomic spin wave after the signal light has been input
into the atomic pool, Ŝa0 is the atomic spin wave before the
signal light is input into the atomic pool, and g is a amplifica-
tion factor in the parametric amplification process. After the
signal light interacts with atoms, the photon number N of sig-
nal light satisfies N = 〈â+s âs〉= N2 cosh2 g at this time, where
N2 is the photon number of the signal light before parametric
amplification. After completing the parametric amplification

process, the signal light is reflected by a micro-moving mir-
ror M2 to produce a tiny Doppler frequency shift, and then we
inject the squeezed vacuum state into the signal light through
the beam splitter BS2. Finally, the signal light passes through
a prism with equal base angles γ and a base length L. The
refractive index of the prism satisfies the Cauchy dispersion
formula n(ω) = A+Bω2/(2cπ)2 +Cω4/(2cπ)4, where A, B,
and C are three different Cauchy dispersion coefficients, which
are different for different media. ω is the angular frequency of
light, and c is the speed of light. When neither the parametric
amplification nor squeezed vacuum state is applied, we adopt
a balanced homodyne detection (BHD) to detect the signal
light. The photon number difference is described by the for-
mula n̂−= 2

√
N1N2×cos((ω1−ω2±∆ω) t +φ0)+

√
N1δ X̂+

2

(as shown in Eq. (A6) in Appendix A). In this formula, N1

and N2 are respectively the photon number of the local light
and signal light without parametric amplification, δ X̂+

2 is the
quadrature amplitude component of the signal light, φ0 is
the initial phase difference between the local light and the
signal light. It can be seen from the above formula that
when(ω1−ω2±∆ω) t + φ0 = 2kπ (k is a positive integer),
what is measured by the balanced homodyne detection is the
quadrature amplitude noise of the signal light. After consid-
ering that the mirror M2 moves at a constant speed v, a tiny
Doppler frequency shift generated by the micro-movement of
the mirror M2 is converted into the transversal displacement d
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of the signal beam by a prism. The relationship between the
tiny Doppler frequency shift ∆ω and the transversal displace-
ment d is described by the following equation:

d = ∆ω/D, (2)

where

D =

(
n2 (ω)− cos2 γ

)3/2

n(ω)Lsin2
γ cosγ

(
2Bω/(2cπ)2 +4Cω3/(2cπ)4

) . (3)

Equation (2) gives the relationship between the value of
Doppler frequency shift and the value of transversal displace-
ment, and more importantly, it also gives the relationship be-
tween the minimum measurable frequency shift ∆ωBHD

min and
the minimum measurable transversal displacement dBHD

min of
the system, that is, dBHD

min = ∆ωBHD
min /D. It is worth mention-

ing that the minimum measurable displacement dBHD
min of the

system is equivalent to the measurement error of the displace-
ment d. Similarly, the minimum measurable frequency shift
∆ωBHD

min of the system is equivalent to the measurement error
of the Doppler frequency shift ∆ω . If we choose the TEMn0

mode as the signal light, the mode of the local light should
be an (n + 1)-order mode for extracting the transversal dis-
placement d. Then the positive frequency expressions of the
local light and the signal light can be obtained (as shown in
Eqs. (B4) and (B5) in Appendix B). After adopting parametric
amplification and squeezed vacuum state, the photon number
difference detected by the two detectors is

n̂− =
√

N1

(
2
√

n+1
√

ηN2 cosh2 g
d

w0
+δ X̂+

2

)
. (4)

In the above equation, η is the loss caused by a atten-
uator and various non-ideal factors, and w0 is the waist ra-
dius of the signal light. We adjust the attenuator at the sig-
nal light path to satisfy N1� N2. The quadrature component
fluctuation δ X̂+

2 of the signal light can be given as
〈
δ 2X̂+

2

〉
=

cosh2 r+sinh2 r−2sinhr coshr cosφ , with r being a squeezed
factor and φ being the phase difference between signal light
and local light. We can give the expression of the signal-to-
noise ratio (SNR) after the squeezed vacuum state has been
injected as follows:

SNR =
〈n̂−〉2

〈∆ 2n̂−〉
=

(
2
√

n+1
√

η cosh2 gN2d
)2 〈

δ 2X̂+
2

〉
w2

0
. (5)

Figure 2 shows the minimum frequency shift that our sys-
tem can measure when the phase difference φ between signal
light and local light is different. As shown in Fig. 2(a), in or-
der to obtain the smallest error of Doppler frequency shift, the
phase difference φ must be locked at 2kπ . When the SNR of
the system is equal to 1 and the phase difference is maintained

at 2kπ , the minimum transversal displacement dBHD
min and the

minimum measurable frequency shift ∆ωBHD
min can be given as

follows:

dBHD
min =

w0 e−r

2
√

n+1
√

ηN2 cosh2 g
, (6)

∆ω
BHD
min = D · w0 e−r

2
√

n+1
√

ηN2 cosh2 g
. (7)
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Fig. 2. (a) Relationship between phase difference between signal light and
local light and the measurement error of frequency shifts, with parameter am-
plification factor g= 0. When the value of φ is 2kπ , the measurement error of
the system has a minimum value, which can break through the Cramér–Rao
bound of coherent light measurement. (b) Relationship among signal light
power, signal light order and Cramér–Rao bound of coherent light ∆ωCRB,
showing that Cramér–Rao bound of coherent light decreases as signal light
power increases. At the same time, high-order signal light has higher mea-
surement precision.

The expression of the photon number of signal light in
Eq. (6) is N2 = Psλ/(hc ·RBW), where Ps is the power of
the signal light, h is the Planck constant, RBW is the reso-
lution bandwidth, and λ is the signal light wavelength. The
measurement error of Doppler frequency shifts given by the
quantum Cramér–Rao bound of coherent light (without adopt-
ing parametric amplification and squeezed vacuum state) is
∆ωCRB = Dw0/

(
2
√

2n+1
√

ηN2
)

(as shown in Appendix C).
Figure 2(b) shows that the larger the number of signal photons
and the higher the mode order, the smaller the Cramér–Rao
bound of coherent light is. In particular, when n = 0, the mea-
surement error of Doppler frequency shifts is defined as the
shot noise limit ∆ωSNL.
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3. Analysis of factors influencing tiny Doppler
measurement precision
In Section 2, we have obtained the value of the transver-

sal displacement d from Eq. (4), and the value of the Doppler
frequency shift ∆ω . In this section, we will prove that the
precision of our scheme is better than the one with coherent
light. We analyze the factors of influencing the Doppler mea-
surement precision, such as the amplification factor and the
squeezed factor. At the same time, the modes of local light
and squeezed vacuum state can also influence the measure-
ment precision of tiny Doppler frequency shift in our system.

3.1. Influence of amplification factor and squeezed factor
on measurement precision

It can be seen from Eq. (6) that when the transversal mode
order of the signal light is larger, the measurement error of
tiny Doppler frequency shift is smaller. As the squeezed fac-
tor r and parametric amplification factor g in this system in-
crease, the minimum measurable frequency shift of the sys-
tem decreases (as shown in Fig. 3(a)). When both the para-
metric amplification factor and the squeezed factor are 0, the

measurement precision of the system at this time cannot ex-
ceed the Cramér–Rao bound of coherent light. After adopt-
ing the parametric amplification and squeezed vacuum state
injection, the measurement precision of the system breaks
through the Cramér–Rao bound of coherent light (as shown
in Fig. 3(b)). It verifies the superiority of frequency shift mea-
surement after the parametric amplification and the squeezed
vacuum state have been combined. Figure 3(b) shows that for
the signal light in Gaussian mode, when the amplification fac-
tor g = 1 and the squeezed factor r = 0.5, the measurement
error of Doppler frequency shifts is 14.4% of the error deter-
mined by the Cramér–Rao bound of coherent light. With the
increase of the signal light order, the measurement error and
∆ωCRBdecrease. It is shown in Fig. 3(b) that the measurement
errors of Doppler frequency shifts are 17.7% and 18.7% of the
Cramér–Rao bound of coherent light, when n = 1 and 2, re-
spectively. At the same time, as the photon number of signal
light increases, our solution can always break through the shot
noise limit and the Cramér–Rao bound of coherent light (as
shown in Fig. 3(c)).
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Fig. 3. (a) Relationship among measurement precisions of tiny Doppler frequency shifts, squeezed factor r and parametric amplification factor g, n = 2,
showing that larger amplification factor and larger squeezed factor will reduce measurement error of the system. (b) Diagram of the measurement error
∆ωBHD

min for different values of amplification factor g and squeezed factor r, indicating that when we choose g = 1 and r = 0.5, for the signal light in
the same order, the measurement precision can exceed the Cramér–Rao bound of coherent light measurement. (c) Functional diagram of ∆ωBHD

min and
signal light power. As the signal light power increases, the measurement error of the system will decrease. (d) Relationship between the minimum
measurable displacement d of and the SNR of the detection system. When SNR = 1 dB (or SNR = 0 dB), we can obtain the minimum detectable
transversal displacement d of the system. So we can obtain d1min < d2min < d3min in Fig. 3(d). It can be seen that the measurement error of the system
will be lower than the Cramér–Rao bound of coherent light when using parametric amplification and squeezed vacuum state.

Figure 3(d) shows that the minimum measurable dis-
placement of the system is determined when the SNR is equal
to 1. It can be seen from Eq. (2) that the smallest measur-
able displacement determines the minimum measurable fre-
quency shift of the system. When we adopt parametric am-

plification and squeezed vacuum state injection, the SNR of
the system is improved, and the measurable displacement is
reduced. At this time, the measurement precision of the sys-
tem is improved. The relevant simulation parameters in this
paper are λ = 1064 nm, w0 = 53 µm, the relevant parameters
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of the dispersive prism in our system are as follows: A = 1.60,
B = 7881 nm−2, C = 1.7× 108 nm−4, base angle γ = 15◦,
base side length L = 50 cm, loss rate η = 96%, and resolution
bandwidth RBW = 0.3 kHz.

3.2. Influence of mode of local light on measurement pre-
cision

According to Eq. (A5) in Appendix A, it can be seen that
when the signal light in n-order mode is displaced, the compo-
nents of the (n−1)-order mode and (n+1)-order mode will be
excited. Therefore, for the local light the superposition mode
of (n−1)-order and (n+1)-order is also adopted at this time.
It will maximize the SNR and the measurement precision. In
order to discuss the mode of local light that makes the detec-
tion system have the greatest precision, we set the mode of
local light to be u2 (x) = run−1 (x)+ t e iφ un+1 (x), where r and
t are the weight of the (n− 1)-mode and (n+ 1)-mode in the
local light, satisfying r2+ t2 = 1, and φ is the phase difference
between (n+ 1)-order mode and (n− 1)-order mode. At this
time, we can obtain the positive frequency expression of the
local light as follows:

ε̂
(+)
1 = i

(
h̄ω

2ε0cT

)1/2 [√
N1

(
run−1 (x)+ t e iφ un+1 (x)

)
+∑

m
δ âm1 ·um (x)

]
. (8)

Then we can obtain the SNR and the minimum measur-
able frequency shift ∆ωBHD

min of the balanced homodyne detec-
tion at this time. For the case of g = 0 and r = 0

SNR =

(
2d
√

ηN2
(
r
√

n− t cosφ
√

n+1
))2

w2
0

≤
(
2d
√

ηN2
√

2n+1
)2

w2
0

, (9)

∆ω
BHD
min =

Dw0

2
(
r
√

n− t cosφ
√

n+1
)√

ηN2

≥ Dw0

2
√

2n+1
√

ηN2
. (10)

It can be seen from the above formula that when φ =

π +2kπ and r/t =
√

n/
√

n+1, the SNR of the system reaches
its maximum and the measurement precision arrives at its
maximum. Figure 4 describes the influences of the energy
weight ratio of the (n− 1)-mode to (n+ 1)-mode on the mea-
surement precision for different values of n.

Figure 4 shows the error function of signal light at differ-
ent orders (n = 0, 1, 2, and 3). In particular, when n = 0, a
minimum error is obtained at r/t = 0, i.e., un+1 (x) is the best
mode of the local light at this time.
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weight ratio r/t of (n−1)-order mode to (n+1)-order mode for different val-
ues of n. When r/t =

√
n/
√

n+1, the SNR of the system reaches maximum,
and the measurement error is the smallest at this time.

3.3. Influence of modes of squeezed vacuum state on mea-
surement precision

In addition to the mode of the local light affecting
the measurement precision of the system, the mode of the
squeezed vacuum state affects the measurement precision of
the system. After the local light adopts the best superposition
mode, the squeezed vacuum state should also adopt the mode
corresponding to the local light. At this time, the photon num-
ber difference operator is

n̂− =
√

N1

(
2
√

2n+1
√

ηN2
d

w0
+δ X̂+

2

)
, (11)

where δ X̂+
2 =

√
n/(2n+1)δ X̂+

n−1−
√

(n+1)/(2n+1)δ X̂+
n+1,

δ X̂+
n−1 and δ X̂+

n+1 are the quadrature component fluctuation of
(n−1)-order mode and (n+1)-order mode, respectively. After
squeezed vacuum state is injected, the SNR and the measure-
ment error of the frequency shift are separately

SNR =

(
2d
√

ηN2
√

2n+1
)2

w2
0

×
(

n
2n+1

e2r1 +
n+1
2n+1

e2r2

)
, (12)

∆ω
BHD
min =

Dw0

2
√

2n+1
√

ηN2

/√
n

2n+1
e2r1 +

n+1
2n+1

e2r2 .

(13)

In the above formulas, r1 and r2 are the squeezed degrees
of squeezed vacuum state in (n− 1)-order mode and (n+ 1)-
order mode, respectively. Therefore, if the measurement pre-
cision is required to be higher, the squeezed vacuum state must
adopt the same superposition mode as the local light, and r1,
r2 > 0 must be satisfied. The influences of squeezed degrees
of (n−1)-order mode and (n+1)-order mode on the SNR and
measurement precision of the system are shown in Fig. 5. It
can be seen from Fig. 5(a) that when the squeezed vacuum
state has squeezed degrees in both the (n−1)-order mode and
(n+ 1)-order mode, the measurement precision of the system
will reach a maximum value. In particular, when the signal
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light is in the 0-order mode, the measurement precision at this
time loses its dependence on the squeezed factor r1. The rea-
son is that the coefficient before r1 in Eq. (13) is 0, so the pre-
cision at this time will increase with r2 increasing. Figure 5(b)
shows that with the increase of the squeezed factors r1, r2, and
the mode order of signal light, the Doppler measurement pre-
cision increase. Simulation related parameters are signal light
power Ps = 0.08 W and loss rate η = 96%.

B
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D
D
ω

m
in
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H
z
)
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r
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0.1

.

.

.

.

.

.

7.5

n
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0

0

5
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20
r1/r2/

r1/.↪ r2/

r1/↪ r2/.

r1/r2/.

(b)

(a)

1 2 3

BHDDωmin  (MHz)

Fig. 5. (a) Influences of mode of squeezed vacuum state on precision for dif-
ferent orders of signal light, showing that when the squeezed vacuum state in
both (n−1)-order mode and (n+1)-order mode is injected, the measurement
precision of our system reaches a maximum value. (b) Influence of squeezed
factors r1 and r2 on measurement precision for mode order of signal light
n = 2, showing that with the increase of r1 and r2, the measurement error of
the system decreases.

When r1 = r2 = r, comparing Eq. (13) with Eq. (6), we
can find that after we adopt the superposition mode of the lo-
cal light and the squeezed vacuum state injection, the mea-
surement precision of Doppler frequency shift is improved by√

(2n+1)/(n+1) times, with other parameters unchanged,
parametric amplification factor g = 0.

4. Conclusions and perspectives
In this paper, proposed is a tiny Doppler frequency shift

precision measurement scheme, in which the high-order mode
signal light is used to improve the measurement precision of
Doppler frequency shifts. At the same time, a parametric am-
plification process and squeezed vacuum state are taken into
account in the system, and the Cramér–Rao bound of the co-
herent light detection is broken through. For the signal light in
the Gaussian mode, when the amplification factor g = 1 and

the squeezed factor r = 0.5, the measurement error of Doppler
frequency shift is 14.4% of the Cramér–Rao bound of coherent
light. The measurement precision of Doppler frequency shift
can be improved when an n-order (n > 0) Hermite–Gaussian
beam is adopted as the signal light. At this time, when the local
light and the squeezed vacuum state are in the best superposi-
tion mode, the measurement precision is further improved by√
(2n+1)/(n+1) times.

Appendix A
In Appendix A, the relevant theoretical formulas about

balanced homodyne detection are given. According to the
Eq. (B1) in Appendix B, we can give the expression of the
positive frequency part of the local light and the signal light as
follows:

ε̂
(+)
Lo (x) = i

(
h̄ω

2ε0cT

)1/2

∑
n

ânun (x) , (A1)

ε̂
(+) (x) = i

(
h̄ω

2ε0cT

)1/2

∑
n

ânun (x) . (A2)

After the two input fields interfere with the 50:50 beam
splitter, the positive frequency expressions of the two output
fields are expressed as

ε̂
(+)
1 = 1/

√
2
(

ε̂
(+)
Lo + ε̂

(+)
)
, (A3)

ε̂
(+)
2 = 1/

√
2
(

ε̂
(+)− ε̂

(+)
Lo

)
. (A4)

Then the difference between the photocurrents of the two
detectors is

n̂ = n̂1− n̂2 =
∫ +∞

−∞

ε̂
(+)+
1 ε̂

(+)
1 dx−

∫ +∞

−∞

ε̂
(+)+
2 ε̂

(+)
2 dx

=
h̄ω0

2ε0cT

∞

∑
n=0

[
â+n âLo,n + â+Lo,nân

]
. (A5)

Since the intensity of the local light is much greater than
that of signal light, we linearize the operator âLo,n in the above
equation to obtain the formula âLo,n =

√
N1 e i[(ω1−ω2)t+φ0],

where
√

N1 is the photon number of the local light in the de-
tection time T , and (ω1−ω2) t+φ0 is the phase difference be-
tween signal light and local light. At the moment t, N2 is the
number of photons in the signal light and satisfies N2 � N1.
After ignoring high-order small items, we can obtain

n̂− = 2
√

N1N2 cos((ω1−ω2±∆ω) t +φ0)

+
√

N1δ X̂+
2 . (A6)

Appendix B
In this section, the quantum theory of electromagnetic

field and related theoretical derivation of balanced homodyne
detection are given. The electromagnetic field can be ex-
panded by using a set of orthogonal mode basis vectors. The
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expression of the positive frequency part of the electromag-
netic field is

ε̂
(+) (x) = i

(
h̄ω

2ε0cT

)1/2

∑
n

ânun (x) . (B1)

In the above formula, ω is the angular frequency of the
electromagnetic field, c is the speed of light, T is the detec-
tion integration time, ε0 is the permittivity of free space, ân is
the annihilation operator of the n-order mode, and un (x) is the
n-order Hermite–Gaussian mode.

The annihilation operator â = 〈â〉+δ â is linerarized, and
only the average value of the n-order Hermite–Gaussian mode
is not 0. For the signal light with a transversal displacement d,
the positive frequency part of the light field can be written as

ε̂
(+) (x) = i

(
h̄ω

2ε0cT

)1/2(√
Nun (x+d)+∑

n
un (x)δ ân

)
.

(B2)

Since the transversal displacement d is small, satisfying
d � w0, where w0 is the beam waist radius, the signal light
can be expanded into a Taylor series, and with retaining the
first-order term, the following expression is obtained:

un (x+d)≈ un (x)+u′n (x)d. (B3)

Here, u′n (x) =
(√

nun−1 (x)−
√

n+1un+1 (x)
)
/w0. It can be

seen that the first derivative of the n-order mode is the super-
position mode of the (n−1)-order mode and the (n+1)-order
mode. When the n-order mode is adopted as the signal light,
the local light needs to adopt the (n+1)-order mode in order to
obtain the transversal displacement d of the signal light. The
expression of positive frequency part of the local light and that
of signal light are respectively as follows:

ε̂
(+)
1 = i

(
h̄ω

2ε0cT

)1/2 [ √N1√
2n+1

√
n+1un+1 (x)

+∑
m

δ âm1 ·um (x)
]
, (B4)

ε̂
(+)
2 = i

(
h̄ω

2ε0cT

)1/2 [√
ηN2 cosh2 g

×
(

un (x)+
d

w0

(√
nun−1 (x)−

√
n+1un+1 (x)

))
+∑

m
δ â2m ·u2m (x)

]
. (B5)

Appendix C
In this section, the theoretical derivation of the quan-

tum Cramér–Rao bound of coherent light measurement is
presented.[24] For the coherent light with a transversal dis-
placement d, the photon number distribution at coordinate x
obeys the Poisson distribution:

P(x,d) =
n̄(x,d)n(x)

n(x)!
e−n̄(x,d). (C1)

Then the logarithm likelihood function at coordinate x can
be defined as

ln [P(x,d)] = n(x) ln [n̄(x,d)]− n̄(x,d)− ln [n(x)!] . (C2)

According to Eq. (C2), we can obtain the first-order
derivative S of the logarithm likelihood function:

S =
∂ ln [P(x,d)]

∂d

∣∣∣∣
d=0

= n(x) · n̄
′ (x,d)

n̄(x,d)
− n̄′ (x,d) , (C3)

where n̄′ (x,d)=∂ n̄(x,d)/∂d.
In order to obtain the Fisher information expression, the

variance of S is required, and we can obtain the following
equation by combining Eq. (C1) with Eq. (C3):

E
(
S2)= ∞

∑
n=0

S2 · n̄(x,d)
n(x)

n(x)!
e−n̄(x,d) =

n̄′ (x,d)2

n̄(x,d)
, (C4)

E (S) =
∞

∑
n=0

[
n(x) · n̄

′ (x,d)
n̄(x,d)

− n̄′ (x,d)
]

× n̄(x,d)n(x)

n(x)!
e−n̄(x,d) = 0. (C5)

Then we can obtain the Fisher information expression

IF = E
(
S2)−E (S)2=n̄′ (x,d)2/n̄(x,d).

For a high-order Hermite–Gaussian beam with a transver-
sal displacement d, the average number of photons at coordi-
nate x satisfies n̄(x,d) = N2u2

n (x,d), where N2 is the photon
number of the signal beam, and un (x,d) is a amplitude ex-
pression of a TEMn0 mode.

From this we can obtain the Fisher information expres-
sion at coordinate x as follows:

IF (x)= 4N2

[√
n

w0
un−1 (x)−

√
n+1
w0

un+1 (x)
]2

. (C6)

After integrating Eq. (C6) with espect to coordinate x, the
Fisher information expression of the entire transversal distri-
bution of the signal light is obtained and given below:

IF =
∫ +∞

−∞

dxIF (x)=4N2 (2n+1)/w2
0. (C7)

Then the error lower limit of the transversal displacement
d (or the minimum measurable displacement dmin) is

dmin =
w0

2
√

2n+1
√

N2
. (C8)

The minimum measurable frequency shift of coherent
light (or called ∆ωCRB) is obtained from the equation dmin =

∆ωmin/D as follows:

∆ωCRB = D · w0

2
√

2n+1
√

N2
. (C9)

It is worth mentioning that the calculation of the quantum
Cramér–Rao bound does not depend on the specific measure-
ment. It can be used as a standard to evaluate the quality of
measurements. The closer to the quantum Cramér–Rao bound
the variance of the measurement is, the better the evaluation
will be.
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