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The combination of an oscillating and a static field is used to study the creation and annihilation phenomena during
the pair creation process. The time evolution, spatial density and momentum distribution of the created particles for a
fermionic system are presented, which demonstrate that with the increasing static field intensity, the number of the created
particles experiences a distinguishable decrease in every period of the oscillating field, which is caused by the annihilation

phenomena between the created electrons and positrons.
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1. Introduction

One of the most fascinating subjects in high energy
physics is that the vacuum can be polarized under an exter-
nal strong field, which is predicted by the theory of quantum
electrodynamics. In 1951, Schwinger calculated the threshold
of the “breakdown” vacuum under an ultra-strong static elec-
tric field,!'! which attracts a number of experts to study pairs

2-12] The critical value

creation under different external fields.
of the vacuum polarization for a time-independent and spa-
tially homogeneous electric field is E. = 1.32 x 10'6 V/cm,
which requires a laser beam with the tremendous intensity
about 10 W/cm?. Under the present experimental condi-
tion, it cannot be achieved to observe the particle pairs cre-
ation phenomenon directly from the vacuum only due to the
effect of light. However, recent research has come into view
using the extremely high-power laser field due to the contin-
ued advancement of the laser-based system. With the rapid
development of the laser technique, it is believed that in the
near future, the intensity of the laser will be able to approach
or even reach the Schwinger limitation.

The particle pairs can be created from vacuum due
to three mechanisms. The first mechanism is called the
Schwinger tunnelling effect.!!3-13] It requires a static electric
field that exceeds E. = 1.32 x 10'® V/cm and the particle-
pairs can be created persistently from the vacuum under this
ultra-strong external electric field. The second mechanism in-
dicates that the electron-positron pairs can also be created per-
manently when the external electric field changes rapidly over
time, which is known as the photon transition effect.[!%18] For

DOI: 10.1088/1674-1056/abe378

the third mechanism, to generate particle pairs, the supercriti-
cal quasi-bound state caused by a supercritical potential well is

19-241 To further understand the pair creation process,

required.!
more sophisticated field configurations are applied, which re-
quires the combination of the above fields. Some studies com-
bined a static strong field with an oscillating field, such a com-
bination will induce the dynamically assisted Schwinger ef-

fect, which has been wildly discussed recently.[6-2>-27]

2. Quantum field theoretical simulations

In order to describe the pair creation process, in this pa-
per we apply the numerical solution of the Dirac equation on
whole time and space scale by applying the quantum field
theory.[?®2°1 We consider a one-dimensional system, in which
the evolution of the field operator ¥(z,7) can be expanded in
terms of creation and annihilation operators and positive and
negative energy states

¥(z,1) = ZBP(I)MP(Z) +Zdi(z‘)vn(z)

p
prup(z,t)—FZd:tvn(z,t). (1
p n

The subscripts p and 7 in this equation represent positive
and negative energy, respectively. Here u,(z) and v,(z) are
the initial positive and negative states that can be obtained by
solving the force-free Dirac equation, while b » and dAf, denote
the annihilation and creation operators for positive or negative
state, respectively.

To obtain the spatial density and total number of created
electrons, the electronic portion of the field operator associated
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with positive energy can be defined as
y(p) (z,1) = Zl;p(t)u,,(z). )
P

The spatial density of created electron is defined as
p(z.1) = ((vac| (TP (z,1) ) (,1)||vac)), 3)

where ||vac)) denotes the vacuum state. Using the two equiv-
alent expressions for the time evolution of the field operator
¥(z,1) in Eq. (1) and the initial state property b,||vac)) = 0,
after some algebra the spatial density can be obtained as fol-
lows:

pz1) =Y Y [ {up(@)la(z,)) I*. “)
p n
The total number of the created particles can be obtained by
integrating p(z,t) over space. In Eq. (4), ¢,(z,?) is the state
function for negative states. The evolution of the state func-
tion follows the Dirac equation (in atomic units hereafter)

i%(p(th) = [Cazﬁz+ﬁC2+V(Z7f)] ¢(Z,l‘). (5)

Here c is the speed of light in vacuum (¢ = 137.036 a.u.), o,
denotes the z component of the Dirac matrix, and f is the di-
agonal Dirac matrix. The time-dependent scalar potential as-
sociated with the external force acting along the z direction is
presented by V(z,1).

The Dirac equation can be solved numerically using

0,31

the split-operator method, %! while the time evolution op-

erator e~ is decomposed into multiple consecutive ac-

tions, each subinterval operators can be approximated by
e Al o —iVAI/2 o —ihoAl 5 o —IVAI/2 \yhile hy is the force-
free Hamiltonian and the error is of order O(A?). Using
the Fourier transformation between the spatial and momentum
representation, we can compute the action of the correspond-

ing propagators.

3. The creation and annihilation phenomena of
particles

In this paper, the one-dimensional model is con-
sidered under a combination of scalar potential V(z) =
V1S(z) sin(or) + V2S8(z), which consists of an oscillating
electric field and a static electric field, while S(z) =
{1 +tanh[(z —z9)/W]} /2 is the Sauter potential.l*?! The cen-
ter of the field is located at zo with a width of W. The inten-
sity of the oscillating electric field and static electric field are
V1 and V,, respectively, while the frequency of the oscillating
field is .

In this model, the oscillating field and the static field plays
different parts during the pair creation process. The oscillating
field with a high frequency will create particles continuously,

while the created particles will occupy the energy states and
block further particle creation due to the Pauli Blocking effect
for a fermionic system. The static field is added to clean out
the interaction region thus increase the number of created par-
ticles. The previous result shows that, while only the oscillat-
ing field is applied, both the momentum and the spatial density
distribution of the created particles are symmetrical.[>>! With
the additional static field, the symmetric distribution would be
broken and the created particles can be dragged out of the in-
teraction region. However, with a symmetrical distribution,
while half of the created particles are accelerated and moving
out of the interaction region, the other half would be deceler-
ated and dragged back into the interaction area, thus affect the
creation process afterwards.

To analyze these effects, we first obtain the time evolution
of the total number of created particles. In Fig. 1, the inten-
sity of the oscillating field is set as V| = ¢ and the frequency is
® = 2.5¢%, which gives a time cycle f, = 27t/ @ = 1.34 x 1074,
Due to the photon transition effect, for a frequency that is
larger than the energy gap 2c?, particles can be created con-
tinuously. Though the total simulation time # = 0.002, to fo-
cus on the effect of the dragged-back particles, we present the
time evolution of the created number from ¢ = 0.0015 to 0.002,
which gives a better expression of the details. Here we choose
four different intensities of the external static field V> = 0,
0.2¢2, 0.5¢2, 0.8¢?, which are shown in Figs. 1(a), 1(b), 1(c),
and 1(d), respectively. We can see that with different intensi-
ties of the external static fields, the number of created parti-
cles all grows linearly over time, with minor oscillations alone
the curves that shape repetitively for each cycle z., which is
marked with dashed lines in Fig. 1. However, with increasing
the intensity of the static field, the curves for each cycle shape

differently.
Vo=0
0.18 0.18
— t, —
% 0.16 0.16

(b)

0.14
0.16

Vo =0.8¢2

0.14

(d)
0.0020

0.12 1
0.0018  0.0020 0.0016  0.0018
t t

0.0016

Fig. 1. Time evolution of the total number of created particles under
different intensities of the external static field. The amplitude and fre-
quency of the external oscillation field are V; = ¢? and @ = 2.5¢2, the
width of both fields is W = 3 /c.

In the absence of the static field for Vo, = 0 as shown in
Fig. 1(a), the oscillating period in time corresponds to #./2,
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and the time evolutions of the created number in the first half
cycle and the second half cycle are identical. This is due to
the fact that, if we only apply the oscillating field, the energy
of the single-photon will be sufficient to cross the energy gap,
then the potential function of the first half period and the last
half period will be equivalent. For V5 = 0.2¢? in Fig. 1(b), such
a symmetry would be broken by the static field so the shape of
the minor oscillation is slightly different from that for V, =0
because the intensity of the static field is relatively small. For
V5 = 0.5¢% in Fig. 1(c), the shapes of the first half cycle and
the second half cycle are obviously different, while in the be-
ginning stage of the first half cycle the increase of the created
number is more obvious, and in the last stage of the second
half cycle the created number decreases faster. In Fig. 1(d) for
a intensity Vp = 0.8¢2, both the increase in the first half cycle
and the decrease in the second half cycle become steeper, as
observed from the curve.

For each period, with different V,, the creation process
behaves differently. For the first half cycle 2n x 1 /2 <t <
(2n+ 1) x 1. /2, the slope of the curves is always positive re-
gardless of the intensity of the static field V,, and increase
faster for stronger field intensity. However, with the increase
of the intensity for the static field, in the second half cycle
(2n+1) xt./2 <t < (2n+2) X t./2 the slopes of the curves
gradual reduces and even changes from positive to negative.

et et et et et et
R ]

(a) only the oscillating field

positrons

(b) the combination of the oscillating
and static field for the accelerated

The slope of curves can be considered as the creation rate of
the particles. For a positive creation rate, the system is expe-
riencing a creation phenomenon, while for a negative creation
rate, it is considered as an annihilation phenomenon.

The reason is that the created particles (here only consider
one kind of particles such as electron or positron) are able to
escape from the interaction region to both the left and right
directions with the absence of the external static field V, (as
shown in Fig. 2(a)). However, by adding the external static
field (the direction can be assumed as pointing to the left), the
left-moving positrons would be accelerated and pushed out of
the field region while the right-moving particles are deceler-
ated. For the left-moving accelerated positrons in Fig. 2(b), a
stronger static field will evacuate more particles thus increase
the total number as shown in the first half cycle in Fig. 1, due
to the Pauli blocking principle for a fermionic system. On the
other hand, while the static field is strong enough, the right-
decelerated-moving particles will be dragged back to the in-
teraction region as presented by Fig. 2(c), and annihilate with
the created electrons. Thus, an annihilation phenomenon will
appear on the curve as a negative slope, as observed in the
second half cycle in Fig. 1. Otherwise, it would be a creation
phenomenon if the decelerated particles can not be dragged
back to interaction region and keep moving to the right while
the static field is relatively weak.

et et

(c) the combination of the oscillating
and static field for the decelerated
positrons

Fig. 2. The different motion modes for the created positrons. (a) Only the oscillating field is applied, which is indicated by an up arrow, and
e’ are the created positrons which head to two directions in one-dimensional simulation. (b) and (c) The created positrons experience three
motion modes by adding the static electric potential, which is presented by the solid curve.

The available critical value of the static field is based on
the theoretical analysis of the model. The creation mechanism
is single-photon transition effect in this situation and the ef-
fect of the static field is considered to accelerate or decelerate
the created particles. The most probable value of the kinetic
energy of the created particle is considered as @ — 2¢?, while
o is the frequency of a single-photon and meanwhile the to-
tal energy of a created particle, and 2¢? is the rest energy. In
this case, the initial velocities of these particles can be ob-
tained as ¢4/ 1 — 4¢* /2. For a oscillating field with frequency
® = 2.5¢* as we choose in Fig. 1, a static field with intensity
V5 >0.5¢* would be able to cancel out the kinetic energy of the
created particles thus drag them back into the interaction re-
gion and cause annihilation. According to Fig. 1, it is obvious

that the annihilation phenomenon appears on the curve in the
second half cycle (2n+1) x /2 <t < (2n+2) X t,/2 when
the external static field intensity V, > 0.5¢%; while the slope is
positive when the external static field intensity V5 < 0.5¢2.
We should point out that the initial velocity
cy/1 —4c*/w? is the most probable velocity of the created
particles, while some of the created particles have velocities
less or larger than cv/1 —4c*/®?. As shown in Fig. 1, while
the intensity of the static field V, = 0.2¢2 (in Fig. 1(b)), the
curve of the second half cycle is slightly different and the
slope is decreased in comparison with Fig. 1(a) in the absence
of the static field. For a stronger intensity V5 = 0.8¢? as shown
in Fig. 1(d), more particles are dragged back and the slope

becomes even smaller than that for V5 = 0.5¢? in Fig. 1(c),
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which indicates a stronger annihilation effect. On the other
hand, for a fermionic system these particles will occupy the
quantum states and block the creation of new particles. Be-
sides the annihilation between the particles and antiparticles,
the dragged back particles will be eliminated due to the Pauli
exclusion principle before they move back to the interaction
region.

To analyze the effect of different field width on the cre-
ation rate, we define the equivalent creation rate as 1 =I"/W,
while I' is the creation rate of the particles and W is the
width of the oscillating field. For a smaller field width W,
a narrower range of the energy distribution for the created
particles can be obtained. Therefore, the energy of the cre-
ated particles will be more concentrated on the most prob-
able energy ® — 2¢2,1331 and more created particles will be
dragged back when the intensity of the external static field ex-
ceeds the critical value V> = 0.5¢?. Figure 3 presents the time
evolutions of the created particles for different field widths
with the same oscillation intensity and frequency, compared
to Fig. 1, when the static field intensity V> = 0.8¢2. As shown
in Fig. 3, the slopes of the curves in the second half cycle
(2n+1) x1./2 <t < (2n+2) X t,/2 decrease with the in-
crease of the field width W. The slopes indicate the creation
rates of different field widths W =2/¢, W =3 /¢, W =4/c and
W =5/c, which are I; = —158.9, I, = —109.8, I = —146.3
and Iy = —34.0, respectively. The equivalent creation rates
of these widths are n, = —79.45, n, = —36,6, n. = —11.6
and Mg = —6.8. For small field width W, more particles with
concentrated energy will be dragged back and cause the anni-
hilation phenomenon, thus the negative slope will be steeper.
With the increase of the field width, the energy distribution of
the created particles becomes wider and less particles will be
dragged back, the annihilation effect will be weaker and the
absolute value of the negative slope decreases.

0.40 0.18
W=2/c

W=3/c

0.35

0.30
0.14

0.25
0.16 0.14

o.12r .

0.10

(d)
0.0020

0.0016

0.0018 0.0020 0.0016 0.0018
t t

Fig. 3. Time evolution of the total number of the created particles under
different widths of the external static electric field. The amplitude and

frequency of the oscillating field is V; = ¢? and @ = 2.5¢?, the intensity
of the external static electric field is V5 = 0.8¢2.

4. The spatial density and momentum distribu-
tion of the created particles

To observe the annihilation phenomena in space and the
effect of the static field on the trajectory of the created par-
ticles, here we focus on the spatial density distributions of
the created particles under different intensities of the external
static field V, at r = 0.002.

In Fig. 4, the picture show the simulated results of the cre-
ated electrons, while the positrons moves toward the opposite
direction. Here we set same parameters as Fig. 1. The dotted
curve is the spatial density while V, = 0, which is symmetric
about zg = —0.3, because there exist two directions of the ini-
tial velocities for the created particles in an one-dimensional
model, and the created particles cannot be accelerated or de-
celerated while the external static field intensity is absent. The
created particles will move out from the center of the interac-
tion region with a constant velocity to both sides, thus results
in a symmetric distribution. It is worth mentioning that, due to
the Pauli exclusion principle, the creation of new particles will
be blocked for a fermionic system, and should be promoted if
the created particles are pulled out of the interaction region.

1.2

e Vo =0 -
1 | ----V2=0.2¢ in
Ol e v=05c i
0.8
a 0.6
0.4
0.2
0.6 —0.3 0
Z

Fig. 4. The spatial density distribution of the created electrons under
different intensities of the external static field V, at t = 0.002. The am-
plitude and frequency of the oscillating field is V; = ¢? and @ = 2.5¢2,
when the field widths is W = 3/c. The center of the fields is located at
z0 = —0.3.

It is observed that for the dashed curve, which are simu-
lated with a static field intensity V5 = 0.2¢?, the created par-
ticles exists in —0.3 <z < 0 and —0.6 < z < —0.3 regions at
t = 0.002. Under such a static field, half the created particles
which move to the right direction are accelerated, and other
particles which move to the left direction are decelerated. For
a static field with intensity V5 = 0.2¢? that is less than the crit-
ical intensity V5 = 0.5¢% as we estimated in Section 3, due to
the asymmetric distribution of the external field, the spatial
density distribution is no longer symmetric. In the left region
for —0.6 < z < —0.3 the created electrons are pushed towards
the right direction, compared with that for V, = 0 (the dotted
line), and in the right region for —0.3 < z < 0 a small amount
of annihilation effect can be observed. This is because, even
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for a static field with a weak intensity V5 = 0.2¢2, a small por-
tion of the created particles with slow initial velocities will be
dragged back into the interaction region and affect the creation
process. For V5 = 0.5¢ more particles can be dragged back,
the curve becomes more asymmetric as presented by the dot-
dashed line, and the created electrons are mainly ejected into
the region —0.3 < z < 0. For an even stronger static field with
intensity V» = 0.8¢2, the created electrons mainly exist in the
region —0.3 < z < 0, which indicates that most of the created
electrons moving toward left are dragged back to the interac-
tion region and annihilate with the antiparticles, and a more
obvious annihilation effect can be observed in the right region
-03<z<0.

Compare the four different curves, we can find that the
created electrons that distribute in the left region for —0.6 <
7z < —0.3 decrease gradually with the increasing intensity of
the external static field V,, and more and more decelerated
particles can be dragged back to the interaction region. How-
ever, some electrons with high initial kinetic energy still can
escape from the interaction region so there also exist a small
portion of electrons even for a strong static field with inten-
sity V5 = 0.8¢2. In the right region for —0.3 < z < 0, with the
increase of the intensity of the static field, the annihilation ef-
fect becomes more and more obvious, which is in accordance
with the time evolution curve of the total number of the created
particles as shown in Fig. 1. It is also worth mentioning that
for the electrons that with initial velocities heading toward the
right direction, they will be accelerated in the presence of the
static field and pushed out of the interaction region directly,
thus have no effect on the following creation process.

0.012
0.010
0.008}

= 0.006
0.004

0.002

0

—400 —200 0 .200 400

Fig. 5. The momentum distribution of the created electrons under differ-
ent static field intensities V, at ¢ = 0.002. The amplitude and frequency
of the oscillating field are V| = ¢ and ® = 2.5¢% (the same as in Fig. 1).

The momentum distributions give a clearer presentation
of the velocities as well as the corresponding energies of the
created particles. The simulated results of the created elec-
trons for different intensities of the external static fields are
presented in Fig. 5. Here we still set the parameters as V; = ¢?
and ® = 2.5¢>. In Fig. 5, we use different lines to describe

the momentum of the created particles under different external

static field intensities V5 = 0, 0.2¢?, 0.5¢2 and 0.8¢?, respec-
tively.

Here we also present the results for the created electrons.
The dotted line shows the momentum distribution of the cre-
ated particles without the participation of the static field V, at
t = 0.002. We can observe two symmetric peaks located at
p = £102, which indicate that the created particles move to-
ward the left and right directions in a one-dimensional model
with the same velocity and probability due to the spatial sym-
metric distribution of the external field. On the other hand, the
most probable momentum of the created particles can be es-
timated according to the relation between the momentum and
the total energy, E> = ¢?p? + c¢*. For a relative wide field as
we choose in this paper, the momentum of the system should
be conserved, thus resulted in a transition between the energy
states —1.25¢% and 1.25¢? when the total energy of the created
particles is approximately 1.25¢? in the simulation parameter
W= 2.5c2, then the momentum of the created particles should
be p =+ (E2—c*)/c? ~
with the result shown by the dotted line in Fig. 5.

+102.8, which is in accordance

For other lines in Fig. 5, with the gradually increasing
intensity of the static field, the symmetric distribution of the
momentum is broken due to the presence of an asymmetric
external field. In Fig. 4, the created electrons with positive ini-
tial velocity (moving towards the right direction in the region
—0.3 < z < 0) are accelerated by the static field, while those
with negative initial velocity (moving towards the left direc-
tion in the region —0.6 < z < —0.3) are decelerated. From
the perspective of the momentum distribution, a right shift of
both peaks can be observed in Fig. 5, while the electrons with
positive momentum (indicated by the right peak) gain more
momentum for stronger intensity of the static field, and for
those with negative momentum (indicated by the left peak)
the momentum keeps increasing, even for the opposite signs.
For stronger intensities, the corresponding electric field will be
stronger and result in larger acceleration, so the right shift will
become more obvious, as shown in Fig. 5. As a result, more
electrons with the initial negative momentum can be dragged
back and head towards the positive direction. We can see that
for the dot-dashed line with V, = 0.5¢, the probability of the
created electrons with positive momentum is much larger than
that for the negative momentum, which is in accordance with
the result in Fig. 4 for V, = 0.5¢%, while most of the created
electrons distribute in the positive region. Thus, we can con-
sider that, if the intensity of the external static field exceeds
the critical value @ — 2¢%, most of the created particles with
negative momentum would be dragged back, while the abso-
lute value of the initial velocity of these particles is less than
or equal to \/m . Meanwhile, the annihilation effect
also becomes more obvious due to the increase of the static
field intensity V5.
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In addition, for an external oscillation field with narrower
width, the energy of the created particles will be more concen-
trated. Therefore, for a static field with intensity stronger than
the critical value @ — 2¢?, a higher proportion of created elec-
trons can be dragged back and cause more annihilation effect,

as pointed out in Fig. 3.

5. Conclusions

In summary, we have discussed the time evolution of the
total number of created particles under the combination of a
static and an oscillating field. It is found that there are differ-
ent shapes of the oscillations on these curves with the increas-
ing static field intensity. These oscillations can be considered
as an annihilation or creation phenomenon. It is pointed out
that the decelerated particles with the initial velocity less than
or equal to cm can be dragged back with a static
field V,, which is stronger than the critical value @ — 2¢2,
and then annihilate with its antiparticles, thus the total num-
ber of created particles is affected. In our simulation, when
the frequency of the oscillating field is @ = 2.5¢2, the esti-
mated threshold of the static field should be V> = 0.5¢2. There-
fore, the annihilation phenomenon in the second half cycle
(2n+1) xt/2 <t < (2n+2) X t/2 can be interpreted to
that most of the decelerated particles are dragged back to the
interaction region and result in an annihilation effect when
V5 > 0.5¢>. We also provide the spatial and momentum dis-
tribution of the created particles with different intensities of
the static field, which confirm the above conclusion.

For an oscillating field with frequency @ that is higher
than the energy gap 2¢?, the particles can be created continu-
ously because of the single-photon transition effect. However,
for a fermionic system, due to the Pauli blocking principle,
the interaction region is filled with created particles and every
state is occupied, the creation rate of the particles will be af-
fected. By adding a static field, the created particles inside the
interaction region can be evacuated and therefore increase the
total number of created particles. However, for a static field
with an intensity that is larger than the critical value @ — 2¢?
as discussed in this paper, other than the particles that are ac-
celerated and pushed out of the interaction region, a large pro-
portion of created particles will be decelerated and dragged
back into the interaction region, thus result in an annihilation
effect which will cause the decrease of the total number of the

created particles.

Although pair creation directly from the vacuum by light
can not be achieved under the present experimental condition,
many proposals have been raised regarding different combina-
tions of the external electric fields. For a model with a high
frequency oscillating field in a static field background, or two
overlapping laser beams with substantially different frequen-
cies when one field can be considered to be static, the results
in this paper are applicable, and the annihilation effect must be
considered.
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