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The Schrodinger equation is solved with general molecular potential via the improved quantization rule.
Expression for bound state energy eigenvalues, radial eigenfunctions, mean kinetic energy, and potential en-
ergy are obtained in compact form. In modeling the centrifugal term of the effective potential, a Pekeris-like
approximation scheme is applied. Also, we use the Hellmann—Feynman theorem to derive the relation for
expectation values. Bound state energy eigenvalues, wave functions and meanenergies of Woods—Saxon po-
tential, Morse potential, Mobius squared and Tietz—Hua oscillators are deduced from the general molecular
potential. In addition, we use our equations to compute the bound state energy eigenvalues and expectation
values for four diatomic molecules viz. Hy, CO, HF, and O;. Results obtained are in perfect agreement with
the data available from the literature for the potentials and molecules. Studies also show that as the vibrational
quantum number increases, the mean kinetic energy for the system in a Tietz—Hua potential increases slowly to
a threshold value and then decreases. But in a Morse potential, the mean kinetic energy increases linearly with

vibrational quantum number increasing.
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1. Introduction

The wave equations are of tremendous importance in
the field of quantum mechanics due to the fact that they
can provide the information about the quantum mechani-
cal system. 2] However, the wave functions are obtained
by solving Schrédinger equation with potential energy
function describing the system. For a given quantum
state defined by the vibrational and rotational quantum
numbers v and J respectively, the exact solution of the
Schrodinger equation is limited to the harmonic oscilla-
tor and Coulombic potential.[>*! For many other poten-
tial energy functions, the exact solution can be obtained
only for the state / = 0 (also known as the pure vibra-
tional state).!>! For majority of the known potential en-
ergy functions, exact solutions of the Schrodinger equa-
tion are not feasible as a result of the spin-orbit or cen-
trifugal term coupled to the effective potential.l'! For
such potentials, approximate numerical or analytical so-
lutions are necessary.!%7!

Analytical solutions have the advantage of being ob-
tained in close form, a form that makes them useful in
exploring the physical properties of the system which
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they represent.®~1%1 It must be mentioned here that not
all analytical solutions are reliable, the most accurate an-
alytical solution is one that approximates more closely
to its corresponding numerical solution.!!’'?1" Approx-
imate analytical solution of the Schrodinger equation
involves the application of a suitable approximation
model to the spin—orbit term!!3-1>1 and an appropri-
ate solution method. Researchers have proposed an al-
most endless solution methods to solve the Schrodinger
equation. Some of the solution methods include
ansatz method, ! asymptotic iteration method,!!”! ex-
act quantization rule,!!8! Nikiforov—Uvarov method,!!°!
improved or proper quantization rule,*°! and so,on.
Various models of potential energy functions have
been used by researchers to solve the Schrodinger
equation.!?'=23 In their quest for constructing a potential
energy function suitable for explaining molecular inter-
actions, Yanar et al. have suggested the general molecu-
lar potential (GMP).[?*] It is given by the following ex-
pression:
A—Be 1) 4 G{C—De ¥ }2
V() = 2 ., (D
{1 —q e—a(r—re)}
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where A, B, C, D, g, and g are adjustable real potential
parameters: ¢ and g are dimensionless parameters, r. is
the equilibrium bond length, and r € (0, oo) is the inter-
nuclear separation of the interacting atoms.

The Schrodinger equation has been solved in the
presence of GMP, and the expression for the ro-
vibrational energy was used to model the interaction
among six diatomic molecules.**! Tkot et al. have em-
ployed the asymptotic iteration method to solve the ra-
dial Schrodinger equation with GMP and used the ob-
tained energy spectra to study the thermodynamic prop-
erties of potassium dimer.!!” Finally, to the best of our
knowledge, these are the only researches reported in the
literature about the (GMP).

The researches about the GMP, which were earlier
carried out are as follows. (i) In Ref. [24], the ansatz so-
lution approach was used to solve the Schrédinger equa-
tion. However, explicit expression for energy eigenval-
ues was not given, which now entails obtaining separate
explicit expression for energy eigenvalues for each of the
potentials considered as special case. (ii) In Ref. [17], the
expression for eigen energies of the GMP was obtained
via asymptotic iteration method. Nonetheless, the result
was neither subjected to a numerical test nor reduced into
energy eigenvalues of other potential energy functions
derivable from the GMP. (iii) The energy eigenvalues ob-
tained for the GMP in previous researches are not valid
for ¢ = 0. (iv) Even though the GMP remains finite as
q — 0, the form of the Pekeris approximation model used
in Refs. [17,24] is infinite as g — 0.

The present work aims at obtaining approximate
analytical solutions and mean energies of stationary
Schrodinger equation with the general molecular poten-
tial. The objectives to be studied include: i) deriving
the eigen energies of the GMP via the improved quan-
tization rule and eigenfunctions by ansatz solution, with
consideration for the cases of ¢ # 0 and g = 0; ii) using a
Pekeris-like approximation recipe to model the pseudo-
spin orbit term of the effective potential; iii) deriving
the formulas of expectation values of kinetic energy, po-
tential energy, and total energy of the GMP, iv) com-
puting the mean energies of the GMP for four diatomic
molecules: Hp, CO, HF, and O;; v) comparing the ob-
tained results with those available from the literature.

The rest of this paper is organized as follows. In Sec-
tion 2, a brief review of the improved quantization rule is
presented. In Section 3, we use ideas of improved quan-
tization rule to derive the expression for bound state en-

ergy eigenvalues of the GMP, and obtain the correspond-
ing eigenfunctions via ansatz solution. Mean kinetic en-
ergy and potential energy for the system are discussed in
Section 4. Section 5 is devoted to the special cases of the
GMP and numerical computations. Finally, some con-
clusions are drawn from the present work in Section 6.

2. Review of improved quantization rule

In this section, a brief outline of the rudiments of im-
proved quantization rule applicable to the present work is
given. A detailed narration of this concept is presented
elsewhere.!?! The improved quantization rule comes
into being due to the need to overcome some of the com-
plicated integrals encountered in exact quantization rule.
At the beginning, the exact quantization rule was used
to solve the one-dimensional Schrodinger equation given
by[ZSJ

Y () () Y (x) =0, @)
where double prime denotes the second derivative of
v (x) with respect to argument x, ¥ (x), x € (—co, 00) is
the one-dimensional wave function, and k(x) is the mo-
mentum of the system, and given in terms of the energy
E and effective potential Vege(x) by!18:2%-26]

k) = /20 (E = Ve G

In the usual notation, equation (2) expressed as a nonlin-
ear Riccati equation is given as!!8-2>-26]

¢ (x) + ¢ (x) + Kk (x) =0. (4)

The logarithmic derivative ¢ (x) = ¥/ (x) /y (x) of the
wave function y (x) is the phase angle.!'®21 For the
Sturm-Liouville problem, the phase angle must be
monotonic with respect to the energy.!!32% Therefore,
from Eq. (2), y(x) must decreases monotonically with
respect to x between two turning points where E >
Vest (x). Specifically, as x increases across a node of the
wave function y (x), ¢ (x) decreases to —eo, jumps to
+ oo, and then decreases again.?%! Having carefully stud-
ied the one-dimensional Schrodinger equation, the exact
quantization rule is given as!!823-26]

'XB XB

/ k(x) dx:N7r+/ K (x) ¢ (x) dx, (5
XA J XA

where the turning points x4 and xp are the roots of the

equation Vg (x) = E. The number of nodes N of ¢ (x)

in the region E > V¢ (x) is by 1 greater than the num-

ber of nodes v of the wave function y(x). That is,
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— [18,26] . " B oy (r
N=v+1. InEq. (5),N~x 1§ the contribution from 0. = ¢,J( ) /0] (r) dr. (13)
the nodes of the phase angle while the second term on wva 907 (r)

the right-hand side is the quantum correction. The quan- ] ) L ]
tum correction is independent of v for all exactly solv- Setting v = 0 in Eq. (11) and eliminating Q, the im-

able quantum systems. Accordingly, it is evaluated for proved quantization rule is written in compact form as

.[18]
the ground state (v = 0). For a spherically symmetric follows:
potential, equations (2)—(4) are expressed asl18.20,25,26] Lyy=Ih;+vm. (14)
Huyyy(r)=Eyiwy(r), (6) . . . .
1 3. Solution of stationary Schrodinger equation
kyy (r) = ﬁ\/Zu {Evy— Vet (r)}, (N with GMP
Oy (r)+ 0y, (r)+ky s (r) =0, (8)  3.1. Solution of stationary Schrédinger equation with
GMP corresponding to g # 0
where N
H— _htd Ve (1) 9) Substituting Eq. (1) into Eq. (10), we have
2udr2 ¢
i.s the Harrl.ilt(?nian operator of the system and the effec- Var () = A—Be ) 4 g {C _pe—alr—re) }2
tive potential is defined by {1 ) }2
L1? 2
Vett (r) =V (r) + (10) Ln (15)

2ur?’ +2Iv”2.

with L = J(J+ 1) being the angular momentum of the . o
system. In a spherical coordinate system, equation (5) Equation (6) has an exact solution in the presence of

takes the form!!®! Eq. (15) only for the pure vibrational state (/ = 0). How-

ever, approximate analytical solutions are achievable if a

Iyj=N7m+Qc, (1) suitable approximation scheme is employed to model the
where centrifugal term of the effective potential. In the earlier
rvB studies, the Pekeris-like approximation scheme used is
I = / kyy(r)dr, (12) given as!1724
rva ‘
1 n ci n c (16)
— ~cy )
r? 1 —C]efa(’*re) {1 7qefa(r7re)}2
where the constant coefficients c_14; (j = 1, 2, 3) are given by!!724
B—oare)—203+ar)g+ (3+3arc+a*rl) ¢
co= o , (17a)
o q-re
2(q—1)*(-3+arc+3g+2a
c1 = (q ) ( + re+ q+ qre), (17b)
022t
~1)’Bg—D+(g+1ar
N (Al M LU y 2 4(4 )are] (17¢)
o q-re

Clearly, as ¢ — 0, GMP remains finite but ling) c—14+j (j=1,2,3) — oco. Thus equation (16) is not suitable for the case
q—
in which g = 0. In this work, the centrifugal term is modeled by a Pekeris-like approximation recipe given as!?!

LhZ LhZ {d N d; e—a(r—rc) d» e—ZOC(r—rc) }
0 )

L 18
2‘LL r2 2u 1—qe70‘(’7”e) T [1 _qE:—Ot(r—re)]2 ( )

where the constant coefficients d_;;; (j =1, 2, 3) are given in a compact form as

2-/)B-J) (—1)2
2r2 (=14+)G=)ar

(1"

ANt
TG 0 1

4—j+q)(1—g) +
070301-3
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Evidently, as ¢ — 0, equation (1) is finite. Also, from Eq. (19) we have

™ _ (2-/)3B-)) (—1)/ (8—2}) (1) e
—14j = 2r2 (—1+)1GB=Nlamrd (=14 )3 —j)lord’

limd_i,; —d 20)
q—0

which is also finite. Therefore, equation (18) holds for both ¢ # 0 and ¢ = 0. The “M” appearing in Eq. (20) is
designated as “expression corresponding to ¢ = 0. In the remainder part of this work, This notation will be used
unless otherwise stated. Substituting Eq. (18) into Eq. (15) we have

A—Be %) 1 g{C—pe a—r)? g2 dy e~ er=re) db e—20(r—7e)
Ve (1) = { g yool, —— et See @D
{1_qefa(r7re)} 2‘u 1 —qge r—re [l_qe*tx(rffe)]
\
Letting 8+ Lr%4, /2;1, and §?) + Lr? d0/2[,t, respectively.
e alr=re) — 1+q, (22)  The turning points Ty, = { e*(va=re) — q}f1 and Typ =
T

— -1 . . .
where 7 € {(e"®*—¢)~', 0}. Equation (21) is ex- {ea(w 5 ¢} required in the solution are deter-

pressed with the variable < as mined by solving the equation V. (T) = ey ;. Substitut-

ing Eq. (24) into this relation, we have

Veff(T)Z qA—qB+q(qC—D) +— /7 3
2u = o 3. 2devs 5 7
Lh2d1 Z n—1+jf - h2 =MNvy- ( )
+{2qA—B+2qC(qC—D)+ 2 }r =1
L, L m2d, The sum and product of the turning points (which are
+A+4C + 2u (23) also roots of Eq. (27)) are obtained as
which is written in close form as nz
7’12 3 ) TvAa+Tvp = _n7127 (28)
Veff(f) = ﬂ Z nEIJrj T37]’ (24) 2 02
= Toatyy= 2. (29)
where for j =1,2,3, Mo
n? 1 =Lds j+ 27.5 s+ j)’ (25) Equation (7) expressed in terms of parameter T gives the
momentum as
such that
1 2 S 3—j v
SEHH) =~ kvy(7)=<ny,— Y N2 77
(—1+j>! v ( ) vJ J; 1+j
871+j i
= {¢a-aB+ac-p2}. o) = V(E—ma) (s —7). (30)
q

With the notation given by Egs. (25) and (26), the coeffi-  Using Eq. (22) to transform Eq. (8) into one involving

cients of 72, 7, and 7° in Eq. (23) are ¥ + LK% d, / 2u,  variable 7, the Riccati equation leads to
|

3
—ot(14+97) ¢y, (7)+ 0y, (1) — Y 7731—&-1' v 4y, =0. (31)
=1

In order to satisfy the Sturm-Liouville requirement, we choose a first-degree polynomial as a trial wave function for
the ground state viz

$os (7) = —wT+7, (32)

where @ and 7 are constant coefficients. Substituting Eq. (32) into Eq. (31) for v =0, we have
(@wg+0*—n3) T+ (@@ —20y—nf) T+7 —n3 + 15 =0. (33)

070301-4
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Equation (33) is true if and only if the separate coeffi- 1 1 \/ | 4Ld, 880 36)

cients of 72, 7, and 7° each are equal to zero. This yields 2 + 2 2 o2
the following expressions

xoq+o? = 773, (342) Wlth o an(.i Y glVf.:n by Egs. (35) and (.34b) respec-

) tively, our trial solution defined by Eq. (32) is completely
xo-= 22(0 }/; UL (34b) known. Our next task is to evaluate the momentum inte-
¥ =1 — 1 (34¢)  gral. Substituting Eq. (22) into Eq. (12) and inserting

The parameter  is obtained from Eq. (34a) as Eq. (30) into the resulting relation, we have

0=—-0gAl, 35 we \(T—1Tya) (Typ—T
q (35) I, =— Mo / \/ va) (Tvp—17) 47, 37)
T(l+4g7)
where
1 1 n2 1/2 With the help of standard integral (A1) in Appendix A,
A= 2 + (4 a? q2> equation (37) gives

n g —ang
Iy =~ ’g’ﬂ/n%—n%—\/oqz‘m%—n&f : (38)

Corresponding to v = 0, equation (38) yields

T T’Z 2
IOJ:a %‘F\/le noJ_ qg_nq]"’nzz_ngj . (39)

\
Inserting Eqs. (34a)—(34c) into Eq. (39) and conducting  where

simplification, the resulting equation is obtained as fol-

lows: L 2u (0) )
K= s (o —qdi) + — 5 (80— q81), 43w
10,_”<n°+om> (40) o q a’h
al\ g =2v+1+k, (43b)
Substitution of Egs. (38) and (40) into Eq. (14) leads to K =24 —1. (43¢)

2 2
—q V+A
nﬁfzn%—az{zzoz TR } (41) . o |
a*g*(v+2) To obtain the corresponding eigenfunctions of the GMP,
Using Eqs (25) and (27) to eliminate 12, +; (J=1,2,3)  the Riccati equation given by Eq. (31) is solved. Letting

and nv y respectively from Eq. (41), we obtain z=1+¢7 where z =€ ( (1—q e""e)fl , 0) and employ-
Li2d 252 2 ing the phase angle-wave function relationship to recover
Eyy=8@ 422 2L (B_B) 4y :
21 2u \x, 4 ‘ the wave function, we have
(1-2v @+ (120 @+ { o - L (T Ty e )L T 1 Ly, ) —0.
z Z)Yyslz )Yy (2 o2 qz o2 qz q le Nvs z 062 1— Yyvs 2 :

The substitution of the following expression into Eq. (44) is conducted:

Wi (2) =Nys 2 (1-2)" v (2), (45)

where s and ¢ are constants, Ny is the normalization constant and ¢y (z) is an unknown function, then equation (44)
is transformed into Gauss hypergeometric differential equation given by

2

(-2l @)+ 2t 1- s 2120, @+ {0t B bou@ =0, 6o

070301-5
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subject to the following constraints:

1/2
n n
S_a<q(2)_q]+n2 TI\%J) ; (47)
1 2
(772 n2,)" (48)

For a polynomial solution,”* equation (46) has a solu-
tion given by

Ovy=2F (=V,v+25+2t+1;25+1;2), (49)‘

where oF; (—Vv,v+2s+27+1;2s+1; z) is the hyper-
geometric function. Equations (42) and (45) give the
complete solution of the Schrodinger equation with the
GMP, and these equations remain valid for none zero val-
ues of g.

3.2. Solution of stationary Schrodinger equation with
GMP corresponding to g =0
To obtain the solution of the Schrédinger equation
with the GMP for g = 0, first, it must be observed that by
taking limits, equation (21) remains valid since

2
hn(l)veff (}’) = Vettm (r) =Am — Bum efaM(r*re) +dm {CM — Dy efam(rfre)}
q—

Li?

tou {dOM +diye ™M) Ly e_zaM(r_rE)} '

24

Letting g = 0 in Eqgs. (42) and (45), ling) evJ=ECy M —
q—
and liII(l) Wyj = Wy yMm — o are obtained, respectively.
q—

These results are contrary to expectations because the po-
tential represented by Eq. (50) is real and finite. To arrive
at a physically realistic solution of the Schrodinger equa-
tion with the GMP corresponding to g = 0, one needs to
re-evaluate Eqs. (34a)—(34c), thus yielding

oM = —MNoM, (51a)
Ot O — 20M Wt = i, (51b)
K= Tm— Mosm- (51c)

Note that in arriving at Eq. (51a) from Eq. (34a), the
negative square root is considered to meet the Sturm—
Liouville requirements of a trial wave function of one

Li*doy o 1®

(50)

node and zero-pole. For ¢ = 0, equation (37) gives

Ty
IvJM——nO—M/ " /(o= T”‘T =T 41 (52)

Using the standard integral (A2) in Appendix A and the
mapping Nom — —Nom, equation (52) gives

T n; /
Iv]M:aM< 21;(1)\/[ + 772M nv]M)

Taking v = 0 in Eq. (53) and substituting Eqs. (51a)—
(51c¢) into the resulting expression, we obtain

(53)

Iojm = 715/2. (54)

Inserting Eqgs. (53) and (54) into Eq. (14), and eliminat-
ing Mom, MM, MM, and 1My M, We obtain

2
uéﬁ)/aMthrLdlM/ZaM

2)
Eyjm =80+ - Vo + (55)
2 2
H H V28 /1 + Loy
The radial eigenfunctions are obtained by setting ¢ = 0 in Eq. (31), resulting in
Y (1) + 7Y (T) — —5 (nSM T NI T+ Nov — n\%JM) wym (1) =0. (56)
M
In order to solve Eq. (56), we assume a trial solution in the form of (Ref. [1])
Yosm (7) = Nygm e D7P /20 g 1y (1), (57)

where p and v are the parameters, Ny sy is the normalization constant, and @y (7) is an unknown function of 7.

Substitution of Eq. (57) into Eq. (56) gives the Laguerre hypergeometric differential equation

T (1) (01— p2) @y (1) — (

pU+ p+nlM><pvm(f) 0, (58)

O

070301-6
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on condition that

210m

= 59
p P (59)

2 (n2. —n2 1/2
V= (nZM nVJM) . (60)

om
For bound state solution, equation (58) gives

ovsm(T) =1F1(-n,0+1;p7), (61)

where 1 F; (—n, v+ 1; p 7) is the Laguerre hypergeomet-
ric function.

4. Mean values of kinetic energy and potential
energy in GMP

Now that we have obtained explicit analytical rela-
tions for bound state energy eigenvalues of the GMP for
cases where ¢ = 0 and ¢ # 0, we are in the position to
apply these expressions to driving the important formu-
las for mean values of kinetic energy and potential en-
ergy. The Hellmann-Feynman theorem (HFT)!-%:101 jg
used, and it states that if the Hamiltonian H of a quan-
tum mechanical system is a function of some parameter
¢, then H(E), wyy (), and Eyy () are related by!!%101

E¢(§) =y (O [He (O) |wvs (8)),  (62)

where E¢ () =0 Ev, (§)/0 8. He (§) =9 Hy, (§) /98,

and in general, the notation f; will be assumed to mean
d f/dA. We begin by substituting Eq. (15) in Eq. (9),
and obtain

2

B hz d2 A—B efa(rfre) +q {C -D ef(x(rfre)}
2u dr? {l_qefa(rfre)}z
L1?
+ m (63)

4.1. Mean values of Kkinetic energy and potential en-
ergy of system in GMP for ¢ # 0

Choosing § = L, equations (62) and (63) give

Ep(L) = (yvs (L) [HL(L) |wvs (L)),  (64)
hz
Hy, = 65
L= 3R (65)
respectively. Substituting Eq. (65) into Eq. (64), we ob-
tain oL E
(r) == (66)

E} is obtained by differentiating Eq. (42) with respect to
L, and expressed as

Wdy REY2(2d, dry—qd
g = TE ( , QI>7 7
2u Hq K| K4 o}
where
K3 K
E=| == 68
(Bo2) e
1 K3 1
— =4 69
“ K22+4 (69)

The expectation value of the centrifugal term is given by

vy = (N g
L= Nourz ) =700

The mean value of the kinetic energy is found by setting
{ = u, separately, in Egs. (62), (63), and (42). Thus, we
have

(70)

Ey = (yys () | Hu (1) [ wvs (), (71)
o od> LW

Hu= s war 2w 72)

£ _ Li*dy  P’R°E
o 2u? 2u2
2212 (280 s _ 500
+ ( A2 ) 73
H K1 K4 q K2 q

From Eqgs. (80) and (81), we find the expectation value
of the kinetic energy to be

n* d?
(1) = s )| s [ o )
— —WE,—LE,. (74)

Another important relation which is deduced by the HFT
is the expectation value of the GMP. Taking { separately
as potential parameters A, B, and §, we have the mean

value of the GMP (V) as given below:
(V) =AEs+BEp+GEj, (75)

where Ey4, Ep, and E; are obtained from Eq. (42) to be

2 1
Es=1+2E'2 <+> (76)
KiKy K
—4E1/2
Ep = xag (77)

E;=C* 4252
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() (-2
X cC-=) +— (=5 ). (8
K1 K4 q K2 q

Let Q, ; be the sum of kinetic energy and potentials, then
we have

_Qv]:—‘LLE“—&—AEA—FBEB—FQE@EEVL (79)

4.2. Mean values of Kinetic energy and potential en-
ergy of system in GMP for ¢ =0
In the previous section, the equations derived for ex-
pectation values of kinetic energy and potential energy
are valid only for nonzero values of g. Corresponding to
q = 0, equations (70) and (74) transform into

Wi = (1)) )= 1 (50)
M) = 2wt )y = LM,
(Tm) = —wEum — LEpM, 81)
where
hZ 2 h2H1/2
Ejy = dom Oy divm  dam L (82)
21 2u amKs  2KsKy
Li*dom oy WP 11
Eum=— 12 2
u 2p
u oM Ks K5 K7

are obtained from Eq. (64) by taking { separately as L
and as u, with the following expressions:

1 K6 2
I = —+ = 4
(v+ 2 + K5> , (84)
2
o =3 (852)
Ké
Ldim IJ51$41)
2 0m OCMh
o) 5(0)
Ks = \/Ld2M+ “’th : (85¢)

Similarly, the mean value of the GMP (V )y, for ¢ =0 is
deduced from Eq. (75) and expressed as

(Vm) = Am Eay + By Egy, + G Egy, (86)

where Ey,,, Ep,,, and E;, are obtained by differentiating
Eq. (55) with respect to Aym, Bwm, and g, their expres-
sions are given below:

Ep, =1, (87)

M

o Hl/2
By = ———, (88)
Ks
2CmuDv  D?
E: —=C%+ o3 I1'/? M ) (89
= Cu+ 0 e T ) 89

The sum of energy and potentials for g = 0 is then

Qum=—UEyMm+AMmEA, +BMmEpy +qmEz,
=EyMm. (90)

5. Results and discussion

Having obtain the explicit expressions for energy
eigenvalues, eigenfunctions and expectation values of the
GMP, at this point we will test the accuracy of our re-
sults. Through the suitable choice of parameters A, B,
C, D, g, and g, we deduce the bound state energy eigen-
values, radial wave functions and expectation values of
some potential models that are special cases of the GMP.

5.1. Woods-Saxon potential

The Woods—Saxon potential is a useful potential en-
ergy function and used as a major part of nuclear shell
model to obtain nuclear energy level spacing and proper-
ties of electron distribution in atoms, nuclei and atomic
clusters.2) By choosing §© = §® =0, §(V) = —,
and the mappings

q——q, o—a/Ry, re—Ro,

L—2u&*Q*/h*, d_i1ij—d_14j/R;

in Eqgs. (23) and (42), we obtain Eqgs. (B1) and (B2)
in Appendi B. These equations are identical to Egs. (9)
and (29) of Ref. [20], the effective potential and bound
state energy eigenvalue of the Woods—Saxon potential in
D dimensions. Here, since g # 0, it follows that equa-
tions (70) and (75) are applicable for the computation of
expectation values of spin—orbit term and potential en-
ergy function. On the other hand, equation (74) is suit-
able for the mean kinetic energy of the potential.

5.2. Morse potential

The Morse potential has been described as an impor-
tant empirical potential model suitable for representing
vibration—rotation states of diatomic molecules.>>*28]
Equations (B3) and (B4) shown in Appendix B are ob-
tained for the following choice of potential parameters

applied to Egs. (23) and (42) respectively:

&y = —(1/2)8y = 8 = d..
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By comparison, equarions (B3) and (B4) are identical to
Egs. (48) and (56) for the Morse potential in Ref. [1]. In
this case, since ¢ = 0, equations (81), (80), and (86) are
employed to compute mean values of kinetic energy, cen-
trifugal term, and Morse potential function respectively.

5.3. Tietz—Hua oscillator

Equations (B5) and (B6) shown in Appendix B are
obtained from Eqgs. (23) and (42) respectively, subject to
the following choice of potential parameters: 82 = d,
GD?> =D, and B4+23GCD = 2D,. As it is evident that,
equation (B5) corresponds to the expression for effective
potential of the Tietz—Hua oscillator.!>?8%311 On the other
hand, with ¢ = ¢, and by, = a (1 — ¢y ), equation (B6) is
just the Eq. (13) of Ref. [31] for the ro-vibrational energy.
The Tietz—Hua oscillator is known to be more realistic
than the Morse potential in the description of molecular
dynamics at moderate and high rotational and vibrational
quantum number, and it reduces to Morse potential when
ch = 0.128 For ¢, = 0, equations (70), (75), and (74) are
appropriate for the computation of the mean value of cen-
trifugal term, the mean value of the Tietz—Hua potential
energy function, and the mean value of kinetic energy.

5.4. Mobius squared oscillator

The Mobius squared oscillator is a very important
potential energy model that has wide applications in
chemical physics, nuclear physics, molecular physics,
and solid-state physics.!!:*°! Bound state energy eigen-

values and some expectation values of this oscillator have
been studied in the literature.!"->°! It is noted that with the
following expressions

q:_D/ efal’e/cv/7 6(2) :VO (AIZ/C/2+T'),
B+24C'D' =—2Vy (A'B'/C"*+nD'/C") e ",
qu — VO (B/Z/C/2+nD/2/C/2) 672are,

equations (23) and (46) are transformed into the forms
given by Eqgs. (B7) and (B8) in the Appendix B. Ex-
cept for the coefficients d;, d», and d3z, equations (B7)
and (BS8) are respectively equivalent to Egs. (16) and
(37) in Ref. [1] for the effective potential energy and ro-
vibrational energy of shifted-rotating Mobius squared os-
cillator. If in addition, 7 is reduced to zero and the coef-
ficientsd_y.; (j=1,2,3)arechosenas a? 2a?e %",
and a? e "2%" in Eqgs. (B7) and (BS), the first term and
second term of Eq. (B7) are correspondingly equivalent
to Egs. (5) and (6) of Ref. [29] for the Mobius squared
potential and the approximation to the centrifugal term
respectively, where for validity, D’ = —C’. Furthermore,
if L is replaced with (D+2¢—3) (D+2(—1) /4, equa-
tion (B8) is identical to the energy eigenvalues of Mobius
squared oscillator in D dimensions given by Eq. (17b) in
Ref. [29], the parameter A is related to ¥ of Eq. (17¢) by
A=vy+1/2.

The data in Table 1 show spectroscopic constants of
four diatomic molecules viz. Hp, CO, HF, and O, studied
in the present work.

Table 1. Spectroscopic parameters of selected diatomic molecules used in the present study.

Molecular parameters

Molecule Molecular state
a 10 Py red) av@") b(A") De(emh
H; (Refs. [2,28]) xlzg 0.170066 0.084 0.741 1.9506 1.61890 38318
HF (Ref. [28]) Xzt 0.127772 0.160 0.917 2.2266 1.94207 49382
O, (Ref. [28]) X3Eg 0.027262 1.337 1.207 2.6636 2.59103 42041
CO (Refs. [2,28]) X'zt 0.149936 1.146 1.128 2.5937 2.20481 90531

We compute the bound state energy eigenvalues, ex-
pectation values of centrifugal term, potential energy
function, kinetic energy, and total energy. The calcu-
lations are carried out for arbitrary rotational and vi-
brational quantum numbers. The results obtained using
Egs. (42), (70), (75), (74), and (79) for the parameters
defined in Subsection 5.3 of the Tietz—Hua oscillator are
shown in Tables 2-5. Also reported in the tables are the

corresponding results for the parameters of Morse poten-
tial given in Subsection 5.2, which are calculated through
Eqgs. (55), (80), (86), (81), and (90). To enable our results
to be compared with the existing data in the literature,
we compute the binding energy d. — Ey; and de — Ey jm
for the Tietz—Hua and Morse potentials respectively. The
computed results and those extracted from the litera-

ture are shown in the tables. For the four diatomic
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molecules considered in the present work, our computed
bound state energy values are in nearly perfect agreement
with the results obtained by generalized pseudospectral
method*°! and by Nikiforov—Uvarov method. !

Variations of expectation values of the kinetic en-
ergy, the potential energy, and the total energy with the
vibrational quantum number are shown graphically in the
following Figs. 1-4.

—~~ 5 ~

% Rty ~+== Tietz-Hua oscillator
4 T

1 |

S .

N a —

~ 1
0 10 20 30 40 50 60 70 80 90 100

v

%\ 2

T

8 0F (b) = Morse oscillator

3

N

~ 2 i

0 10 20 30 40 50 60 70 8 90 100
v
Fig. 1. The variation of the mean centrifugal term with the vibra-
tional quantum number for (a) the Tietz—Hua oscillator, and (b) the
Morse oscillator.

Figure 1 shows the plot of expectation values of
the centrifugal term versus v. As indicated by the plot
in Fig. 1(a), when Vv is increased from zero, (V) de-
creases linearly to some threshold value and afterwards
increases. However, the opposite is true for the variation
of (VM) with v as represented in Fig. 1(b).

15 . , . . . .
==== Tietz—Hua oscillator

10 .4""-‘-“'.'."

-,

-

- -
-

-

7) (eV)

0 ™| ! } ] | i i ] |
0 10 20 30 40 50 60 70 80 90 100
v

= Morse oscillator

() (V)

0 i i i i i i i i
0 10 20 30 40 50 60 70 8 90 100
v

Fig. 2. The variation of the mean GMP with the vibrational quantum
number for (a) the Tietz—Hua oscillator and (b) the Morse oscillator.

The variation of the expectation value of GMP with
v is shown in Fig. 2. In this case, as Vv is gradually raised

from zero, (V) increases to a peak value, then decreases
as Vv is further increased (Fig. 2(a)). Like the previous
case, the variation of (Vi) with v is opposite to the vari-
ation of (V) with v.

In Fig. 3, we plot the expectation values of the ki-
netic energy versus V. Figure 3(a) shows that as v is
varied positively, (T') increases to a maximum value and
afterwards decreases with the v further increasing. In
Fig. 3(b), (Tm) increases approximately linearly with the
V increasing.

3 -------
_ (a) ”’____.—-- —— -
% 2 ’,v"’ =-=- Tietz-Hua oscillator ™
ISR
J”
0 &
0 10 20 30 40 50 60
v
0
I~ (b)
Z 10
—~ = Morse oscillator
& 20
-30

0 10 20 30 40 50 60
v
Fig. 3. The variation of the mean kinetic energy with the vibrational
quantum number for (a) the Tietz—Hua oscillator, and (b) the Morse
oscillator.

The variations of total energy of the GMP with v are
shown in Figs. 4(a) and 4(b) for the Tietz—Hua potential
and Morse potential. The plots reveal that as v increases
from zero, the total energy for each of the two oscilla-
tors increases slowly, then attains a maximum value, and
finally decreases.

—~~ 5 T
s oo ]
= 5 e -~ --—- Tietz-Hua oscillator
S e
| -10 p
S s A S SR N B [

0 10 20 30 40 50 60 70 80 90 100

v

== Morse oscillator

(DOAQUJ M) (eV)

-15 . . . . .
50 60 70 80 90 100
v

0 10 20 30 40

Fig. 4. The variation of the total energy with the vibrational quan-
tum number for (a) the Tietz—Hua oscillator and (b) the Morse os-
cillator.
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Table 3. Expectation values, bound state eigenenergy values: — (Ey j — De) for g = ¢, and — (Ey jm — De) for ¢ = 0 computed for CO molecule, all in units of eV.

State q=ch q=0
v J () V) (T) De—Qy, De—Ey;  De—Ey P (Viu) (Vm) (Tm) De—Qum  De—Ey  De—Eyyu!”
0 0 0.000000 0.075611 0.075090 11.073716231 11.073716231 11.07370964 0.000000 11.148807 —22.222511 11.073704790 11.073704790 11.07369820
1 0.000473 0.075612 0.075089 11.073242852 11.073242852 - —0.000164 11.148805 —22.221872 11.073230921 11.073230921 -
2 0.001420 0.075615 0.075086 11.072296109 11.072296109 - —0.000493 11.148803 —22.220593 11.072283197 11.072283197 -
5 0.007100 0.075631 0.075071 11.066616045 11.066616045 11.06659606 —0.002464 11.148790 —22.212923 11.066597248 11.066597248 11.06659052
10 0.026022 0.075691 0.075017 11.047687401 11.047687401 11.04763173 —0.009026 11.148740 —22.187363 11.047648989 11.047648989 11.04764190
1 0 0.000000 0.226825 0.221560 10.776032799 10.776032799 - 0.000000 10.997584 —21.772919 10.775335097 10.775335097 —
1 0.000468 0.226829 0.221556 10.775564704 10.775564704 — —0.000160 10.997581 -21.772287 10.774865556 10.774865556 —
2 0.001404 0.226837 0.221548 10.774628529 10.774628529 — —0.000480 10.997575 —21.771021 10.773926489 10.773926489 —
5 0.007020 0.226885 0.221501 10.769011874 10.769011874 — —0.002400 10.997535 —21.763428 10.768292482 10.768292482 —
10 0.025731 0.227050 0.221342 10.750294581 10.750294581 - —0.008788 10.997399 —21.738128 10.749517363 10.749517363 -
2 0 0.000000 0.378015 0.363325 10.483078036 10.483078036 - 0.000000 10.846362 —21.327402 10.481040119 10.481040119 -
1 0.000463 0.378021 0.363318 10.482615195 10.482615195 - —0.000156 10.846357 —21.326776 10.480574907 10.480574907 -
2 0.001388 0.378035 0.363305 10.481689528 10.481689528 - —0.000467 10.846346 —21.325523 10.479644497 10.479644497 -
5 0.006942 0.378114 0.363227 10.476135918 10.476135918 - —0.002335 10.846280 —21.318008 10.474062432 10.474062432 -
10 0.025442 0.378382 0.362965 10.457628768 10.457628768 - —0.008550 10.846057 —21.292968 10.455460453 10.455460453 -
3 0 0.000000 0.529165 0.500433 10.194819940 10.194819940 - 0.000000 10.695140 —20.885960 10.190819857 10.190819857 -
1 0.000458 0.529174 0.500424 10.194362323 10.194362323 - —0.000151 10.695132 —20.885340 10.190358973 10.190358973 -
2 0.001373 0.529192 0.500405 10.193447104 10.193447104 — —0.000454 10.695117 —20.884100 10.189437220 10.189437220 -
5 0.006863 0.529302 0.500296 10.187956180 10.187956180 - —0.002270 10.695026 —20.876663 10.183907098 10.183907098 -
10 0.025155 0.529673 0.499931 10.169657972 10.169657972 - —0.008312 10.694716 —20.851883 10.165478259 10.165478259 -
5 0 0.000000 0.831285 0.760866 9.632267339  9.632267339 9.629868985 0.000000 10.392696 —20.015299 9.622603479  9.622603479  9.622583913
1 0.000447 0.831299 0.760852 9.631820081 9.631820081 — —0.000143 10.392684 —20.014692 9.622151253 9.622151253 -
2 0.001342 0.831327 0.760823 9.630925578  9.630925578 - —0.000428 10.392660 —20.013478 9.621246814 9.621246814 —
5 0.006708 0.831498 0.760653 9.625558955  9.625558955 9.623148913 —0.002140 10.392516 —20.006197 9.615820577 9.615820577 9.615800888
10 0.024585 0.832071 0.760087 9.607675063  9.607675063 9.605233875 —0.007836 10.392034 —19.981936 9.597738017 9.597738017 9.597717999
7 0 0.000000 1.133065 1.003228 9.088125314 9.088125314 9.084920084 0.000000 10.090251 —19.160937 9.070685965 9.070685965 9.070661765
1 0.000437 1.133084 1.003209 9.087688297 9.087688297 - —0.000134 10.090235 —19.160343 9.070242395  9.070242395 -
2 0.001311 1.133122 1.003170 9.086814276 9.086814276 — —0.000402 10.090202 —19.159156 9.069355271  9.069355271 —
5 0.006554 1.133352 1.002941 9.081570544  9.081570544 9.078354525 —0.002010 10.090007 —19.152030 9.064032918 9.064032918  9.064008590
10 0.024022 1.134122 1.002178 9.064096266  9.064096266 9.060851540 —0.007360 10.089351 —19.128288 9.046296637 9.046296637 9.046271986
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Table 5. Expectation values, bound state energy eigenvalues: — (Ey; — De) for ¢ = ¢y, and — (Ey ym — De) for ¢ = 0 computed for O, molecule, all in units of eV.

State q=ch qg=0
v J (V) (V) (T) De—Qy; De—Eyy De—Ey ;121 (Vim) (Vm) (Tm) De —Qym De — Ey
0 0 0.000000  0.048273  0.047826  5.116322738  5.116322738  5.1163223113 0.000000 5.164155  —10.280490  5.116334845  5.116334845
1 0.000344  0.048274  0.047825  5.115978867  5.115978867  5.1159784440  —0.000097  5.164154  —10.280048  5.115990893  5.115990893
2 0.001032  0.048276  0.047823  5.115291138  5.115291138  5.1152907228  —0.000291  5.164152  —10.279164  5.115303002  5.115303002
5 0.005157  0.048290  0.047810  5.111165141  5.111165141 - —0.001452  5.164139  —10.273863  5.111176032  5.111176032
10 0.018900  0.048339  0.047767  5.097416442  5.097416442 - —0.005313  5.164091 —10.256202  5.097424091 5.097424091
1 0 0.000000  0.144818  0.140700  4.926903989  4.926903989 - 0.000000 5.067621 —9.994464 4926842973  4.926842973
1 0.000340  0.144821  0.140696  4.926564395  4.926564395 - —0.000093  5.067618 —9.994028 4926503141  4.926503141
2 0.001019  0.144828  0.140690  4.925885220  4.925885220 - —0.000278  5.067612 —9.993157 4.925823490  4.925823490
5 0.005093  0.144867  0.140652  4.921810548  4.921810548 - —0.001390  5.067574 —9.987930 4921745960  4.921745960
10 0.018664  0.145001  0.140523  4.908232937  4.908232937 - —0.005087  5.067444 -9.970516 4908158826  4.908158826
2 0 0.000000  0.241359  0.229910  4.741153370  4.741153370 - 0.000000 4.971087 —9.712014 4740926698  4.740926698
1 0.000335  0.241364  0.229904  4.740818047  4.740818047 - —0.000089  4.971082 —9.711585 4740590986  4.740590986
2 0.001006  0.241375  0.229894  4.740147414 4740147414 - —0.000266  4.971072 —9.710726 4739919575  4.739919575
5 0.005029  0.241439  0.229830  4.736123993  4.736123993 - —0.001328  4.971010 —9.705573 4735891486  4.735891486
10 0.018429  0.241659 0229616 4722717222 4.722717222 - —0.004860  4.970797 —9.688406 4722469159  4.722469159
3 0 0.000000  0.337892  0.315464  4.559065193  4.559065193  4.5590745476 0.000000 4.874554 —9.433140 4558586021  4.558586021
1 0.000331  0.337900  0.315457  4.558734134  4.558734134 45587436240  —0.000084  4.874546 —9.432716 4.558254429  4.558254429
2 0.000993  0.337914 0315442  4.558072031  4.558072031 4.5580817907  —0.000253  4.874532 —9.431870 4.557591259  4.557591259
5 0.004965  0.338004 0315352  4.554099787  4.554099787 - —0.001266  4.874445 —9.426791 4553612610  4.553612610
10 0.018195  0.338309  0.315054  4.540863608  4.540863608 - —0.004633  4.874150 —9.409872 4.540355090  4.540355090
5 0 0.000000  0.530926 0475642  4.205853481  4.205853481  4.2058686976 0.000000 4.681486 —8.886118 4204631462 4204631462
1 0.000323  0.530938  0.475630  4.205530933  4.205530933  4.2055464879  —0.000076  4.681475 —8.885707 4204308110  4.204308110
2 0.000968  0.530962  0.475607  4.204885852  4.204885852  4.2049020823  —0.000229  4.681452 —8.884885 4203661419  4.203661419
5 0.004837  0.531102  0.475466 4201015738  4.201015738 - —0.001143  4.681316 —8.879955 4.199781651  4.199781651
10 0.017727  0.531576 0474999  4.188120002  4.188120002 - —0.004180  4.680856 —8.863530 4.186853747  4.186853747
7 0 0.000000  0.723899  0.621299  3.867223629  3.867223629 - 0.000000 4.488419 —8.353398 3.864979295  3.864979295
1 0.000314  0.723915  0.621283  3.866909568  3.866909568 - —0.000068  4.488403 —8.352999 3.864664182  3.864664182
2 0.000942  0.723947  0.621251  3.866281459  3.866281459 - —0.000204  4.488372 —8.352202 3.864033972  3.864033972
5 0.004710  0.724138  0.621061  3.862513180  3.862513180 - —0.001019  4.488186 —8.347420 3.860253085  3.860253085
10 0.017260  0.724780  0.620425  3.849956901 3.849956901 - —0.003727  4.487562 —8.331490 3.847654795  3.847654795
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6. Conclusions

In the present work, bound state energy eigenval-
ues and radial eigenfunctions of the general molecu-
lar potential are obtained within the frameworks of im-
proved quantization rule and ansatz solution method re-
spectively. A Pekeris-like approximation model is used
to model the pseudo-spin orbit term of the Schrodinger
equation. With the help of Hellmann—Feynman theo-
rem, closed form expressions for mean kinetic energy
and mean potential energy are derived for the system.
Equations for ro-vibrational energy, wave functions and
mean energy of Woods—Saxon potential, Morse poten-

tial, Mdobius squared, and Tietz—Hua oscillators are de-
duced from the general molecular potential energy. Fur-
thermore, we numerically compute the values for bound
state energy eigenvalues and mean energy values for four
diatomic molecules viz. H,, CO, HF, and O,. The re-
sults obtained are in perfect agreement with existing data
in the literature for the potentials and molecules. Our
studies also reveal that as the vibrational quantum num-
ber increases, the mean kinetic energy of the system in
Tietz—Hua potential increases slowly to a threshold value
then decreases. On the other hand, in a Morse potential,
the mean kinetic energy increases approximately linearly
with the vibrational quantum number increasing.

Appendix A: List of standard definite integral used in this work

/b (x—a) (b—x) Y= {\/(l‘i‘qa)(l_'_qb)_l_\/cfb} (Ref. [27])’
q

/ab de:ﬂ{;(ﬁb)_\/@}, (Ref. [18]).

(A1)
q

(A2)

Appendix B: List of derived expressions of effective potential and bound state ro-vibrational energy
for the special cases of general molecular potentials considered in this work

B1. Woods—Saxon potential

2
(WS) v Vo Ln~ d d>
Verr (1) = e®(r—Ro)/Ro | ¢ " 2u dot e®r—Ro)/Ro 4 ¢ " [ex(r—Ro)/Ro 4 ] [ By
2
povs) _ Li2dy 21 | (L/a?)(qdi+dr) — 2uVoRG/aPi?q) 2v+1—/1+(4Ldr/0? ) (B2)
Y/ T 2uRl 2uR} 2v41—+/1+ (4Ldr /02 ¢7) 4 '
B2. Morse potential
2 LW
Ve(fl;/llx(;lrse) (r) =De {1 - efaM(rire)} + e {dOM +di e ™I 4 dyy efzaM(rfre)} ; (B3)
2
E(Morse) —D. + LhdeM . al%/[ h2 V+l (LdlM/2 aM) — (ZMDG/(XMFIZ) (B4)
vim  — Ve
2u 2u 2 \/Ld2M+2uDe/h2
B3. Tietz—Hua potential
2
_ a—bn(r—re) 2 —bn(r—re) —bp(r—re)
(TH) l—e™"n Lh die dre
% =D ——M—— —<d , B5
eff (l") { 1—cp e—bh(r—re) } + 2‘LL 0o+ 1—cy e—hh("—re) + [1 — e e*bh(r*re)]z (BS)
BT _p Li*dy bR (L/BEc2) (do —cndi) — (2uDe/bEH*) (1 —1/c2)
vy — He o
22 2y 1414 (Lo /B ) + (B DB ) (1 - (1/cy))?
2
2v 4 11+ (4Lda /b2 D) + (BDe/B21) (1 1 ey’ 56

4
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B4. Mobius squared oscillator

— 2 2 ! —OFe po—OF /2 —20r, o207
A +B e %" Lh C'die %ree Cdye ce
Vett (r) = Vo <,,m ST+ — >— ¢ T 1o, (B7)
C'+D'e 2u C'+D'e (C"+D'e—2r)
£0S) _ A" o) o2 L o2 12 L (C* & L
2 20 su(viap)| @ \ple2er  Die
2
2 /2
2uVy (A* B 1
o S+ (v+A) BS
062 hz C,2 D,z n 4 ( ) ( )
References [17] Ikot A N, Chukwuocha E O, Onyeaju M C Onate C A Ita B I
[1] Eyube E'S, Ahmed A D and Timtere P 2020 Eur:. Phys. J. Plus and Udoh M E 2018 Pramana J. Phys. 90 22
135 893 [18] Serrano F A, Gu X Y and Dong S H 2010 J. Math. Phys. 51
[2] Hamzavi M, Rajabi A A and Hassanabadi H 2012 Mol. Phys. 082103
110 389 [19] Falaye B J, Oyewumi K J and Abbas M 2013 Chin. Phys. B 22
[3] Taskin F 2009 Int. J. Theor: Phys. 48 2692 110301
[4] Taskin F and Kogal G 2010 Chin. Phys. B 19 090314 [20] Ikhdair S and Sever R 2010 Int. J. Mod. Phys. A 25 3941
[5S] Hamzavi M, Rajabi A A and Thywe K E 2011 Int. J. Quantum [21] Zhang M C 2013 Chin. Phys. Lett. 30 110301
Chem. 112 2701 [22] Solaimani M, G H Sun and S H Dong 2018 Chin. Phys. B 27
[6] Mustafa O 2015 Phys. Scr. 90 065002 040301
[7] LiuJY, Hu X T and Jia C S 2014 Can. J. Chem. 92 40 [23] Jie G and M C Zhang 2016 Chin. Phys. Lett. 33 010303
(8] SunG H, Dong S H and Saad N 2013 Ann. Phys. 525 934 [24] Yanar H, Aydogdu O and Salti M 2016 Mol. Phys. 114 13134

[9] Hassanabadi H, Zarrinkamar S and Yazarloo B H 2013 Chin.
Phys. B 22 060202

[10] Ikot A N, Okorie U S, Sever R and Rampho G J 2019 Eur.

Phys. J. Plus 134 380 ) )

[11] Yanar H, Tas A, Salti M and Aydogdu O 2020 Eur: Phys. J. [27] Falaye J, Ikhdair S M and Hamzavi M 2015 J. Theor. Appl.

[25] MaZ Q and Xu B W 2005 J. Mod. Phys. E 3 599

[26] Ma Z Q, Gonzalez-Cisneros A, Xu B W and Dong S H 2007
Phys. Lett. A 371 180

Plus 135 293 Phys. 9 151

[12] Oyewumi K J, Oluwadare O J Sen K D and Babalola O A 2012 (28] Kunc J A and Gordillo-Vazquez 1997 J. Phys. Chem. A 101
J. Math. Chem. 51 976 1595

[13] Pekeris C L 1934 Phys. Rev. 45 98 [29] Yazarloo B H, Hassanabadi H and Zarrinkamar S 2012 Eur.

[14] Greene R L and Aldrich C 1976 Phys. Rev. A 14 2363 Phys. J. Plus 127 51

[15] LiuJ Y, DuJF and Jia C S 2013 Eur. Phys J. Plus 128 139 [30] Roy A K 2014 J. Math. Chem. 52 1405

[16] Oyewumi K J, Falaye B J, Onate C A Oluwadare O J and [31] Horchani R, Al-kindi N and Jelassi H 2020 Mol. Phys.
Yahya W A 2014 Mol. Phys. 112 127 1812746

070301-16


http://dx.doi.org/10.1140/epjp/s13360-020-00915-6
http://dx.doi.org/10.1140/epjp/s13360-020-00915-6
http://dx.doi.org/10.1080/00268976.2011.648962
http://dx.doi.org/10.1080/00268976.2011.648962
http://dx.doi.org/10.1007/s10773-009-0059-1
http://dx.doi.org/10.1088/1674-1056/19/9/090314
http://dx.doi.org/10.1002/qua.23285
http://dx.doi.org/10.1002/qua.23285
http://dx.doi.org/10.1088/0031-8949/90/6/065002
http://dx.doi.org/10.1139/cjc-2013-0396
http://dx.doi.org/10.1002/andp.v525.12
http://dx.doi.org/10.1088/1674-1056/22/6/060202
http://dx.doi.org/10.1088/1674-1056/22/6/060202
http://dx.doi.org/10.1140/epjp/i2019-12733-8
http://dx.doi.org/10.1140/epjp/i2019-12733-8
http://dx.doi.org/10.1140/epjp/s13360-020-00301-2
http://dx.doi.org/10.1140/epjp/s13360-020-00301-2
http://dx.doi.org/10.1007/s10910-012-0123-6
http://dx.doi.org/10.1007/s10910-012-0123-6
http://dx.doi.org/10.1103/PhysRev.45.98
http://dx.doi.org/10.1103/PhysRevA.14.2363
http://dx.doi.org/10.1140/epjp/i2013-13139-4
http://dx.doi.org/10.1080/00268976.2013.804960
http://dx.doi.org/10.1007/s12043-017-1510-0
http://dx.doi.org/10.1063/1.3466802
http://dx.doi.org/10.1063/1.3466802
http://dx.doi.org/10.1088/1674-1056/22/11/110301
http://dx.doi.org/10.1088/1674-1056/22/11/110301
http://dx.doi.org/10.1142/S0217751X10050160
http://dx.doi.org/10.1088/0256-307X/30/11/110301
http://dx.doi.org/10.1088/1674-1056/27/4/040301
http://dx.doi.org/10.1088/1674-1056/27/4/040301
http://dx.doi.org/10.1088/0256-307X/33/1/010303
https://doi.org/10.1080/00268976.2016.122064
http://dx.doi.org/10.1209/epl/i2004-10418-8
http://dx.doi.org/10.1016/j.physleta.2007.06.021
http://dx.doi.org/10.1016/j.physleta.2007.06.021
https://doi.org/10.1007/s40094-015-0173-9 
https://doi.org/10.1007/s40094-015-0173-9 
http://dx.doi.org/10.1021/jp962817d
http://dx.doi.org/10.1021/jp962817d
http://dx.doi.org/10.1140/epjp/i2012-12051-9
http://dx.doi.org/10.1140/epjp/i2012-12051-9
http://dx.doi.org/10.1007/s10910-014-0319-z
https://doi.org/10.1080/00268976.2020.1812746
https://doi.org/10.1080/00268976.2020.1812746

	1. Introduction
	2. Review of improved quantization rule
	3. Solution of stationary Schrödinger equation with GMP
	3.1. Solution of stationary Schrödinger equation with GMP corresponding to q=0
	3.2. Solution of stationary Schrödinger equation with GMP corresponding to q = 0

	4. Mean values of kinetic energy and potential energy in GMP
	4.1. Mean values of kinetic energy and potential energy of system in GMP for q=0
	4.2. Mean values of kinetic energy and potential energy of system in GMP for q = 0

	5. Results and discussion
	5.1. Woods–Saxon potential
	5.2. Morse potential
	5.3. Tietz–Hua oscillator
	5.4. Möbius squared oscillator

	6. Conclusions

