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The Schrödinger equation is solved with general molecular potential via the improved quantization rule.
Expression for bound state energy eigenvalues, radial eigenfunctions, mean kinetic energy, and potential en-
ergy are obtained in compact form. In modeling the centrifugal term of the effective potential, a Pekeris-like
approximation scheme is applied. Also, we use the Hellmann–Feynman theorem to derive the relation for
expectation values. Bound state energy eigenvalues, wave functions and meanenergies of Woods–Saxon po-
tential, Morse potential, Möbius squared and Tietz–Hua oscillators are deduced from the general molecular
potential. In addition, we use our equations to compute the bound state energy eigenvalues and expectation
values for four diatomic molecules viz. H2, CO, HF, and O2. Results obtained are in perfect agreement with
the data available from the literature for the potentials and molecules. Studies also show that as the vibrational
quantum number increases, the mean kinetic energy for the system in a Tietz–Hua potential increases slowly to
a threshold value and then decreases. But in a Morse potential, the mean kinetic energy increases linearly with
vibrational quantum number increasing.
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1. Introduction

The wave equations are of tremendous importance in
the field of quantum mechanics due to the fact that they
can provide the information about the quantum mechani-
cal system.[1,2] However, the wave functions are obtained
by solving Schrödinger equation with potential energy
function describing the system. For a given quantum
state defined by the vibrational and rotational quantum
numbers ν and J respectively, the exact solution of the
Schrödinger equation is limited to the harmonic oscilla-
tor and Coulombic potential.[3,4] For many other poten-
tial energy functions, the exact solution can be obtained
only for the state J = 0 (also known as the pure vibra-
tional state).[5] For majority of the known potential en-
ergy functions, exact solutions of the Schrödinger equa-
tion are not feasible as a result of the spin-orbit or cen-
trifugal term coupled to the effective potential.[1,5] For
such potentials, approximate numerical or analytical so-
lutions are necessary.[6,7]

Analytical solutions have the advantage of being ob-
tained in close form, a form that makes them useful in
exploring the physical properties of the system which

they represent.[8–10] It must be mentioned here that not
all analytical solutions are reliable, the most accurate an-
alytical solution is one that approximates more closely
to its corresponding numerical solution.[11,12] Approx-
imate analytical solution of the Schrödinger equation
involves the application of a suitable approximation
model to the spin–orbit term[13–15] and an appropri-
ate solution method. Researchers have proposed an al-
most endless solution methods to solve the Schrödinger
equation. Some of the solution methods include
ansatz method,[16] asymptotic iteration method,[17] ex-
act quantization rule,[18] Nikiforov–Uvarov method,[19]

improved or proper quantization rule,[20] and so,on.
Various models of potential energy functions have

been used by researchers to solve the Schrödinger
equation.[21–23] In their quest for constructing a potential
energy function suitable for explaining molecular inter-
actions, Yanar et al. have suggested the general molecu-
lar potential (GMP).[24] It is given by the following ex-
pression:

V (r) =
A−B e−α(r−re)+ q̃

{
C−D e−α(r−re)

}2{
1−q e−α(r−re)

}2 , (1)
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where A, B, C, D, q̃, and q are adjustable real potential
parameters: q̃ and q are dimensionless parameters, re is
the equilibrium bond length, and r ∈ (0, ∞) is the inter-
nuclear separation of the interacting atoms.

The Schrödinger equation has been solved in the
presence of GMP, and the expression for the ro-
vibrational energy was used to model the interaction
among six diatomic molecules.[24] Ikot et al. have em-
ployed the asymptotic iteration method to solve the ra-
dial Schrödinger equation with GMP and used the ob-
tained energy spectra to study the thermodynamic prop-
erties of potassium dimer.[17] Finally, to the best of our
knowledge, these are the only researches reported in the
literature about the (GMP).

The researches about the GMP, which were earlier
carried out are as follows. (i) In Ref. [24], the ansatz so-
lution approach was used to solve the Schrödinger equa-
tion. However, explicit expression for energy eigenval-
ues was not given, which now entails obtaining separate
explicit expression for energy eigenvalues for each of the
potentials considered as special case. (ii) In Ref. [17], the
expression for eigen energies of the GMP was obtained
via asymptotic iteration method. Nonetheless, the result
was neither subjected to a numerical test nor reduced into
energy eigenvalues of other potential energy functions
derivable from the GMP. (iii) The energy eigenvalues ob-
tained for the GMP in previous researches are not valid
for q = 0. (iv) Even though the GMP remains finite as
q→ 0, the form of the Pekeris approximation model used
in Refs. [17,24] is infinite as q→ 0.

The present work aims at obtaining approximate
analytical solutions and mean energies of stationary
Schrödinger equation with the general molecular poten-
tial. The objectives to be studied include: i) deriving
the eigen energies of the GMP via the improved quan-
tization rule and eigenfunctions by ansatz solution, with
consideration for the cases of q 6= 0 and q = 0; ii) using a
Pekeris-like approximation recipe to model the pseudo-
spin orbit term of the effective potential; iii) deriving
the formulas of expectation values of kinetic energy, po-
tential energy, and total energy of the GMP, iv) com-
puting the mean energies of the GMP for four diatomic
molecules: H2, CO, HF, and O2; v) comparing the ob-
tained results with those available from the literature.

The rest of this paper is organized as follows. In Sec-
tion 2, a brief review of the improved quantization rule is
presented. In Section 3, we use ideas of improved quan-
tization rule to derive the expression for bound state en-

ergy eigenvalues of the GMP, and obtain the correspond-
ing eigenfunctions via ansatz solution. Mean kinetic en-
ergy and potential energy for the system are discussed in
Section 4. Section 5 is devoted to the special cases of the
GMP and numerical computations. Finally, some con-
clusions are drawn from the present work in Section 6.

2. Review of improved quantization rule

In this section, a brief outline of the rudiments of im-
proved quantization rule applicable to the present work is
given. A detailed narration of this concept is presented
elsewhere.[25] The improved quantization rule comes
into being due to the need to overcome some of the com-
plicated integrals encountered in exact quantization rule.
At the beginning, the exact quantization rule was used
to solve the one-dimensional Schrödinger equation given
by[25]

ψ
′′ (x)+ k2 (x)ψ (x) = 0, (2)

where double prime denotes the second derivative of
ψ (x) with respect to argument x, ψ (x), x ∈ (−∞, ∞) is
the one-dimensional wave function, and k(x) is the mo-
mentum of the system, and given in terms of the energy
E and effective potential Veff(x) by[18,25,26]

k(x) =
1
h̄

√
2 µ {E−Veff(x)}. (3)

In the usual notation, equation (2) expressed as a nonlin-
ear Riccati equation is given as[18,25,26]

φ
′ (x)+φ

2 (x)+ k2 (x) = 0. (4)

The logarithmic derivative φ (x) = ψ ′ (x)/ψ (x) of the
wave function ψ (x) is the phase angle.[18,26] For the
Sturm–Liouville problem, the phase angle must be
monotonic with respect to the energy.[18,26] Therefore,
from Eq. (2), ψ (x) must decreases monotonically with
respect to x between two turning points where E ≥
Veff (x). Specifically, as x increases across a node of the
wave function ψ (x), φ (x) decreases to −∞, jumps to
+∞, and then decreases again.[26] Having carefully stud-
ied the one-dimensional Schrödinger equation, the exact
quantization rule is given as[18,25,26]∫ xB

xA

k (x) d x = N π +
∫ xB

xA

k′ (x)
φ (x)
φ ′ (x)

d x, (5)

where the turning points xA and xB are the roots of the
equation Veff (x) = E. The number of nodes N of φ (x)
in the region E ≥ Veff (x) is by 1 greater than the num-
ber of nodes ν of the wave function ψ (x). That is,
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N = ν +1.[18,26] In Eq. (5), N π is the contribution from
the nodes of the phase angle while the second term on
the right-hand side is the quantum correction. The quan-
tum correction is independent of ν for all exactly solv-
able quantum systems. Accordingly, it is evaluated for
the ground state (ν = 0). For a spherically symmetric
potential, equations (2)–(4) are expressed as[18,20,25,26]

H ψν J (r) = Eν J ψν J (r) , (6)

kν J (r) =
1
h̄

√
2 µ {Eν J−Veff (r)}, (7)

φ
′
ν J (r)+φ

2
ν J (r)+ k2

ν J (r) = 0, (8)

where

H =− h̄2

2 µ

d2

dr2 +Veff (r) (9)

is the Hamiltonian operator of the system and the effec-
tive potential is defined by

Veff (r) =V (r)+
Lh̄2

2 µ r2 , (10)

with L = J (J+1) being the angular momentum of the
system. In a spherical coordinate system, equation (5)
takes the form[18]

Iν J = N π +Qc, (11)

where

Iν J =
∫ rν B

rν A

kν J (r) dr, (12)

Qc =
∫ xν B

xν A

φ0J (r)
φ ′0J (r)

k′0J (r) dr. (13)

Setting ν = 0 in Eq. (11) and eliminating Qc, the im-
proved quantization rule is written in compact form as
follows:[18]

Iν J = I0J +ν π. (14)

3. Solution of stationary Schrödinger equation
with GMP

3.1. Solution of stationary Schrödinger equation with
GMP corresponding to q 6= 0

Substituting Eq. (1) into Eq. (10), we have

Veff (r) =
A−B e−α(r−re)+ q̃

{
C−D e−α(r−re)

}2{
1−q e−α(r−re)

}2

+
Lh̄2

2 µ r2 . (15)

Equation (6) has an exact solution in the presence of
Eq. (15) only for the pure vibrational state (J = 0). How-
ever, approximate analytical solutions are achievable if a
suitable approximation scheme is employed to model the
centrifugal term of the effective potential. In the earlier
studies, the Pekeris-like approximation scheme used is
given as[17,24]

1
r2 ' c0 +

c1

1−q e−α(r−re)
+

c2{
1−q e−α(r−re)

}2 , (16)

where the constant coefficients c−1+ j ( j = 1, 2, 3) are given by[17,24]

c0 =
(3−α re)−2(3+α re)q+

(
3+3α re +α2 r2

e
)

q2

α2 q2 r4
e

, (17a)

c1 =
2(q−1)2 (−3+ α re +3q+2α qre)

α2 q2 r4
e

, (17b)

c2 =
(q−1)3 [3(q−1)+(q+1)α re]

α2 q2 r4
e

. (17c)

Clearly, as q→ 0, GMP remains finite but lim
q→0

c−1+ j ( j = 1, 2, 3)→∞. Thus equation (16) is not suitable for the case

in which q = 0. In this work, the centrifugal term is modeled by a Pekeris-like approximation recipe given as[2]

Lh̄2

2 µ r2 '
Lh̄2

2 µ

{
d0 +

d1 e−α(r−re)

1−q e−α(r−re)
+

d2 e−2α(r−re)[
1−q e−α(r−re)

]2
}
, (18)

where the constant coefficients d−1+ j ( j = 1, 2, 3) are given in a compact form as

d−1+ j =
(2− j)(3− j)

2r2
e

+
(−1) j 2

(−1+ j)!(3− j)!α r3
e
(4− j+q)(1−q) j +

(−1)−1+ j 6
(−1+ j)!(3− j)!α2 r4

e
(1−q)1+ j . (19)
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Evidently, as q→ 0, equation (1) is finite. Also, from Eq. (19) we have

lim
q→0

d−1+ j→ d(M)
−1+ j =

(2− j)(3− j)
2r2

e
+

(−1) j (8−2 j)
(−1+ j)!(3− j)!αM r3

e
+

(−1)−1+ j 6
(−1+ j)!(3− j)!α2

M r4
e
, (20)

which is also finite. Therefore, equation (18) holds for both q 6= 0 and q = 0. The “M” appearing in Eq. (20) is
designated as “expression corresponding to q = 0”. In the remainder part of this work, This notation will be used
unless otherwise stated. Substituting Eq. (18) into Eq. (15) we have

Veff (r) =
A−B e−α(r−re)+ q̃

{
C−D e−α(r−re)

}2{
1−q e−α(r−re)

}2 +
Lh̄2

2 µ

{
d0 +

d1 e−α(r−re)

1−q e−α(r−re)
+

d2 e−2α(r−re)[
1−q e−α(r−re)

]2
}
. (21)

Letting

e−α(r−re) =
1
τ
+q, (22)

where τ ∈
{
(e−α re−q)−1, 0

}
. Equation (21) is ex-

pressed with the variable τ as

Veff (τ) =

{
q2 A−qB+ q̃(qC−D)2 +

Lh̄2 d2

2 µ

}
τ

2

+

{
2qA−B+2 q̃C (qC−D)+

Lh̄2 d1

2 µ

}
τ

+ A+ q̃C2 +
Lh̄2 d0

2 µ
, (23)

which is written in close form as

Veff (τ) =
h̄2

2 µ

3

∑
j=1

η
2
−1+ j τ

3− j, (24)

where for j = 1,2,3,

η
2
−1+ j = Ld3− j +

2 µ

h̄2 δ
(−1+ j), (25)

such that

δ
(−1+ j) ≡ 1

(−1+ j)!

· ∂−1+ j

∂ q−1+ j

{
q2 A−qB+ q̃(qC−D)2

}
. (26)

With the notation given by Eqs. (25) and (26), the coeffi-
cients of τ2, τ , and τ0 in Eq. (23) are δ (0)+Lh̄2 d2

/
2 µ ,

δ (1) + Lh̄2 d1
/

2 µ , and δ (2) + Lh̄2 d0
/

2 µ , respectively.

The turning points τν A =
{

eα(rν A−re)−q
}−1

and τν B ={
eα(rν B−re)−q

}−1
required in the solution are deter-

mined by solving the equation Veff (τ) = eν J . Substitut-
ing Eq. (24) into this relation, we have

3

∑
j=1

η
2
−1+ j τ

3− j =
2 µ eν J

h̄2 ≡ η
2
ν J. (27)

The sum and product of the turning points (which are
also roots of Eq. (27)) are obtained as

τν A + τν B =−η2
1

η2
0
, (28)

τν A τν B =
η2

2 −η2
ν J

η2
0

. (29)

Equation (7) expressed in terms of parameter τ gives the
momentum as

kν J (τ) =

{
η

2
ν J−

3

∑
j=1

η
2
−1+ j τ

3− j

}1/2

≡
√

(τ− τν A)(τν B− τ). (30)

Using Eq. (22) to transform Eq. (8) into one involving
variable τ , the Riccati equation leads to

−α τ (1+qτ) φ
′
ν J (τ)+φ

2
ν J (τ)−

3

∑
j=1

η
2
−1+ j τ

3− j +η
2
ν J = 0. (31)

In order to satisfy the Sturm–Liouville requirement, we choose a first-degree polynomial as a trial wave function for
the ground state viz

φ0J (τ) =−ω τ + γ, (32)

where ω and γ are constant coefficients. Substituting Eq. (32) into Eq. (31) for ν = 0, we have(
α ω q+ω

2−η
2
0
)

τ
2 +
(
α ω−2ω γ−η

2
1
)

τ + γ
2−η

2
2 +η

2
ν 0 = 0. (33)
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Equation (33) is true if and only if the separate coeffi-
cients of τ2, τ , and τ0 each are equal to zero. This yields
the following expressions

α ω q+ω
2 = η

2
0 , (34a)

α ω−2ω γ = η
2
1 , (34b)

γ
2 = η

2
2 −η

2
ν 0. (34c)

The parameter ω is obtained from Eq. (34a) as

ω =−α qλ , (35)

where

λ =
1
2
±
(

1
4
+

η2
0

α2 q2

)1/2

≡ 1
2
± 1

2

√
1+

4Ld2

α2 q2 +
8 µ δ (0)

α2 q2 h̄2 . (36)

With ω and γ given by Eqs. (35) and (34b) respec-
tively, our trial solution defined by Eq. (32) is completely
known. Our next task is to evaluate the momentum inte-
gral. Substituting Eq. (22) into Eq. (12) and inserting
Eq. (30) into the resulting relation, we have

Iν J =−
η0

α

∫
τν B

τν A

√
(τ− τν A)(τν B− τ)

τ (1+qτ)
d τ. (37)

With the help of standard integral (A1) in Appendix A,
equation (37) gives

Iν J =
π

α

η0

q
+
√

η2
2 −η2

ν J−

√
η2

0 −qη2
1

q2 +η2
2 −η2

ν J

 . (38)

Corresponding to ν = 0, equation (38) yields

I0J =
π

α

η0

q
+
√

η2
2 −η2

0J−

√
η2

0
q2 −

η2
1

q
+η2

2 −η2
0J

 . (39)

Inserting Eqs. (34a)–(34c) into Eq. (39) and conducting
simplification, the resulting equation is obtained as fol-
lows:

I0J =
π

α

(
η0

q
+α λ

)
. (40)

Substitution of Eqs. (38) and (40) into Eq. (14) leads to

η
2
ν J = η

2
2 −α

2
{

η2
0 −qη2

1
2α2 q2 (ν +λ )

− ν +λ

2

}2

. (41)

Using Eqs. (25) and (27) to eliminate η2
−1+ j ( j = 1, 2, 3)

and η2
ν J respectively from Eq. (41), we obtain

Eν J = δ
(2)+

Lh̄2 d0

2 µ
− α2 h̄2

2 µ

(
κ3

κ2
− κ2

4

)2

, (42)

where

κ3 =
L

α2 q2 (d2−qd1)+
2 µ

α2 h̄2

(
δ
(0)−qδ

(1)
)
, (43a)

κ2 = 2ν +1+κ1, (43b)

κ1 = 2λ −1. (43c)

To obtain the corresponding eigenfunctions of the GMP,
the Riccati equation given by Eq. (31) is solved. Letting
z = 1+qτ where z =∈

(
(1−q eα re)−1 , 0

)
and employ-

ing the phase angle-wave function relationship to recover
the wave function, we have

z (1− z)ψ
′′
ν J (z)+(1−2z)ψ

′
ν J (z)+

{
η2

0
α2 q2 −

1
α2

(
η2

0
q2 −

η2
1

q
+η

2
2 −η

2
ν J

)
1
z
− η2

2 −η2
ν J

α2
1

1− z

}
ψν J (z) = 0. (44)

The substitution of the following expression into Eq. (44) is conducted:

ψν J (z) = Nν J zs (1− z)t
ϕν J (z) , (45)

where s and t are constants, Nν J is the normalization constant and ϕν J (z) is an unknown function, then equation (44)
is transformed into Gauss hypergeometric differential equation given by

z (1− z)ϕ
′′
ν J (z)+{2s+1− (2s+2 t +2)z}ϕ

′
ν J (z)+

{
(s+ t)2 + s+ t−

η2
0

α2 q2

}
ϕν J (z) = 0, (46)

070301-5



Chin. Phys. B Vol. 30, No. 7 (2021) 070301

subject to the following constraints:

s =
1
α

(
η2

0
q2 −

η2
1

q
+η

2
2 −η

2
ν J

)1/2

, (47)

t =
1
α

(
η

2
2 −η

2
ν J
)1/2

. (48)

For a polynomial solution,[24] equation (46) has a solu-
tion given by

ϕν J = 2F1 (−ν , ν +2s+2 t +1; 2s+1; z) , (49)

where 2F1 (−ν , ν +2s+2 t +1; 2s+1; z) is the hyper-
geometric function. Equations (42) and (45) give the
complete solution of the Schrödinger equation with the
GMP, and these equations remain valid for none zero val-
ues of q.

3.2. Solution of stationary Schrödinger equation with
GMP corresponding to q = 0

To obtain the solution of the Schrödinger equation
with the GMP for q = 0, first, it must be observed that by
taking limits, equation (21) remains valid since

lim
q→0

Veff (r)≡Veff M (r) = AM−BM e−αM(r−re)+ q̃M

{
CM−DM e−αM(r−re)

}2

+
Lh̄2

2 µ

{
d0M +d1M e−αM(r−re)+d2M e−2αM(r−re)

}
. (50)

Letting q= 0 in Eqs. (42) and (45), lim
q→0

eν J ≡ eν J M→∞

and lim
q→0

ψν J ≡ ψν J M → ∞ are obtained, respectively.

These results are contrary to expectations because the po-
tential represented by Eq. (50) is real and finite. To arrive
at a physically realistic solution of the Schrödinger equa-
tion with the GMP corresponding to q = 0, one needs to
re-evaluate Eqs. (34a)–(34c), thus yielding

ωM =−η0M, (51a)

αM ωM−2ωM γM = η
2
1M, (51b)

γ
2
M = η

2
2M−η

2
ν J M. (51c)

Note that in arriving at Eq. (51a) from Eq. (34a), the
negative square root is considered to meet the Sturm–
Liouville requirements of a trial wave function of one

node and zero-pole. For q = 0, equation (37) gives

Iν J M =−η0M

αM

∫
τν B

τν A

√
(τ− τν A)(τν B− τ)

τ
d τ. (52)

Using the standard integral (A2) in Appendix A and the
mapping η0M→−η0M, equation (52) gives

Iν J M =
π

αM

(
− η2

1M
2η0M

+
√

η2
2M−η2

ν J M

)
. (53)

Taking ν = 0 in Eq. (53) and substituting Eqs. (51a)–
(51c) into the resulting expression, we obtain

I0J M = π
/

2. (54)

Inserting Eqs. (53) and (54) into Eq. (14), and eliminat-
ing η0M, η1M, η2M, and ην J M, we obtain

Eν J M = δ
(2)
M +

Lh̄2 d0M

2 µ
− α2

M h̄2

2 µ

ν +
1
2
+

µ δ
(1)
M /αM h̄2 +Ld1M/2αM√

2 µ δ
(0)
M /h̄2 +Ld2M


2

. (55)

The radial eigenfunctions are obtained by setting q = 0 in Eq. (31), resulting in

τ
2

ψ
′′
ν J M (τ)+ τ ψ

′
ν J M (τ)− 1

α2
M

(
η

2
0M τ

2 +η
2
1M τ +η

2
2M−η

2
ν J M

)
ψν J M (τ) = 0. (56)

In order to solve Eq. (56), we assume a trial solution in the form of (Ref. [1])

ψν J M (τ) = Nν J M e−(1/2)τ ρ
τ
(1/2)υ

ϕν J M (τ) , (57)

where ρ and υ are the parameters, Nν J M is the normalization constant, and ϕν J M (τ) is an unknown function of τ .
Substitution of Eq. (57) into Eq. (56) gives the Laguerre hypergeometric differential equation

τ ϕ
′′
ν J M (τ)+(υ +1−ρ τ)ϕ

′
ν J M (τ)−

(
1
2

ρ υ +
1
2

ρ +
η2

1M

α2
M

)
ϕν J M (τ) = 0, (58)
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on condition that

ρ =
2η0M

αM
, (59)

υ =
2
(
η2

2M−η2
ν J M

)1/2

αM
. (60)

For bound state solution, equation (58) gives

ϕν J M (τ) = 1F1 (−n, υ +1; ρ τ) , (61)

where 1F1 (−n, υ +1; ρ τ) is the Laguerre hypergeomet-
ric function.

4. Mean values of kinetic energy and potential
energy in GMP

Now that we have obtained explicit analytical rela-
tions for bound state energy eigenvalues of the GMP for
cases where q = 0 and q 6= 0, we are in the position to
apply these expressions to driving the important formu-
las for mean values of kinetic energy and potential en-
ergy. The Hellmann–Feynman theorem (HFT)[1,9,10] is
used, and it states that if the Hamiltonian H of a quan-
tum mechanical system is a function of some parameter
ζ , then H(ζ ), ψν J (ζ ), and Eν J (ζ ) are related by[1,9,10]

Eζ (ζ ) = 〈ψν J (ζ )
∣∣Hζ (ζ )

∣∣ψν J (ζ )〉, (62)

where Eζ (ζ ) = ∂ Eν J (ζ )
/

∂ ζ , Hζ (ζ ) = ∂ Hν J (ζ )
/

∂ ζ ,
and in general, the notation fλ will be assumed to mean
∂ f
/

∂ λ . We begin by substituting Eq. (15) in Eq. (9),
and obtain

H =− h̄2

2 µ

d2

d r2 +
A−B e−α(r−re)+ q̃

{
C−D e−α(r−re)

}2{
1−q e−α(r−re)

}2

+
Lh̄2

2 µ r2 . (63)

4.1. Mean values of kinetic energy and potential en-
ergy of system in GMP for q 6= 0

Choosing ζ = L, equations (62) and (63) give

EL (L) = 〈ψν J (L) |HL (L) |ψν J (L)〉, (64)

HL =
h̄2

2 µ r2 , (65)

respectively. Substituting Eq. (65) into Eq. (64), we ob-
tain

〈r−2〉= 2 µ EL

h̄2 . (66)

EL is obtained by differentiating Eq. (42) with respect to
L, and expressed as

EL =
h̄2 d0

2 µ
+

h̄2
Ξ 1/2

µ q2

(
2d2

κ1 κ4
− d2−qd1

κ2

)
, (67)

where

Ξ =

(
κ3

κ2
− κ2

4

)2

, (68)

1
κ4

=
κ3

κ2
2
+

1
4
. (69)

The expectation value of the centrifugal term is given by

〈VL〉=
〈

Lh̄2

2 µ r2

〉
≡ LEL. (70)

The mean value of the kinetic energy is found by setting
ζ = µ , separately, in Eqs. (62), (63), and (42). Thus, we
have

Eµ = 〈ψν J (µ)
∣∣Hµ (µ)

∣∣ψν J (µ)〉, (71)

Hµ =
h̄2

2 µ2
d2

d r2 −
Lh̄2

2 µ2r2 , (72)

Eµ =−Lh̄2 d0

2 µ2 +
α2 h̄2

Ξ

2 µ2

+
2Ξ 1/2

µ

(
2δ (0)

κ1 κ4 q2 +
qδ (1)−δ (0)

κ2 q2

)
. (73)

From Eqs. (80) and (81), we find the expectation value
of the kinetic energy to be

〈T 〉 ≡ 〈ψν J (µ)

∣∣∣∣− h̄2

2 µ

d2

d r2

∣∣∣∣ψν J (µ)〉

=−µ Eµ −LEL. (74)

Another important relation which is deduced by the HFT
is the expectation value of the GMP. Taking ζ separately
as potential parameters A, B, and q̃, we have the mean
value of the GMP 〈V 〉 as given below:

〈V 〉= AEA +BEB + q̃Eq̃, (75)

where EA, EB, and Eq̃ are obtained from Eq. (42) to be

EA = 1+2Ξ
1/2
(

2
κ1 κ4

+
1
κ2

)
, (76)

EB =
−4Ξ 1/2

κ1 κ4 q
, (77)

Eq̃ =C2 +2Ξ
1/2
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×

{
2

κ1 κ4

(
C− D

q

)2

+
1
κ2

(
C2− D2

q2

)}
. (78)

Let Ων J be the sum of kinetic energy and potentials, then
we have

Ων J =−µ Eµ +AEA +BEB + q̃Eq̃ ≡ Eν J. (79)

4.2. Mean values of kinetic energy and potential en-
ergy of system in GMP for q = 0

In the previous section, the equations derived for ex-
pectation values of kinetic energy and potential energy
are valid only for nonzero values of q. Corresponding to
q = 0, equations (70) and (74) transform into

〈VLM〉= 〈
(

Lh̄2

2 µ r2

)
M
〉 ≡ LELM, (80)

〈TM〉=−µ Eµ M−LELM, (81)

where

ELM =
h̄2 d0M

2 µ
− α2

M h̄2
Π 1/2

2 µ

(
d1M

αM κ5
− d2M

2κ5 κ7

)
, (82)

Eµ M =−Lh̄2 d0M

2 µ2 +
α2

M h̄2
Π

2 µ2

− α2
M Π 1/2

µ

(
δ
(1)
M

αM κ5
−

δ
(0)
M

κ5 κ7

)
(83)

are obtained from Eq. (64) by taking ζ separately as L
and as µ , with the following expressions:

Π =

(
ν +

1
2
+

κ6

κ5

)2

, (84)

κ7 =
κ2

5
κ6

, (85a)

κ6 =
Ld1M

2αM
+

µ δ
(1)
M

αM h̄2 , (85b)

κ5 =

√
Ld2M +

2 µ δ
(0)
M

h̄2 . (85c)

Similarly, the mean value of the GMP 〈V 〉M, for q = 0 is
deduced from Eq. (75) and expressed as

〈VM〉= AM EAM +BM EBM + q̃M Eq̃M , (86)

where EAM , EBM , and Eq̃M are obtained by differentiating
Eq. (55) with respect to AM, BM, and q̃M, their expres-
sions are given below:

EAM = 1, (87)

EBM =
αM Π 1/2

κ5
, (88)

Eq̃M =C2
M +α

2
M Π

1/2
(

2CM DM

αM κ5
+

D2
M

κ5 κ7

)
. (89)

The sum of energy and potentials for q = 0 is then

Ων J M =−µ Eµ M +AM EAM +BM EBM + q̃M Eq̃M

≡Eν J M. (90)

5. Results and discussion

Having obtain the explicit expressions for energy
eigenvalues, eigenfunctions and expectation values of the
GMP, at this point we will test the accuracy of our re-
sults. Through the suitable choice of parameters A, B,
C, D, q, and q̃, we deduce the bound state energy eigen-
values, radial wave functions and expectation values of
some potential models that are special cases of the GMP.

5.1. Woods–Saxon potential

The Woods–Saxon potential is a useful potential en-
ergy function and used as a major part of nuclear shell
model to obtain nuclear energy level spacing and proper-
ties of electron distribution in atoms, nuclei and atomic
clusters.[20] By choosing δ (0) = δ (2) = 0, δ (1) = −V0,
and the mappings

q→−q, α → α/R0, re→ R0,

L→ 2 µ δ
2 Q2/h̄2, d−1+ j→ d−1+ j/R2

0

in Eqs. (23) and (42), we obtain Eqs. (B1) and (B2)
in Appendi B. These equations are identical to Eqs. (9)
and (29) of Ref. [20], the effective potential and bound
state energy eigenvalue of the Woods–Saxon potential in
D dimensions. Here, since q 6= 0, it follows that equa-
tions (70) and (75) are applicable for the computation of
expectation values of spin–orbit term and potential en-
ergy function. On the other hand, equation (74) is suit-
able for the mean kinetic energy of the potential.

5.2. Morse potential

The Morse potential has been described as an impor-
tant empirical potential model suitable for representing
vibration–rotation states of diatomic molecules.[2,24,28]

Equations (B3) and (B4) shown in Appendix B are ob-
tained for the following choice of potential parameters
applied to Eqs. (23) and (42) respectively:

δ
(0)
M =−(1/2)δ (1)

M = δ
(2)
M = de.
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By comparison, equarions (B3) and (B4) are identical to
Eqs. (48) and (56) for the Morse potential in Ref. [1]. In
this case, since q = 0, equations (81), (80), and (86) are
employed to compute mean values of kinetic energy, cen-
trifugal term, and Morse potential function respectively.

5.3. Tietz–Hua oscillator

Equations (B5) and (B6) shown in Appendix B are
obtained from Eqs. (23) and (42) respectively, subject to
the following choice of potential parameters: δ (2) = de,
q̃D2 = De, and B+ 2 q̃C D = 2De. As it is evident that,
equation (B5) corresponds to the expression for effective
potential of the Tietz–Hua oscillator.[2,28,31] On the other
hand, with q = ch and bh = αM (1− ch), equation (B6) is
just the Eq. (13) of Ref. [31] for the ro-vibrational energy.
The Tietz–Hua oscillator is known to be more realistic
than the Morse potential in the description of molecular
dynamics at moderate and high rotational and vibrational
quantum number, and it reduces to Morse potential when
ch = 0.[28] For ch 6= 0, equations (70), (75), and (74) are
appropriate for the computation of the mean value of cen-
trifugal term, the mean value of the Tietz–Hua potential
energy function, and the mean value of kinetic energy.

5.4. Möbius squared oscillator

The Möbius squared oscillator is a very important
potential energy model that has wide applications in
chemical physics, nuclear physics, molecular physics,
and solid-state physics.[1,29] Bound state energy eigen-

values and some expectation values of this oscillator have
been studied in the literature.[1,29] It is noted that with the
following expressions

q =−D′ e−α re/C′, δ
(2) =V0

(
A′2/C′2 +η

)
,

B+2 q̃C′D′ =−2V0
(
A′B′/C′,2 +η D′/C′

)
e−α re ,

q̃D2 =V0
(
B′2/C′2 +η D′2/C′2

)
e−2α re ,

equations (23) and (46) are transformed into the forms
given by Eqs. (B7) and (B8) in the Appendix B. Ex-
cept for the coefficients d1, d2, and d3, equations (B7)
and (B8) are respectively equivalent to Eqs. (16) and
(37) in Ref. [1] for the effective potential energy and ro-
vibrational energy of shifted-rotating Möbius squared os-
cillator. If in addition, η is reduced to zero and the coef-
ficients d−1+ j ( j = 1, 2, 3) are chosen as α2, 2α2 e−α re ,
and α2 e−2α re in Eqs. (B7) and (B8), the first term and
second term of Eq. (B7) are correspondingly equivalent
to Eqs. (5) and (6) of Ref. [29] for the Mobius squared
potential and the approximation to the centrifugal term
respectively, where for validity, D′ =−C′. Furthermore,
if L is replaced with (D+2ℓ−3)(D+2ℓ−1)

/
4, equa-

tion (B8) is identical to the energy eigenvalues of Möbius
squared oscillator in D dimensions given by Eq. (17b) in
Ref. [29], the parameter λ is related to γ of Eq. (17c) by
λ = γ +1/2.

The data in Table 1 show spectroscopic constants of
four diatomic molecules viz. H2, CO, HF, and O2 studied
in the present work.

Table 1. Spectroscopic parameters of selected diatomic molecules used in the present study.

Molecule Molecular state
Molecular parameters

ch µ (10−23 g) re (Å) αM (Å−1) bh (Å−1) De (cm−1)

H2 (Refs. [2,28]) X1Σ+
g 0.170066 0.084 0.741 1.9506 1.61890 38318

HF (Ref. [28]) X1Σ+ 0.127772 0.160 0.917 2.2266 1.94207 49382

O2 (Ref. [28]) X3Σ−g 0.027262 1.337 1.207 2.6636 2.59103 42041

CO (Refs. [2,28]) X1Σ+ 0.149936 1.146 1.128 2.5937 2.20481 90531

We compute the bound state energy eigenvalues, ex-
pectation values of centrifugal term, potential energy
function, kinetic energy, and total energy. The calcu-
lations are carried out for arbitrary rotational and vi-
brational quantum numbers. The results obtained using
Eqs. (42), (70), (75), (74), and (79) for the parameters
defined in Subsection 5.3 of the Tietz–Hua oscillator are
shown in Tables 2–5. Also reported in the tables are the

corresponding results for the parameters of Morse poten-
tial given in Subsection 5.2, which are calculated through
Eqs. (55), (80), (86), (81), and (90). To enable our results
to be compared with the existing data in the literature,
we compute the binding energy de−Eν J and de−Eν J M

for the Tietz–Hua and Morse potentials respectively. The
computed results and those extracted from the litera-
ture are shown in the tables. For the four diatomic
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molecules considered in the present work, our computed
bound state energy values are in nearly perfect agreement
with the results obtained by generalized pseudospectral
method[30] and by Nikiforov–Uvarov method.[2]

Variations of expectation values of the kinetic en-
ergy, the potential energy, and the total energy with the
vibrational quantum number are shown graphically in the
following Figs. 1–4.
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Fig. 1. The variation of the mean centrifugal term with the vibra-
tional quantum number for (a) the Tietz–Hua oscillator, and (b) the
Morse oscillator.

Figure 1 shows the plot of expectation values of
the centrifugal term versus ν . As indicated by the plot
in Fig. 1(a), when ν is increased from zero, 〈VL〉 de-
creases linearly to some threshold value and afterwards
increases. However, the opposite is true for the variation
of 〈VLM〉 with ν as represented in Fig. 1(b).

0 10 20 30 40 50 60 70 80 90 100

v

0 10 20 30 40 50 60 70 80 90 100

v

0

5

10

15

0

5

10

15

Tietz–Hua oscillator

Morse oscillator

(a)

(b)

<V
M
> 

↼e
V

)
<V

> 
↼e

V
)

Fig. 2. The variation of the mean GMP with the vibrational quantum
number for (a) the Tietz–Hua oscillator and (b) the Morse oscillator.

The variation of the expectation value of GMP with
ν is shown in Fig. 2. In this case, as ν is gradually raised

from zero, 〈V 〉 increases to a peak value, then decreases
as ν is further increased (Fig. 2(a)). Like the previous
case, the variation of 〈VM〉 with ν is opposite to the vari-
ation of 〈V 〉 with ν .

In Fig. 3, we plot the expectation values of the ki-
netic energy versus ν . Figure 3(a) shows that as ν is
varied positively, 〈T 〉 increases to a maximum value and
afterwards decreases with the ν further increasing. In
Fig. 3(b), 〈TM〉 increases approximately linearly with the
ν increasing.
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Fig. 3. The variation of the mean kinetic energy with the vibrational
quantum number for (a) the Tietz–Hua oscillator, and (b) the Morse
oscillator.

The variations of total energy of the GMP with ν are
shown in Figs. 4(a) and 4(b) for the Tietz–Hua potential
and Morse potential. The plots reveal that as ν increases
from zero, the total energy for each of the two oscilla-
tors increases slowly, then attains a maximum value, and
finally decreases.

0 10 20 30 40 50 60 70 80 90 100

v

0 10 20 30 40 50 60 70 80 90 100

v

-15

-10

-5

0

5

-15

-10

-5

0

(D
0
↩

Ω
v
J
 M

↽ 
↼e

V
)

(D
0
↩

Ω
v
J
↽ 

↼e
V

)

Tietz–Hua oscillator

Morse oscillator

(a)

(b)

Fig. 4. The variation of the total energy with the vibrational quan-
tum number for (a) the Tietz–Hua oscillator and (b) the Morse os-
cillator.
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6. Conclusions

In the present work, bound state energy eigenval-
ues and radial eigenfunctions of the general molecu-
lar potential are obtained within the frameworks of im-
proved quantization rule and ansatz solution method re-
spectively. A Pekeris-like approximation model is used
to model the pseudo-spin orbit term of the Schrödinger
equation. With the help of Hellmann–Feynman theo-
rem, closed form expressions for mean kinetic energy
and mean potential energy are derived for the system.
Equations for ro-vibrational energy, wave functions and
mean energy of Woods–Saxon potential, Morse poten-

tial, Möbius squared, and Tietz–Hua oscillators are de-
duced from the general molecular potential energy. Fur-
thermore, we numerically compute the values for bound
state energy eigenvalues and mean energy values for four
diatomic molecules viz. H2, CO, HF, and O2. The re-
sults obtained are in perfect agreement with existing data
in the literature for the potentials and molecules. Our
studies also reveal that as the vibrational quantum num-
ber increases, the mean kinetic energy of the system in
Tietz–Hua potential increases slowly to a threshold value
then decreases. On the other hand, in a Morse potential,
the mean kinetic energy increases approximately linearly
with the vibrational quantum number increasing.

Appendix A: List of standard definite integral used in this work

∫ b

a

√
(x−a) (b− x)
x(1+qx)

zd x = π

{√
(1+qa)(1+qb)

q
− 1

q
−
√

ab

}
, (Ref. [27]), (A1)

∫ b

a

√
(x−a)(b− x)

x
d x = π

{
1
2
(a+b)−

√
ab
}
, (Ref. [18]). (A2)

Appendix B: List of derived expressions of effective potential and bound state ro-vibrational energy
for the special cases of general molecular potentials considered in this work

B1. Woods–Saxon potential

V (WS)
eff (r) =− V0

eα(r−R0)/R0 +q
+

Lh̄2

2 µ

{
d0 +

d1

eα(r−R0)/R0 +q
+

d2[
eα(r−R0)/R0 +q

]2
}
, (B1)

E(WS)
ν J =

Lh̄2 d0

2 µ R2
0
− α2 h̄2

2 µ R2
0

{
(L/α2)(qd1 +d2)− (2 µ V0 R2

0/α2 h̄2 q)

2ν +1−
√

1+(4Ld2/α2 q2)
− 2ν +1−

√
1+(4Ld2/α2 q2)

4

}2

. (B2)

B2. Morse potential

V (Morse)
eff M (r) = De

{
1− e−αM(r−re)

}2
+

Lh̄2

2 µ

{
d0M +d1M e−αM(r−re)+d2M e−2αM(r−re)

}
, (B3)

E(Morse)
ν J M = De +

Lh̄2 d0M

2 µ
− α2

M h̄2

2 µ

ν +
1
2
+

(Ld1M/2αM)− (2 µ De/αM h̄2)√
Ld2M +2 µ De/h̄2

2

. (B4)

B3. Tietz–Hua potential

V (TH)
eff (r) = De

{
1− e−bh(r−re)

1− ch e−bh(r−re)

}2

+
Lh̄2

2 µ

{
d0 +

d1 e−bh(r−re)

1− ch e−bh(r−re)
+

d2 e−bh(r−re)[
1− ch e−bh(r−re)

]2
}
, (B5)

E(TH)
ν J = De +

Lh̄2 d0

2 µ
−

b2
h h̄2

2 µ

 (L/b2
h c2

h)(d2− ch d1)− (2 µ De/b2
h h̄2)

(
1−1/c2

h

)
2ν +1+

√
1+(4Ld2/b2

h c2
h)+(8 µ De/b2

h h̄2)(1− (1/ch))
2

−
2ν +1+

√
1+(4Ld2/b2

h c2
h)+(8 µ De/b2

h h̄2)(1−1/ch)
2

4


2

. (B6)
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B4. Möbius squared oscillator

Veff (r) =V0

(
A′+B′ e−α r

C′+D′ e−α r

)2

+
Lh̄2

2 µ

{
d0 +

C′ d1 e−α re e−α r

C′+D′ e−α r +
C′2 d2 e−2α re e−2α r

(C′+D′ e−α r)2

}
+η V0, (B7)

E(MS)
ν J =V0

(
A′2

C′2
+η

)
+

α2 h̄2 L
2 µ

− α2 h̄2

8 µ (ν +λ )2

{
− L

α2

(
C′2

D′2
d2

e−2α re +
C′

D′
d1

e

−α re
)

+
2 µ V0

α2 h̄2

(
A′2

C′2
+

B′2

D′2
+2η

)
+

1
4
(ν +λ )

}2

. (B8)
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