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In analogy to real magnetic field, the pseudo-magnetic field (PMF) induced by inhomogeneous strain can also form
the Landau levels and edge states. In this paper, the transport properties of graphene under inhomogeneous strain are
studied. We find that the Landau levels have non-zero group velocity, and construct one-dimensional conducting channels.
In addition, the edge states and the Landau level states in PMF are both fragile under disorder. We also confirm that the
backscattering of these states could be suppressed by applying a real magnetic filed (MF). Therefore, the transmission
coefficient for each conducting channel can be manipulated by adjusting the MF strength, which indicates the application
of switching devices.
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1. Introduction
Over the past decades, the pseudo-magnetic field (PMF)

attracts lots of attention due to the synthetic gauge field in-
duced by the mechanical strain in materials,[1–4] which pro-
vides a new way of tailoring their electronic properties.[5–15]

In graphene, for example, inhomogeneous strain can modulate
the coordinate of Dirac cones which initially located at high-
symmetry points K and K′.[1,2] Such inhomogeneous strain-
induced pseudo-gauge field 𝐴s enters into the effective Dirac
Hamiltonian H = vfσ ·𝑝 by replacing the mechanical momen-
tum 𝑝 with the generalized momentum 𝑝± e𝐴s, where ± de-
notes the K and K′ valleys, respectively. In experiments, vari-
ous inhomogeneous strained structures have been realized for
graphene,[16–23] and the related PMF can reach up to hundreds
of Teslas.[24,25]

The huge field strength also promotes many experi-
mental groups to explore the PMF in artificial graphene
systems.[26–28] Among them, the realization of PMF in phonon
crystals is an important progress in recent years.[29–32] Espe-
cially, PMF induced Landau levels (LLs) and edge states are
successfully achieved in such a system.[32] It is natural to ask
whether these two states pose the similar transport properties
to those in magnetic fields (MFs). As is known, in quantum
Hall effect, the edge states introduced by the MFs (U(1) gauge
field) are robust against disorder,[2,33–36] while the correspond-
ing LLs are localized. However, the edge states and the LLs in
PMF[29,37–43] should be different, since the time-reversal sym-
metry ensures that the effective PMF of K valley is opposite

to that of K′. Therefore, the influence of disorder to states in
PMF should be addressed.

In this paper, we study the transport properties of states in
PMF. First, we construct an inhomogeneous strained graphene
structure in which an uniform PMF is obtained. Then, the
influence of disorder to LLs and edge states is numerically
calculated. We find that the edge states induced by PMF are
fragile to disorder. Furthermore, the dispersion of LL (except
the zeroth LL) is tilted. It acts as one-dimensional channel
inside the bulk, and disorder can also cause strong backscat-
tering. We also find that the backscattering for both edge states
and LL channels originating from PMF can be suppressed
by an external MF,[40,44] because the spatial overlap between
counter-propagating channels protected by time-reversal sym-
metry will be lifted. The above behaviors have the potential
application in mesoscopic devices.

2. Strained graphene model and corresponding
spectra
We consider a model with inhomogeneous strained

graphene structure, as shown in Fig. 1(a). The tight-binding
Hamiltonian reads[1,2]

H = ∑
i

εic
†
i ci + ∑

〈i, j〉
ti j e i

∫
e𝐴·d𝑙/h̄c†

i c j +h.c., (1)

where ci (c†
i ) is the creation (annihilation) operator of site i. εi

is the Anderson disorder[45,46] and satisfies the uniform dis-
tribution [−W/2,W/2] with disorder strength W . 𝐴 is the
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vector potential of the MF 𝐵 = (0,0,B), and d𝑙 is the vec-
tor between i and j sites. The summation 〈i, j〉 runs over all
the nearest-neighbor sites. For simplicity, the MF is in terms
of the magnetic flux φ , where φ = 3

√
3a2Be/4h̄.

To simulate the inhomogeneous stain-induced PMF,
the hopping strength ti j is simply classified into two
categories.[40,47] First, the inhomogeneous strain-induced hop-
ping in the vertical direction (y) is a linear function of the po-
sition y,

ty = t (1+αy) , (2)

in which α (in units of a−1, a is the lattice constant) is the
parameter that characterizes the degree of strain. t is the en-
ergy unit. A typical distribution of ty is plotted in Fig. 1(b). It
shows the hopping strength marked in Fig. 1(a) by red dashed
ellipses. Second, the hopping strength in the other two direc-
tions remains a constant ti j = t (see Appendix A). The effective
Hamiltonian for K valley is written as[1]

HK =

(
0 vx (px + eAx)− ivy py

vx (px + eAx)+ ivy py 0

)
, (3)

where vx = (3−αy)at/2h̄ and vy = 3(1+αy)at/2h̄ are the
Fermi velocities in the x and y directions, respectively (see
Appendix B). px (py) is the momentum measured from the
unstrained Dirac point (K). Thus, 𝐴s = ( 2αy

3a ,0,0) (in units
of h̄/e) [see Appendix B] is the pseudo-gauge potential that
describes the effect of strain, and the PMF can be obtained
by 𝐵s = ∇×𝐴s = (0,0,Bs) with Bs =

2α

3a . Furthermore, the
sign of the pseudo-gauge field is opposite in K′ valley (the
gauge potential is−𝐴s for K′), which ensures the overall time-
reversal symmetry [see Fig. 5(b)]. As is known, the electronic
structure of strained graphene ribbons strongly depends on the
edge shape. Thus the shape of edge will also play roles in
the strain effects. The above discussion is only applicable to
zigzag edge, not armchair edge.[48]
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Fig. 1. (a) A realization of PMF in graphene. It is achieved by adjust-
ing the hopping along y direction. The MF is along z direction, and the
width of the solid lines implies the hopping strength. The dashed green
arrows show the vertical hopping ty and the rest of the hopping t. (b) A
typical plot of ty versus y for (a).

In order to quantitatively describe the properties of states
in PMF, we study the transport in a two-terminal device for dif-
ferent conditions. The two-terminal differential conductance
is G = e2/hTLR with TLR = Tr[ΓLGrΓRGr†], where Gr = [Ef +

i0+−H−Σ r
L−Σ r

R]
−1 is the retarded Green’s function.[49,50]

Ef is the Fermi energy, and H is the Hamiltonian of the cen-
tral region. The line-width function is ΓL/R = i[Σ r

L/R−Σ
r†
L/R],

and Σ r
L/R is the self-energy of the leads L/R. In our numerical

calculation, the size of the device is
√

3Nxa/2× (3Ny−2)a/4.
Nx and Ny are the lattice sites along x and y directions, respec-
tively (It should be noted that the width of the system Ny is
limited. The maximum value Ny can take is about 262). The
current is along the x direction. In addition, the deformation
parameter is fixed at α = 0.015. G is averaged over 1000 dis-
ordered configurations.

3. Transport properties of edge states of strained
graphene
In common view, topological edge states should be robust

against disorder and lead to disspationless transport,[51–56]

e.g., QH and QSH. Very recently, such guideline more or less
motivates the discovery of ‘QH’ induced by PMF. Thus, we
first investigate the transport properties of edge states under
PMF in this section.

Figures 2(c) and 2(d) show the distribution of edge states
with Ef = 0.016t [see the green and black dots in Figs. 2(a)
and 2(b)]. Different from the edge states of QH systems, the
counter-propagating states under PMF only exist around the
Ny = 202 boundary, being consistent with previous studies.[29]

It is noteworthy that the quality of edge states in this strained
graphene depends on the ribbon width Ny and strain param-
eters α (see Appendix C). Since the spatial overlap will en-
hance backscattering between the counter-propagating states,
one can anticipate that edge states in PMF would be fragile
to disorder. Thus, we study the variation of differential con-
ductance G for edge states under disorder. For simplicity, the
Fermi energy is fixed at Ef = 0.016t with φ = 0 (i.e., MF is
absent), where only the edge states exist [see Fig. 2(a)]. When
the disorder concentrates on the upper region of the sample
[see Fig. 3(a)], we find that G decreases sharply even for weak
disorder [see Fig. 3(c)]. In contrast, if disorder locates on the
area without edge states, the G = e2/h plateau exists when
W < t [see Figs. 3(b) and 3(d)]. The behavior of G also sug-
gests that the counter-propagating edge states under PMF dis-
tinguish from the helical edge states in QSH, since the latter
are robust against nonmagnetic disorder.

We also find that the external magnetic field will signif-
icantly redistribute the edge states when φ is large enough.
For example, we plot the band structure in Fig. 2(b) with
φ = 0.012, where the counter-propagating edge states become
separated in space [see Figs. 2(c) and 2(d)]. The redistributed
channels are robust under disorder, which implies that the ex-
ternal magnetic field can eliminate the backscattering of the
sample. If the edge states induced by PMF are destroyed
by disorder, the external magnetic field will rebuild the quan-
tized differential conductance G. As shown in Figs. 3(c) and
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3(d), G increases with the increase of φ and reaches the quan-
tized value e2/h again at φ = 0.016. In practical application,
since disorder inevitably exists and edge channels induced by

PMF can be destroyed even under weak disorder (W � t),
a switch device could be achieved by adjusting the magnetic
field strength in a sample with PMF.
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Fig. 2. (a) and (b) The energy spectra with the same strain parameters α = 0.015, and the MFs are φ = 0 and φ = 0.012, respectively. (c) and
(d) The probability density distributions for the edge states marked with black and green circles in panels (a) and (b).
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Fig. 3. (a) and (b) Schematic representation of two-terminal device ( width Ny = 202, length Nx = 100), in which the violet region is disordered.
The counter-propagating edge states are labeled with black and red arrows, where the left-moving edge states with and without φ are represented
by solid red arrows and dotted red arrows, respectively. (c) and (d) Two-terminal differential conductance G versus disorder strength W for the
devices shown in (a) and (b), respectively. The Fermi energy is fixed at Ef = 0.016t.

4. Transport properties of LLs of strained
graphene

Interestingly, compared with the localized LLs in QHE,
we find that LLs of strained graphene impose unique transport
properties. Due to the uniform 𝐵s, the energy spectrum in
strained graphene is also quantized into discrete LLs

En ≈ sign(n)
√

2eh̄vxvyBs|n|. (4)

Here, n is the LL index. Significantly, if n 6= 0, the LLs are no

longer flat as it would be in an external MF, and thus it is more

appropriate to call them pseudo-Landau levels (see Appendix

D). For better comparison, we will still call them Landau levels

(LLs). This is because both vx , vy and eigen-wavefunction[57]

ψkx(y)≈
1√
2

(
ϕn−1(y)
±ϕn(y)

)
e ikxx (5)
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(where ϕn(y) = 2n/2n!e−y2/2Hn(y), Hn(y) is the Hermite poly-
nomial of the n-th order) are y-dependent, thus En(kx) is not a
constant but varies with kx . For the sake of an intuitive pic-
ture, we return to the energy spectrum of a strained ribbon as
shown in Fig. 2(a). The tilted LLs (except the zeroth LL) are
observed as expected, and the tilted LLs indicate that the bulk
states have non-zero group-velocity in the x direction. There-
fore, LLs in PMF can transport electrons. Following, we pay
attention to these LLs.

Figure 4(b) plots the spatial distribution of typical states
for n = −1 LL with Ef = −0.173t and φ = 0 [i.e., the red
and gray circles in Fig. 4(a)]. When MF is absent, the red
and gray curves (corresponding to wavefunctions of forward-
ing LL and its counterpart) in Fig. 4(b) overlap due to the
time-reversal symmetry, and the center of the wavefunction

is located around Ny = 100. The effect of disorder on these
states is also investigated. When Anderson disorder is ap-
plied to all areas of the device (i.e., both areas of A and B

in Fig. 4(c)), differential conductance G decreases to zero for
W > 3t (see the red line in Fig. 4(d)), meaning all the states
are localized by disorder. Then, we remove disorder in the
range Ny ∈ [50,150] (i.e., yellow region A in Fig. 4(c)). G for
such condition holds e2/h plateau even when W > 3t [see the
black line in Fig. 4(d)]. These results imply that one channel
still exists. According to Fig. 4(b), such conducting channel
is corresponding to LL states. Moreover, the conducting LLs
provide a routine to realize one-dimensional channels in a two-
dimensional system, and one can manipulate the on/off status
of these channels by adjusting the distribution of disorder.
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Fig. 4. (a) Energy spectrum of the strained graphene ribbon with α = 0.015 and Ny = 202. The system holds time-reversal symmetry since the real
MF φ = 0. (b) The typical probability density distribution of counter-propagating bulk n =−1 LL states marked with the gray and red circles in panel
(a) at Ef =−0.0173t. (c) Schematic of two-terminal device. The yellow region with width δNy = 10 and two violet regions represent bulk disordered
region A and edge disordered area B, respectively. (d) Differential conductance G versus disorder strength W at Ef = −0.0173t. (e) Probability
density distributions |Ψ |2 versus combinations (Ny , E) for all the bulk states in n =−1 LL. The color bar represents the probability density. (f) G for
the device shown in panel (c) with the disordered region B shifting from [85,95] to [105,115]. The disorder strength is fixed to W = 4t.

Although both edge states and LL states in PMF are one-

dimensional channels, their energy dependent behaviors are

totally different. The spatial distribution of edge states (LL

states) is insensitive (sensitive) to E. To deeply understand the

LL states, we present their distribution of wavefunction versus

Ny and energy E for the n =−1 LL. As shown in Fig. 4(e), all

the states of the LL are on the bulk of the sample. Also, the

center of the wavefunction shifts almost linearly in space with

an increase of E. These results are consistent with Eqs. (4) and

(5) that the LLs (n 6= 0) are y (Ny) dependent. According to the

above LLs behaviors, one can filter corresponding conducting

channels for particular energy E region through engineering
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the disorder distribution. As shown in Fig. 4(c), we put disor-
der only in region A. The differential conductance G decreases
by e2/h [see Fig. 4(f)], meaning that one of the bulk LL chan-
nels is filtered by the disorder. Moreover, the filtered energy
region shifts to the lower energy as the disordered region A
moves from [85,95] to [105,115]. It agrees with the distribu-
tion of wavefunction for LLs [see Fig. 4(e)].

Finally, we fix the disorder distributed in the region Ny ∈
[105,115] and study the effect of the MF. Figure 5(a) plots
the band structure of graphene under both PMF and MF. As
illustrated in Fig. 5(b), the combined contribution of MF (B)
and PMF (±Bs) is that the electrons experience an effective
magnetic field with strength B±Bs, where ± depends on the
valley K/K′. Therefore, in consistence with Fig. 5(a), the en-
ergy of LLs (EK/K′

n ∝ sign(n)
√

2vxvy |n(B±Bs)|) is obtained
for K and K′. Due to MF B, a spatial overlap of counter-
propagating LL channels protected by time-reversal symme-
try will be lifted. Figure 5(c) plots the wavefunction distribu-

tion for n =−1 LL (correspond to the red and black circles in
Fig. 5(a)). In contrast to the case of φ = 0 [Fig. 4(b)], the spa-
tial split of right and left moving LLs states is observed. This
phenomenon originates from the fact that the external mag-
netic filed (B) shifts the n =−1 LL of the K valley to the lower
energy (EK ∝ −

√
2vxvy |B+Bs|) and shifts the n =−1 LL of

the K′ valley to the higher energy (EK′ ∝ −
√

2vxvy |B−Bs|).
According to Eq. (4), the eigen-wavefunctions for E = EK and
E = EK′ are not overlapped. From Fig. 5(c), one can expected
that the backscattering of LLs will be suppressed by MF. As
shown in Fig. 5(d), in the absence of MF, the differential con-
ductance G rapidly decreases by e2/h because of the backscat-
tering in the corresponding LL channels. However, once a
real MF is added to the device, G increases obviously under
the equivalent disorder strength W , and when the MF reaches
φ = 0.003, a quantized conductance plateau appears. There-
fore, the MF controlled switching device can also be fabricated
by using bulk LL in graphene with PMF.
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Fig. 5. (a) Energy spectrum of the strained graphene ribbon with α = 0.015, Ny = 202, and the external magnetic field φ = 0.0015. (b)
Schematic diagram of effective magnetic field in K and K′ valleys. The blue and red arrows represent the directions of the PMF and MF,
respectively. (c) The probability density distribution of counter-propagating n = −1 LL states at Ef = −0.0177t (the black and red circles in
panel (a)). (d) G versus disorder strength W with the disorder distributing in the range Ny ∈ [105,115] for different MF φ . Other parameters are
the same as those in Fig. 2.

5. Conclusion

In summary, we study the transport properties of
graphene states under inhomogeneous strain. We find both
edge states and bulk LL states induced by pseudo-magnetic
field build one-dimensional conducting channels, but they tend
to be localized after the disorder is introduced. However, with
the help of a real magnetic field, the suppression of backscat-
tering recovers the conducting channels from localized LL

states and edge states. Based on these results, a switching
device could be realized in disordered pseudo-magnetic field
graphene by adjusting the real magnetic field.
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Appendix A
When the uniaxial deformation is along an armchair di-

rection (i.e., the y axis in the main text), the hopping strength
t1(ty), t2, t3 in all three directions will change. According to the
equation given in Ref. [47], the hopping strengths t2 and t3 can
be expressed as t2 = t3 = (1+αy)0.12 ≈ 1+0.12αy≈ 1 when
assuming t1 = 1+αy. In order to further clarify the appropri-
ateness of the approximation t2,3 ≈ 1, we plot the energy spec-
trum of strained graphene for t2,3 = 1 and t2,3 = (1+αy)0.12

in Fig. A1, and there is only little difference between the two
models. Thus, our main results still hold. Besides, the hopping
strength shown in our main text can be easily realized in artifi-
cial systems, [i.e., photonic crystals, electric circuits, etc.]. In
our main text, we set t2,3 = 1 only for simplicity.

0.5

0

-0.5
-1 0 1

kx/π

E
/
t t2/3/

t2/3/↼⇁αy↽0.12

Fig. A1. Energy spectrum of the strained graphene for t2,3 = 1 (blue
solid line) and t2,3 = (1+αy)0.12 (red dashed line).

Appendix B
In this appendix, we present the detailed derivation of

the pseudo-gauge potential 𝐴 and the Fermi velocity vx, vy in
strained graphene. Since the results of K′ valley are similar to
those of K valley, we only consider the K valley for simplicity.

Based on the tight-binding approximation, the Hamilto-
nian of an unstrained graphene can be written as

H =

(
0 h12

h∗12 0

)
=

(
0 ty + t e i𝑘·𝑎1 + t e i𝑘·𝑎2

ty + t e−i𝑘·𝑎1 + t e−i𝑘·𝑎2 0

)
,

(B1)

in which ty = t and

𝑎1 =

(√
3a
2

,
3a
2

)
, 𝑎2 =

(
−
√

3a
2

,
3a
2

)
.

The corresponding Dirac point in K valley is sitting at

𝐾D = (KD
x ,K

D
y ) =

(
4π

3
√

3a
,0
)
,

which satisfies

h12 = t +2t cos
(√

3a
2

KD
x

)
= 0. (B2)

For the strained graphene, ty = t is replaced by ty =

t(1 + αy). Thus, the Dirac point K is shifted from 𝐾D to
𝐾S =𝐾D +𝛿, and the follow equation still holds:

h12 = t(1+αy)+2t cos
(√

3a
2

KS
x

)
= 0. (B3)

Using 𝐾S =𝐾D +𝛿, equation (B3) can be rewritten around
the original Dirac point 𝐾D as

t(1+αy)+2t cos
[√

3a
2

(KD
x +δx)

]
= 0,

t(1+αy)+2t
[

cos
(√

3a
2

KD
x

)
−
√

3a
2

sin
(√

3a
2

KD
x

)
δx

]
≈ 0, (B4)

where 𝛿=(δx,0,0). We Taylor expand cos[
√

3a
2 (KD

x +δx)], be-
cause the strain induced shift of Dirac point δx is much smaller
than 𝐾D. According to Eq. (B2), the strain-induced pseudo-
gauge potential along x direction is obtained as Ax = δx =

2αy
3a .

Thus, the pseudo-gauge potential is

𝐴= (δx,0,0) =
(

2αy
3a

,0,0
)
. (B5)

To obtain the Fermi velocities vx, vy, we replace 𝑘 by 𝐾S+𝛥.
Then, the tight-binding Hamiltonian is given as follows:

h12 = t(1+αy)+2t cos
[√

3a
2

(KS
x +∆x)

]
e i 3a

2 ∆y

= t(1+αy)+2t
[

cos
(√

3a
2

KS
x

)
cos
(√

3a
2

∆x

)
− sin

(√
3a
2

KS
x

)
sin
(√

3a
2

∆x

)]
e i 3a

2 ∆y , (B6)

in which 𝛥 = (∆x,∆y) is a vector between 𝐾S and 𝑘. More-
over,

cos
(√

3a
2

KS
x

)
=−1+αy

2
,

sin
(√

3a
2

KS
x

)
=−

√
3−2αy− (αy)2

2

[see Eq. (B3)]. After Taylor expanding h12 to the first order,
we find

h12 ≈−i
3at
2

(1+αy)∆y−
at
2
(3−αy)∆x. (B7)

Based on Eq. (B7), the Fermi velocities are

vx =
at
2h̄

(3−αy),

vy =
3at
2h̄

(1+αy). (B8)
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Appendix C
In this appendix, we study the variation of the relative

broadening of the edge state l/Ny with strain parameters α for
two different system sizes Ny = 202 and Ny = 162, where l is
the edge state broadening and Ny is the ribbon width.

It can be seen from Fig. C1 that the smaller the strain
strength is, the wider the edge state is expanded. However, for
the larger system, its relative expansion is still small. There-
fore, in order to obtain high-quality edge states, a larger strain
parameter is needed for systems with a smaller sample size.

. . . . .

.

.

.

.

Ny/

Ny/

α

l/
N
y

Fig. C1. The relative broadening of the edge state l/Ny for different
strain parameters α , where the red and the blue lines correspond to the
ribbon widths Ny = 202 and Ny = 162, respectively.

Appendix D
Unlike in a real magnetic field, the LLS formed in a PMF

can be tilted. As shown in Fig. D1, the tilted bands (except
states with zero energy) under PMF are obtained as expected,
and all the states are on the bulk of the sample. Further, the
corresponding edge states are also observed (see the inset near
Ny = 202). Thus, these bands are similar to the traditional LLs
in real magnetic fields, except the tilted dispersion. It is more
appropriate to call them pseudo-Landau level (PLLs).

0.5

0

-0.5

E
/
t

-1.0 0 1.0

kx/π

kx/π

200

100

0
0

0

-1 1

N
y

kx/π

200

100

0
0-1 1

N
y

.

.

Fig. D1. (a) Energy spectrum of the strained graphene ribbon with
α = 0.015, Ny = 202. (b) and (c) Probability density distributions ver-
sus combinations (Ny, kx) for all the states in the 1st and 0th energy
levels, respectively. The states marked by the red and green lines in (a)
correspond to the bulk states in the red and green boxes in (b) and (c),
respectively.
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[27] Rechtsman M C, Zeuner J M, Túnnermann A, Nolte S, Segev M and

Szameit A 2013 Nat. Photon. 7 153
[28] Schomerus H and Halpern N Y 2013 Phys. Rev. Lett. 110 13903
[29] Brendel C, Peano V, Painter O and Marquardt F 2017 Bulletin of the

American Physical Society 2017
[30] Abbaszadeh H, Souslov A, Paulose J, Schomerus H and Vitelli V 2017

Phys. Rev. Lett. 119 195502
[31] Yang Z, Gao F, Yang Y and Zhang B 2017 Phys. Rev. Lett. 118 194301
[32] Wen X, Qiu C, Qi Y, Ye L, Ke M, Zhang F and Liu Z 2019 Nat. Phys.

15 352
[33] Thouless D J, Kohmoto M, Nightingale M P and Nijs M D 1982 Phys.

Rev. Lett. 49 41
[34] Klitzing K V, Dorda G and Pepper M 1980 Phys. Rev. Lett. 45 494
[35] Zhang Y, Tan Y W, Stormer H L and Kim P 2005 Nature 438 201
[36] Halperin B I 1982 Phys. Rev. B 25 2185
[37] Mucha-Kruczynski M and Fal’ko V I 2012 Solid State Commun. 152

1442
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