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We propose a novel energy dissipative method for the Allen–Cahn equation on nonuniform grids. For spatial dis-
cretization, the classical central difference method is utilized, while the average vector field method is applied for time
discretization. Compared with the average vector field method on the uniform mesh, the proposed method can involve
fewer grid points and achieve better numerical performance over long time simulation. This is due to the moving mesh
method, which can concentrate the grid points more densely where the solution changes drastically. Numerical experi-
ments are provided to illustrate the advantages of the proposed concrete adaptive energy dissipative scheme under large
time and space steps over a long time.
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1. Introduction

Phase-field models are usually constructed to reproduce
a given interfacial dynamics. For instance, in solidification
problems, the front dynamics is given by a diffusion equa-
tion for either concentration or temperature in the bulk and
some boundary conditions at the interface, which constitutes
the sharp interface model. In the past few decades, phase-field
models have been widely applied in image analysis, material
science, engineering, fluid mechanics, and life science, etc.
(e.g., Refs. [6,8,13–15]) Among them, one fundamental model
is the Allen–Cahn model, which is originally introduced to de-
scribe the non-conservative phase variables in the phase sep-
aration process. The Allen–Cahn model is recognized as gra-
dient flow systems, for which there exists a Lyapunov func-
tion, known as the free energy. From a modeling view, given
a specified Lyapunov function or a free energy function, the
Allen–Cahn type equations can be derived as the L2 gradient
flow. This generality makes the Allen–Cahn type equations
extremely useful in modeling many interfacial or multiphase
problems. In this paper, we are concerned with numerical so-
lutions of the following Allen–Cahn equation: ut = ε2∆u+ f (u), x ∈ Ω, t ∈ (0,T ],

u(·, t) is Ω periodic, t ∈ [0,T ],
u(x,0) = u0(x),

(1)

where Ω is a domain in R, ∆ is the Laplacian operator, and
u,ε, f (u) = u− u3 represent the difference between the con-

centrations of the two mixtures’ components, the interfacial
width, and a polynomial double-well potential, respectively.
The Allen–Cahn equation was originally introduced by Allen
and Cahn in Ref. [1] to describe the motion of anti-phase
boundaries in crystalline solids. After that, it has been widely
extended to model various phenomena in nature, such as phase
transitions,[2] image analysis,[3] mean curvature flows,[4] and
crystal growth.[5] It is well known that the Allen–Cahn equa-
tion possesses nonlinear stability due to its time-dependent
dissipation, i.e., it can be viewed as the L2-gradient flow of
the Ginzburg–Landau free energy functional

E(u) =
∫

Ω

1
2

ε
2 |∇u|2 +F(u)dx, (2)

where F(u) = 1
4 (u

2 − 1)2 is typically called the double-well
type potential. Figure 1 shows the function F(u). Differentiat-
ing it with respect to time t, we obtain the following equation:

d
dt

E(u) =
(

δE(u)
δu

,g(u)
)
=−

∣∣∣∣∣∣∣∣∂u
∂ t

∣∣∣∣∣∣∣∣2 , ∀t > 0, (3)

where g(u) = ε2∆u+ f (u), the symbols (·, ·) and || · || are the
standard L2 inner product and norm defined as

(u,v) =
∫

Ω

uvdx, ||u||=
(∫

Ω

|u|2 dx
) 1

2
. (4)

Besides the dissipation property, another is that the
Allen–Cahn equation admits the maximum principle preserv-
ing (MPP) property:[9,16] if the initial value and the boundary
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conditions are bounded by constant β (β = 1 for Eq. (1)), then
the entire solution is also bounded by β , i.e., ||u(·, t)||L∞

≤
β ,∀t > 0.
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Fig. 1. A double well potential F(u) = 0.25(u2 −1)2.

Since available theoretical solutions for the Allen–Cahn
equation are still very limited, numerical investigation is an
important tool to understand the physical behavior of this sys-
tem. In particular, the average vector field (AVF) method[17]

was proposed to simulate Hamiltonian ordinary differential
equations (ODEs) due to their long time simulation and good
preservation properties of conservative quantities of the orig-
inal problem. It is a kind of B-series method which can be
used to analyze the accuracy of the scheme by using the root
series theory. There have been a number of works solving var-
ious PDEs by using the AVF method in time discretization.
Gong, Jiang et al.[18,19] extended the original second-order
AVF scheme to the higher-order schemes. This is undoubted
because of the satisfactory performance of the AVF method in
maintaining the high-order accuracy of energy.

There are many ways to solve the problem of energy
conservation, including the symplectic and multisymplectic
method (e.g., Refs. [7,35,36]), the high-order Runge–Kutta
method (e.g., Refs. [10,34]), the wavelet method (e.g., Refs.
[11,12]), and especially the AVF method for time-dependent
PDE systems (e.g., Ref. [38]), etc. These systems usually have
a structure that has significantly evolved as the integration of
PDEs proceed, including interfaces, shocks, changes of phase,
and high vorticity or regions of complexity, etc. They are fur-
ther associated with small length or time scales, rapid move-
ment of the solution feature, and the possibility of blow-up
of solution. Although researchers have adapted the finite el-
ement, finite volume, finite difference, or collocation method
and achieved satisfactory numerical results, one problem is in-
evitable, that is, small enough time and space steps are re-
quired to achieve the desired accuracy, which takes a lot of
computing costs. The adaptive moving mesh method has a fa-
vorable characteristic that could overcome this problem. How-
ever, as far as we know, there is no related work on how to ex-
tend the AVF method to preserve energy dissipative property
on the nonuniform meshes.

Adaptive methods for solving PDEs can be roughly di-
vided into three fundamental categories: h-refinement method,
p-refinement method, and r-refinement method. For h-
refinement method, it starts with an initially uniform mesh
and then locally coarsens or refines it by the inclusion or dele-
tion of mesh points. For p-refinement method, finite element
discretization of the PDE is used with local polynomials of
some particular order. And for r-refinement method, it starts
with a uniform mesh and then moves the mesh points, keep-
ing the mesh points fixed as the solution evolves. The mesh
points are then concentrated into regions where the solution
has individual behavior, usually typified by a rapid variation
of either the solution or one of its higher derivatives. Com-
pared with other methods, there are several significant advan-
tages of r-refinement methods in various applications such as
computational fluid mechanics, phase-field models, and con-
vective heat transfer, etc. (e.g., Refs. [20,21]) For instance, it
is convenient to work with the same number of mesh points.
This makes linear algebra rather easier because the matrices
considered have a constant sparsity structure. Moreover, the
discretization strategy on the mesh is also easier. The third
advantage of r-refinement methods is that under certain condi-
tions, the mesh movement strategy coupled with the discrete
PDE can be regarded as a large dynamical system that would
be easier for theoretical analysis.

Our main proposal is to achieve a balance among ef-
fectiveness, high efficiency, and structure preservation. We
are committed to extending the AVF method to nonuniform
meshes via the r-refinement method. The extension is based
on the “mapping method” which is the most popular one
among the moving mesh method, and the change of coordi-
nates plays an important role. Recently, Yaguchi extended the
discrete variational derivative method to nonuniform grids[22]

and proved that this method could likewise do the structure-
preserving on nonuniform grids. A summation by parts
formula is introduced on one-dimensional nonuniform grids
since it plays a very important role in the discrete variational
method. We also use this method as a reference to prove the
theorem. In a recent study,[23] an hr adaptive method is pro-
posed to get the spatial and temporal adaptation effect and then
to solve the nonlinear Schrödinger equation (NSE). Neverthe-
less, the proposed method only involves r-refinement and ex-
plores the adaptation in space.

The rest of this paper is organized as follows. In Sec-
tion 2, we review the idea of the mapping method and two
approaches of discretization for the PDE. In Section 3, we in-
troduce our mesh movement strategy, including the mesh den-
sity function and its corresponding smoothing method. The
dissipative moving mesh scheme based on the classical AVF
method is defined in Section 4, and relevant theorems and
proofs are given. Section 5 contains numerical experiments
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and results of the application of the scheme proposed. Con-
clusion and outlook are discussed in Section 6.

2. Discretization and mesh adaptation
Notice that the Allen–Cahn equation as one of the Hamil-

tonian PDEs
∂u
∂ t

= 𝒮 δℋ
δu

, (5)

where 𝒮 is a negative semi-definite differential operator, and
ℋ denotes a certain energy functional, such as the Hamiltonian
or free energy. Equation (5) can be rewritten as the following
form:[24]

∂u
∂ t

= (−1)s+1
(

∂

∂x

)2s
δℋ
δu

, s = 0, (6)

which will be a general form for later discretization and theo-
rems.

2.1. Spatial discretization

For simplicity of notation, we define the following finite
difference operators:

δ
+u j = u j+1 −u j, δ

−u j = u j −u j−1, δ
cu j =

u j+1 −u j−1

2
,

δ
+
x u j =

u j+1 −u j

x j+1 − x j
, δ

−
x u j =

u j −u j−1

x j − x j−1
, δ

c
x u j =

u j+1 −u j−1

x j+1 − x j−1
,

where 0 ≤ j ≤ N−1. Furthermore, we define the second order
discrete derivative as

δ
2
x u j =

2
x j+1 − x j−1

[
(u j+1 −u j)

(x j+1 − x j)
−

(u j −u j−1)

(x j − x j−1)

]
.

In addition, for any u and v, we define the discrete L2 inner
product and notions as follows:

⟨𝑢,𝑣⟩
κ
= 𝑢TD(κ)𝑣 =

N−1

∑
j=0

κ ju jv j, (7)

where D(κ) = diag(κ0, . . . ,κN−1) is an N by N diagnoal ma-
trix.

In order to introduce mesh movement, Eq. (6) is rewritten
with respect to a moving reference frame, and the problem is
recast in terms of the independent variables ξ and t, by using
the transformation

x = x(ξ , t), ξ ∈ Ωc ≡ [0,1], t ∈ (0,T ], (8)

from computational space Ωc × (0,T ] to physical space Ωp ×
(0,T ]. A uniform mesh covering Ωc is given by

ξi =
i
N
, i = 0,1, . . . ,N, (9)

and the corresponding nonuniform mesh on Ωp is

xl = x0 < x1(t)< · · ·< xN−1(t)< xN = xr, (10)

where

xi(t) = x(ξi, t), i = 0,1, . . . ,N. (11)

Equation (6) is rewritten in the computational domain Ωc

∂u
∂ t

= (−1)s+1
(

dξ

dx
d

dξ

)2s(
δℋ
δu

)
cs
, (12)

where
(

δℋ
δu

)
cs

is the transformed variational derivative(
δℋ
δu

)
cs
=

∂ℋ
∂u

− dξ

dx
∂

∂ξ

(
dx
dξ

dξ

dx
∂ℋ
∂ux

)
. (13)

This is a natural form of the variational derivative in the com-
putational space. Yaguchi et al.[22] have proved that the vari-
ational structure is retained in the computational space. To
make it convenient for the theoretical analysis, we decompose
Eq. (12) to the following form:

∂u
∂ t

= −
(
− dξ

dx
d

dξ

)(
− dξ

dx
d

dξ

)s−1( dξ

dx
dx
dξ

d
dξ

)
×
(

dξ

dx
d

dξ

)s−1(
δℋ
δu

)
cs
, s = 0,1,2,3, . . . . (14)

The total energy of Eq. (6) is defined by

H(t) :=
∫

Ω

ℋ(u,ux)dx. (15)

As is widely known, under certain boundary conditions,
Eq. (6) has the dissipation property

dH
dt

≤ 0. (16)

The following theorem explains that in the computational do-
main, Eq. (12) also has the dissipation property. It is worth
mentioning that although the theorem gives special boundary
conditions, it also applies to periodic boundary conditions. It
can refer to Ref. [22].

Theorem 1[22] Suppose that the boundary condition sat-
isfies [

∂u
∂ t

∂ℋ
∂ux

]ξ=1

ξ=0
= 0. (17)

Suppose also that[((
dξ

dx
∂

∂ξ

)s−p dξ

dx
dx
dξ

dξ

dx
∂

∂ξ

(
dξ

dx
∂

∂ξ

)s−1(
δℋ
δu

)
cs

)

×

((
dξ

dx
∂

∂ξ

)p−1(
δℋ
δux

)
cs

)]ξ=1

ξ=0

= 0, p = 1, . . . ,s, (18)

if s ≥ 1. Then the solutions of Eq. (12) have the dissipation
property

dHcs

dt
≤ 0, Hcs(t) =

∫ 1

0
H(u,ux)

dx
dξ

dξ .

The effect of mesh movement in the time discretization of
the physical PDE system can be treated with either the quasi-
Lagrange approach or the rezoning approach. We would give
the quasi-Lagrange approach as a reference. The latter one
will be highlighted and applied to the adaptive method.
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2.1.1. Quasi-Lagrange approach

With the quasi-Lagrange approach, the mesh points are
considered to move continuously in time, and physical time
derivatives are transformed into time derivatives along mesh
trajectories supplemented with a convective term reflecting
mesh movement. This approach mainly use the chain rule,
i.e., denoting the transformed variable v(ξ , t) = u(x(ξ , t), t),
we have

∂v
∂ t

=
∂u
∂ t

+
∂x
∂ t

∂u
∂x

,

where ∂x
∂ t = ∂x

∂ t (ξ , t) determines the mesh speed. In the new
coordinates (ξ , t), we can transform the PDE and discrete it.

2.1.2. Rezoning approach

The rezoning approach, as its name implies, is going
to update the mesh at each time step by using certain mesh
equations or generators, and the mesh points are considered
to move intermittently in time. It is an integrated process
that involves solving alternately for the physical solution and
the mesh. The physical solution is interpolated from the old
mesh to the new one, and the physical PDE is then discretized
on the new mesh, which is held fixed for the current time
step. This is the main difference from the quasi-Lagrange ap-
proach, and Fig. 2 gives an intuitive display. As can be seen,
the mesh points are considered to move continuously for the
quasi-Lagrange approach of temporal discretization of physi-
cal PDEs, while the mesh is considered to vary only at time
instants for the rezoning approach of temporal discretization
of physical PDEs. Interpolation of the physical solution de-
termines the success of this method, and it is often necessary
to use a conservative interpolation scheme that preserves some
solution quantities and properties. We will show the detail in
later chapters.

(a) Quasi-Lagrange approach (b) Rezoing approach

tn+1

tn

tn-1

tn+1

tn

tn-1

xj-1 xj xj+1 xj-1 xj xj+1

Fig. 2. Two different mesh movement approaches with time varying in
Ref. [25].

In fact, for a moving mesh method, the discrete physical
PDE and the mesh equation give a coupled system. Moreover,
on account of high coupling, the mesh can respond promptly to
any change occurring in the physical solution. Unfortunately,
coupling leads to a highly nonlinear equation that is difficult
to solve due to its more complicated structure. Therefore we
choose the rezoning approach to strive for maximum decou-
pling. Since the time lag effect brought and the computational
cost by the rezoning approach cannot be ignored, we have to
take a smaller time step.

3. Mesh movement strategy

Since only the one-dimensional problem is concerned in
this paper, the de Boor’s equidistributing algorithm could not
be more appropriate. Given a continuous function ρ(x), typ-
ically depending on the first or second order derivatives of
the underlying solution u to be adapted, the number of grid
points N−1 and the bounded domain [0,L] where u is defined,
equidistribution needs to find a grid Xh : x0 = 0 < x1 < · · · <
xN = L such that∫ x1

x0

ρ(x)dx =
∫ xi+1

xi

ρ(x)dx, for i = 1, . . . ,N −1, (19)

where the function ρ(x) is to minimize the error of the numer-
ical approximation, which is currently called the mesh density
function (e.g., Refs. [25,26]). To ensure that the equidistribu-
tion is unique, assume that the mesh density function is strictly
positive, i.e,

ρ(x)> 0, ∀x ∈ [0,L].

A typical and simple choice of ρ(x) is the arc-length mesh
density function

ρ(x) =

√
1+
(

∂u
∂x

)2

. (20)

Its semi-discrete form is

ρi+ 1
2
=

√
1+
(

ui+1 −ui

xi+1 − xi

)2

, (21)

where ρi+ 1
2

represents a semi-discrete approximation to

ρ(
xi+xi+1

2 ). Typically, ui is only given by numerical approxi-
mations evaluated on a previously evaluated grid and ui+1 can
be found by interpolation over the new grid, which will be in-
terpreted in more detail later.

In this case, the meaning of the equidistribution principle
is that the weighted arc length of u over each interval is equal.
That means that both u and ρ are approximate values. In ad-
dition, notice that if u is not smooth, the discrete mesh density
function computed this way can often change abruptly and un-
necessarily slow down the computation. To obtain a smoother
mesh and also make Eq. (19) easier to integrate, a common
practice is to smooth the mesh density function ρ(x). A sim-
ple but effective smoothing method is given as follows:[25]

ρ̄1 :=
1
2

ρ1 +
1
2

ρN ,

ρ̄i :=
1
4

ρi−1 +
1
2

ρi +
1
4

ρi+1, j = 2, . . . ,N −1,

ρ̄N :=
1
2

ρN−1 +
1
2

ρN . (22)

Combining Eq. (19) with Eq. (11), a natural formula is given∫ x(ξ )

x0

ρ(x)dx = ξ

∫ xM

x0

ρ(x)dx. (23)
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After twice differential with respect to ξ , a classical equation
yields

d
dξ

(
ρ(x)

dx
dξ

)
= 0. (24)

Meanwhile, we can get the following system of (N −1) equa-
tions by discretizing Eq. (19)

(xi − xi−1)ρi− 1
2
= (xi+1 − xi)ρi+ 1

2
, i = 1, . . . ,N −1, (25)

with the boundary condition x0 = 0,xN = L. Furthermore,
when ξi+1 − ξi is a constant, Eqs. (21) and (23) can be ob-
tained on the computational grid ξh

2
ξi+1 −ξi−1

(
ρi+ 1

2

xi+1 − xi

ξi+1 −ξi
−ρi− 1

2

xi − xi−1

ξi −ξi−1

)
= 0. (26)

4. Adaptive energy dissipative method

Lemma 1 in Ref. [27] indicated that the operator ∇ as the
standard gradient could replace the variational derivative in a
finite number of dimensions, i.e.,

δℋ̄′

δ ū
≡ ∇ℋ̄, (27)

where the notations ℋ̄ and ū, which are different from the no-
tation ρ̄ as mentioned earlier, denote the discrete values of ℋ
and u and ℋ̄′ = ℋ̄D(κ). The following two lemmas are given
for later proof.

Lemma 1[22] Suppose that a solution of Eq. (6) satisfies
the condition [

∂u
∂ t

dx
dξ

dξ

dx
∂ℋ
∂ux

]ξ=1

ξ=0
= 0, (28)

then

dHcs

dt
=
∫ 1

0

∂u
∂ t

(
δℋ
δu

)
cs

dx
dξ

dξ , (29)

and
(

δℋ
δu

)
cs

satisfies(
δℋ
δu

)
cs
=

δℋ
δu

.

Lemma 2[22] Suppose that the periodic boundary condi-
tion is satisfied. Then

1
∆t

(
Hn+1 −Hn) =

N

∑
j=0

κ j

(
Un+1

j −Un
j

∆t

)

×
(

δℋ̄
δ (Un+1,Un)

)
j
. (30)

4.1. Design of schemes for dissipative equations

Motivated by Yaguchi,[22] we design a scheme that serves
for dissipative equations and proves the energy dissipation
property. Firstly, we recall the classical AVF scheme as fol-
lows. One thing should be noticed that since the variational
derivative, which is of continuous form or not, is the same
in the physical space and the computational space and in the
discrete case gradient operator is equal to variational deriva-
tive, as shown in Eq. (27), therefore in the discrete case(
∇ℋ̄
)
=
(
∇ℋ̄
)

cs .

Theorem 2 Let 𝒮 be any negative-definite matrix approx-
imation to 𝒮 and ℋ̄ be any finite difference approximation to
ℋ. Let

f (u) :=
(
𝒮∇ℋ̄(u)

)
cs , (31)

then we obtain an AVF scheme in the computational space

un+1 −un

∆t
=
∫ 1

0
f
(
(1− τ)un + τun+1) dτ. (32)

This theorem is obvious. Furthermore, we rewrite the
above equation by adding the component of Eq. (14) and get
its discrete counterpart

Un+1
j −Un

j

∆t
=
(

κ
−1
j δ

−
k

)(
(xξ )

−1
k, j δ

−
k−1

)
· · ·

×
(
(xξ )

−1
2, jδ

−
1

)(
(xξ )

−1
1, jδ

c
)(

(xξ )
−1
1, jδ

+
1

)
· · ·

×
(
(xξ )

−1
k−1, jδ

+
k−1

)(
(xξ )

−1
k, j δ

+
k

)
×
∫ 1

0
∇

(
(1− τ)Un

j + τUn+1
j

)
cs

dτ, (33)

where (xξ )k, j and δk can be chosen arbitrarily (k = 1, . . . ,s),
and s is equivalent to s of Eq. (6).

Theorem 3 If the periodic boundary condition is satisfied,
then Eq. (33) has an energy dissipation law, i.e.,

1
∆t

(
Hn+1 −Hn)≤ 0.

Proof For simplicity, replace∫ 1

0
∇

(
(1− τ)Un

j + τUn+1
j

)
cs

dτ

with the notation
(
∇̄
)

cs. Furthermore, replace discrete varia-
tional derivative term with

(
∇̄
)

cs, then we get

1
∆t

(
Hn+1 −Hn)= N

∑
j=0

κ j

(
Un+1

j −Un
j

∆t

)(
∇̄
)

cs . (34)

Substituting Eq. (33) and applying the summation by parts in
Ref. [22] gives

=−
N

∑
j=0

κ j

[(
−κ

−1
j δ

−
k

)(
−(xξ )

−1
k, j δ

−
k−1

)
· · ·
(
−(xξ )

−1
2, jδ

−
1

)(
(xξ )

−1
1, jκ j(xξ )

−1
1, jδ

+
1

)
· · ·
(
(xξ )

−1
k, j δ

+
k

)(
∇̄
)

cs

](
∇̄
)

cs

=−
N

∑
j=0

κ j

[(
−(xξ )

−1
k, j δ

−
k−1

)
· · ·
(
−(xξ )

−1
2, jδ

−
1

)(
(xξ )

−1
1, jκ j(xξ )

−1
1, jδ

+
1

)
· · ·
(
(xξ )

−1
k, j δ

+
k

)(
∇̄
)

cs

](
κ
−1
j δ

+
k

(
∇̄
)

cs

)
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=−
N

∑
j=0

κ j

[(
−κ

−1
j δ

−
k−1

)
· · ·
(
−(xξ )

−1
2, jδ

−
1

)(
(xξ )

−1
1, jκ j(xξ )

−1
1, jδ

+
1

)
· · ·
(
(xξ )

−1
k, j δ

+
k

)(
∇̄
)

cs

](
(xξ )

−1
k, j δ

+
k

(
∇̄
)

cs

)
.

Continue in this fashion to obtain

=−
N

∑
j=0

[(
−κ

−1
j δ

−
k−2

)
· · ·
(
−(xξ )

−1
2, jδ

−
1

)(
(xξ )

−1
1, jκ j(xξ )

−1
1, jδ

+
1

)
· · ·
(
(xξ )

−1
k, j δk

)(
∇̄
)

cs

][(
(xξ )

−1
k−1δ

+
k−1

)(
(xξ )

−1
k, j δ

+
k

)(
∇̄
)

cs

]
...

=−
N

∑
j=0

κ j

[(
−κ

−1
j δ

−
1

)(
(xξ )

−1
1, jκ j(xξ )

−1
1, jδ

+
1

)
· · ·
(
(xξ )

−1
k, j δ

+
k

)
· · ·
(
(xξ )

−1
k, j δ

+
k

)(
∇̄
)

cs

][(
(xξ )

−1
2, jδ

+
2

)
· · ·
(
(xξ )

−1
k, j δ

+
k

)(
∇̄
)

cs

]
=−

N

∑
j=0

κ j

[(
(xξ )

−1
1, jκ j(xξ )

−1δ
+
1

1, j

)
· · ·
(
(xξ )

−1
k, j δ

+
k

)(
∇̄
)

cs

][(
κ jδ

+
1
)(

(xξ )
−1
2, jδ

+
2

)
· · ·
(
(xξ )

−1
k, j δ

+
k

)(
∇̄
)

cs

]
=−

N

∑
j=0

κ j

[(
(xξ )

−1
1, jδ

+
1

)
· · ·
(
(xξ )

−1
k, j δ

+
k

)(
∇̄
)

cs

]2
≤ 0.

4.2. A complete r-algorithm based on rezoning approach

Due to the use of the rezoning approach and the constant
number of grid points, the solution at each new time tn+1 is
calculated by three main steps. Firstly, the grid Xn+1

j is com-
puted based on the solution 𝑢n on Xn

j , which is calculated in
the previous time step. Then 𝑢n is interpolated over the new
grid Xn+1

j by a solution procedure that preserves the approx-
imation of the energy dissipative property. Subsequently, the
solution 𝑢n+1 at the time tn+1 can be found by Eq. (33). The
solution procedure is illustrated by the following pseudo-code
specifically.

Algorithm 1 The r-algorithm based on rezoning approach

1: Initialize variables; select all parameters including ∆𝑥 and ∆t, etc.
2: Give a uniform mesh over the physical domain and determine 𝑢0 based

on initial condition ϕ0

3: Utilize the mesh density function ω(𝑥) and de Boor’s equidistribution
principle to compute an initial grid 𝑥0.

4: for n = 0 : NT −1 do
5: Set reltol = 1.0e−10 and abstol = 1;
6: while abstol > reltol do
7: Compute the approximately equidistributing grid 𝑥n+1 from 𝑥n and 𝑢n

8: Compute 𝑢̃= ψ(𝑥n+1 ,𝑥n)𝑢
n, for a given interpolation operator

ψ(𝑥n+1,𝑥n) mapping from 𝑥n to 𝑥n+1.

9: Solve Eq. (33) where U (n)
j is replaced by Ũ j on the new mesh 𝑥n+1

10: abstol = max
(

abs
(

U (n+1)
j −U (n)

j

))
11: end while
12: Set n := n+1
13: end for

As mentioned before, the key step is to select the appro-
priate interpolation operator ψ . In Ref. [28], Huang gave the
detailed process and error analysis of linear interpolation on
the adaptive moving mesh. However, in the actual calculation,
we observe that the cubic interpolation operator (the MAT-
LAB built-in function pchip) works best with respect to the
error between the numerical solution and the exact solution.

5. Numerical experiments

According to Eq. (33), we obtain the full-discrete scheme

of the Allen–Cahn equation on the nonuniform mesh

Un+1
j −Un

j

∆t
=

q
4

((
κ
−1
j δ

−
)(

(xξ )
−1
j κ j(xξ )

−1
j δ

+
)(

Un+1
j +Un

j

)
+
(
κ
−1
j δ

+
)(

(xξ )
−1
j κ j(xξ )

−1
j δ

−
)(

Un+1
j +Un

j

))
+

p
2

(
Un+1

j +Un
j

)
+

r
4

((
Un

j
)3

+
(

Un+1
j

)3

+
(
Un

j
)2 Un+1

j +Un
j

(
Un+1

j

)2)
. (35)

Next, we choose two pairs of initial solution u0(x) and param-

eter ε to verify the validity of the scheme.

Example 1 Consider the following initial value

u0(x) = cos(πx), x ∈ [−2,2], t ∈ [0,10].

We also set ε = 0.01, ∆t = 0.01 and ∆x = 0.02. In Fig. 3, two

intuitive top views are given at t = 0 s and t = 10 s to show

that the phase has been completely separated. The mesh tra-

jectories and energy change are shown in Fig. 4 to indicate that

the r-adaptive component of the adaptive algorithm performs

well tracking the movement of the front throughout the time

integration period, and the discrete energy drops very quickly

in the first two seconds, and at t = 3 s it is at a stable state.
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Fig. 3. Snapshots of (a) initial time T = 0 s and (b) terminus time T = 10 s.
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Fig. 4. (a) Grid movement - each line represents the path of one grid point in
time. (b) AC equation’s energy decay case.

Next, we test the accuracy of the proposed method by
choosing a reference solution with a small time step ∆t =
5×10−4. The L2-norms and L∞-norms of the errors of numer-
ical solutions are presented respectively in Table 1. It indicates
that the moving mesh method can achieve almost the same ac-
curacy as the uniform method. Fixing space step ∆x = 0.02
and setting time step ∆t half each time, we obtain the numer-
ical results shown in Table 2. Note that in the uniform mesh
method, L2 error can be kept the second-order convergence
while it can not be in the moving mesh method. Referring to
the previous literature, there is no convergence analysis for the
moving mesh method. This is because even if the same num-
ber of grids are taken each time, the grid position will also
bring a small change due to the r-algorithm. We also notice
that in Table 2, there is no numerical result for the uniform
mesh method when taking ∆t = 0.25 or 0.125. This is because
the traditional uniform mesh method is limited by the step ratio
∆x/∆t. However, the moving mesh method can break through
this limit and tend to perform well in a large step, although

there is no theory to verify whether it is unconditionally sta-
ble. Another point we have to mention is that using the mov-
ing mesh method costs more computational time, especially
when the space or time step is very small. This phenomenon
is also caused by the r-refinement method. In the beginning,
the physical domain Ωp is mapped to Ωc, and it needs to solve
alternately between two domains all the time. In addition, we
compare the total energy with different time steps with the ref-
erence solution for the L∞ error, and the line chart is shown
in Fig. 5. It is worth noting that when ∆t = 0.5, the energy
error reaches around magnitude 10−2, and ∆t = 0.001 corre-
sponds to magnitude 10−6. In addition, the error decreases
very quickly before the time grid numbers reach 500. It again
verifies the solution stability of large time steps and the advan-
tage of the proposed scheme.

20 2000 5000 10000

Grid numbers on time
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10-2

E
n
e
rg

y
 e

rr
o
r

Fig. 5. Different time step’s energy error with reference solution.

Table 1. Numerical results for the AC equation (example 1), ∆x = 0.01.

∆t 0.02 0.01 0.005 0.0025 0.00125

Moving mesh
L2 3.8199×10−8 3.6399×10−8 2.9785×10−9 1.9676×10−9 3.1184×10−10

L∞ 4.3083×10−9 4.1181×10−9 3.5176×10−10 2.0455×10−10 9.2236×10−11

Uniform mesh
L2 3.0717×10−8 7.7141×10−9 1.9288×10−9 4.4559×10−10 6.1532×10−11

L∞ 8.2032×10−9 2.0601×10−9 5.1509×10−10 1.1900×10−10 1.6429×10−11

Table 2. The L2 error and L∞ error between the current time step and the previous time step (example 1), ∆x = 0.02.

∆t 0.25 0.125 2.5×10−3 1.25×10−3 6.25×10−4

Moving mesh
L2 – 4.3664×10−5 9.4351×10−6 5.5875×10−6 6.6842×10−7

L∞ – 6.9082×10−6 8.5375×10−7 1.2860×10−7 1.1814×10−8

Uniform mesh
L2 NaN NaN 2.0421×10−7 5.1419×10−8 1.2963×10−8

L∞ NaN NaN 4.2206×10−8 1.0627×10−8 2.6790×10−9

Example 2 Consider the following initial value:

u0(x) = sin3(x), x ∈ [−4,4], t ∈ [0,20].

Four different parameters ε2 = 0.001, 0.002, 0.003 and 0.004

are tested for this example. We also set ∆x = 0.02 = ∆t. Fig-

ure 6 shows the phase cases at the terminal time T = 20 s.

Furthermore, in order to reflect the difference in phase change

caused by different parameters, the magnified results of the

four local areas are shown in Fig. 7. It can be seen that as the

parameter ε becomes larger, the width of the interfacial be-

comes longer, and phase separation gets coarser. This is con-

sistent with the actual phase separation. Figure 8 illustrates in-

tuitively the parameter ε affects the steady-state energy value

and energy dissipation rate and verifies Eqs. (2) and (3).
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Fig. 6. Different parameter ε2s’ snapshots at T = 20 s.
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Fig. 7. Enlarged images in part of the phase area, with x ∈ [−0.4,0.4] and
T = 20 s.
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Fig. 8. (a) Grid movement with ε2 = 0.001 and (b) different ε2s’ energy
decay cases.

6. Conclusion and outlook
In this paper, we introduce a dissipative scheme and ex-

tend the average vector field method to nonuniform meshes.
Our extension borrows from Yaguchi’s thought that the dissi-
pation properties obtained from the variational structure still
holds after the change of coordinates. The de Boor’s equidis-
tribution principle and appropriate monitor function make the
grid reasonably clustered in the region where the solution
needs to get the effect of adaptive mesh. By using the re-
zoning approach, we get the discretization process of PDE
solving. The numerical experiments confirm that the scheme
can work well under the large step and step ratio ∆x/∆t that
much less than 1. Although we have considered the only one-
dimensional case, the scheme can also be derived for two-
dimensional case by transforming the differential operators to

∂u
∂x

= J−1
(

∂

∂ξ

(
∂y
∂η

u
)
− ∂

∂η

(
∂y
∂ξ

u
))

,

∂u
∂y

= J−1
(

∂

∂η

(
∂x
∂ξ

u
)
− ∂

∂ξ

(
∂x
∂η

u
))

.

Since the quasi-Lagrange approach and rezoning approach
each has its advantage, in the near future, we may propose
a two-dimensional scheme by using the quasi-Lagrange ap-
proach and try to apply it to other phase-field models such as
the Cahn-Hilliard equation and molecular beam epitaxy, etc.
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