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We investigate the general condition for an operator to be unitary. This condition is introduced according to the
definition of the position operator in curved space. In a particular case, we discuss the concept of translation operator in
curved space followed by its relation with an anti-Hermitian generator. Also we introduce a universal formula for adjoint
of an arbitrary linear operator. Our procedure in this paper is totally different from others, as we explore a general approach
based only on the algebra of the operators. Our approach is only discussed for the translation operators in one-dimensional
space and not for general operators.
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1. Introduction
A unitary operator is a linear operator in Hilbert space

which its properties was basically discussed in details in
Refs. [1,2]. This operator is very important in quantum me-
chanics because the scalar product of vectors under the opera-
tion of this operator is invariant. Also, it can transform two sets
of base kets, both satisfying orthonormality and completeness,
with two different representations.[3] The concept of transla-
tion in quantum mechanics is described by a unitary operator
and in general, its generator is an anti-Hermitian operator.[3]

The translation operator has also been considered in mathe-
matical literatures. For example, there is one integral represen-
tation of the quantum translation operator.[4] Some attempts
have been made to represent the matrix form of the translation
operators.[5,6]

We are now asking this question: Is there any general re-
quirement for an operator to be unitary (other than the formal
properties mentioned in the textbooks)?

There is obviously a certain way to construct the unitary
operators.[7] However, the standard method in this reference,
based on the Moravek–Joseph theorem, is completely different
with our procedure in this paper.

There are so many texts and surveys about generalized
translation operators.[8–10] In these surveys, the researchers
usually start with the explicit definition of a translation op-
erator in generalized space such as in Ref. [8]. Also the phrase
generalized translation operators have been used in the title of
the paper.[11] However, this paper is strictly in mathematical
language and totally unrelated to quantum mechanics and the
contents of our paper.

The rest of this paper is arranged as follows. In Sec-
tion 2, we argue straightforwardly the unitary operator in gen-

eral form. We endeavor to introduce a general formula for the
unitary operators in terms of the position operator. Then after,
we consider some examples of scaling operators to justify our
definition. In Section 3, as an ultimate purpose, we pursue pre-
vious procedure in generalized space. In this section, by using
the unitary operator, we choose a special case which leads au-
tomatically to the concept of the translation operator in curved
space. Note that, in this paper we use quite extensively the
so-called bra–ket formalism. We are aware from the principal
problems connected with Dirac’s bra–ket formalism,[12] so we
try here to avoid them and use correctly the formalism.

2. Unitary operator in Euclidean space
We begin with an operator T such that

T |x〉= | f (x)〉 , (1)

where f is a smooth, invertible, and differentiable function and
f (x) is the amount of the function f at the point x, so that f (x)
is a point (like x) itself. Also, it should be noting that |x〉 or
| f (x)〉 are not in the Hilbert space because their length is infi-
nite. But we know that the vectors of the Hilbert space can be
expanded in terms of |x〉’s.[3]

The operator T is a linear operator but not generally uni-
tary one. We want to show that there would be a straight and
general strategy to recognize that whether an operator is uni-
tary or not: (T T † = 1).

The reader may ask why we did not write Eq. (1) in terms
of the wave function. This is possible and is represented by
the following equation:

T ψ(x) =
∣∣( f−1(x))′

∣∣ψ( f−1(x)). (2)

The proof of this equation is given in Appendix B. For every
†Corresponding author. E-mail: jafarimatehkolaee@semnan.ac.ir
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operator T to be unitary, it is necessary that

〈 f (x)| f (y)〉= 〈x| y〉 . (3)

In general, there would be a parameter ε in the operator T
and the smooth function f , such that T (ε) |x〉 = | f (ε,x)〉.
Now we can say that for every f there is a function h
such that 〈 f (x)| f (y)〉 = h(x,ε)〈x| y〉. Note that, we can
write 〈 f (x)| f (y)〉 = δ ( f (x), f (y)) = h(x,y,ε)δ (x,y), since
h(x,y,ε)δ (x,y) = h(x,x,ε)δ (x,y) so by denoting h(x,x,ε) to
h(x,ε), we can conclude 〈 f (x)| f (y)〉= h(x,ε)〈x| y〉.

In this case, the operator T̃ is unitary under the condition
that

T̃ |x〉= 1√
h(x,ε)

| f (x)〉 (4)

or

T̃ = T
1√

h(Q,ε)
(5)

with Q being the position operator and given by Q |x〉 = x |x〉.
According to the necessity of the condition (3), it is straight-
forward and easy to obtain Eq. (5).

For the representation of Eq. (5) we highly need to the
adjoint of T (ε) and it seems it depends on the exact form of
the | f (ε,x)〉 but we will show in the next section that there is
a general approach for the adjoint of T (ε).

The author in Ref. [13] has pointed out a scaling oper-
ator as T (ε) f (x) = ε f (ε2x). Based on Eq. (5) it is easy to
show that this operator is unitary. Now we can consider an-
other example: T (ε) |x〉 = |exp(ε)x〉, the operator T is not
unitary, since 〈x|T †T |y〉 = 〈 f (x)| f (y)〉 = exp(−ε)〈x| y〉 but
the operator T̃ = (exp(ε/2)T ) is unitary because 〈x| T̃ †T̃ |y〉=
〈 f (x)| f (y)〉= 〈x| y〉. Also, it is easy to verify that the transla-
tion operator in quantum mechanics, T (ε) |x〉= |x+ ε〉 is uni-
tary.

3. Unitary operator in non-Euclidean space
Now we continue the discussion in generalized space. In

fact, we are looking for the answer to original question, al-
ready mentioned in introduction. In this section, we try to
illustrate the details of calculation of any equation.

At first, we consider manifold M with an atlas consist-
ing of only one chart. This manifold is such that there exists
a global one to one correspondence between the points of M
and R. The normalized eigenvectors of position satisfy the re-
lation 〈x |y 〉 = δ (x,y). Note that, δ (x,y) is the “generalized
delta function” for the manifold and is defined by the condi-
tions δ (x,y) = 0 for x 6= y and

∫
ζ (x)δ (x,y)h(x) = h(y). Here,

ζ is the invariant volume element ζ (x) = g(x)dnx and g is the
square root of the absolute value of the determinant of the met-
ric matrix. Note that in all parts of this paper, g denotes the
metrics except in Eqs. (8) and (19) in which g denotes a func-
tion. Similar to Section 2, the operator T corresponding to the

diffeomorphism f is defined as T |x〉 = | f (x)〉. Note that, x
is the member of manifold M and also f is a function so that
f : M→M.

From the definition of T , we conclude that 〈x|T † |y〉 =
δ ( f (x),y), so by defining z through z = f (x) we get

ζ (z) = g(z)dnz

= g(z)
∣∣∣∣det(

∂ z
∂x

)

∣∣∣∣dnx

=

(
g( f (x))

g(x)

)
|det [D( f )(x)]|ζ (x). (6)

Now we can write

ζ [ f (x)] =
(

f ∗g
g

)
(x)ζ (x), (7)

where f ∗ is the pullback of f and we have

( f ∗g)µν(x) =
{

gαβ [ f (x)]
} ∂ f α

∂xµ

∂ f β

∂xν
. (8)

Using Eq. (7), we find the following expression:∫
ζ (x)δ ( f (x),y)h(x) =

∫
ζ (z)( f−1(z))δ (z,y)h( f−1(z))

=

(
g

f ∗g

)
( f−1(y))h( f−1(y)). (9)

Note that, since f is a diffeomorphism so it is invertible and
both of f and its inverse are differentiable.

Equation (9) gives the following equation:

δ ( f (x),y) = δ (x, f−1(y))
(

g
f ∗g

)
( f−1(y)). (10)

Therefore we obtain

〈x|T † |y〉= 〈x| f−1(y)
〉( g

f ∗g

)
( f−1(y)). (11)

Now we can extract the following equation from the above
equation:

T † |y〉=
∣∣ f−(y)〉( g

f ∗g

)(
f−1(y)

)
. (12)

According to the first definition, T |x〉 = | f (x)〉, equation (12)
could be a universal formula for the adjoint of the operator T .
For the straight calculation of adjoint of an operator in curved
space, readers can refer to Appendix A.

By inserting T on both sides of the above equation we
conclude that

T T † |y〉= |y〉
(

g
f ∗g

)
( f−1(y)). (13)

This shows that T T † is not identity and hence T is not unitary,
unless f is volume-preserving, that is ( f ∗g) would be the same
as g. In any case, equation (13) can be written as

T T † =

(
g

f ∗g

)
( f−1(Q)), (14)

where Q is the position operator and we have defined

B(Q) |x〉= B(x) |x〉 . (15)

080301-2
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Finally, the unitary operator T̃ is represented by

T̃ =

{(
g

f ∗g

)
( f−1(Q))

}−1/2

T. (16)

Or in other form, we can write

T̃ = T
{(

g
f ∗g

)
(Q)

}−1/2

. (17)

We recall that equation (17) is the generalization of Eq. (5) in
curved space. Now we consider a special and more general
example. For an infinitesimal diffeomorphism fε , we assume

fε = x+ εV (x)+o(ε). (18)

Note that, in this equation o(ε) tends to zero faster than ε and,
as we mentioned before, x and f are members of the mani-
fold M. Their coordinates are, of course, scalars, same as the
components of V (x), while V (x) is itself a vector. The defini-
tion (8) gives the following equation:

( f ∗g)µν = gµν + ε

[(
∇µV

)
ν
+(∇νV )

µ

]
+o(ε), (19)

where ∇ is the covariant derivative corresponding to the Levi–
Civita connection in relation to the metric g. So by using
Eq. (19) we can obtain immediately

f ∗g = [1+2ε∇V +o(ε)]g. (20)

Defining Tε in relation to fε as a generalized translation oper-
ator, we have

Tε |x〉= |x+ εV (x)〉+o(ε). (21)

In Eq. (21), |x〉 is a well-localized state around x that can
be changed to another well-localized state around x+ εV (x)
leaves all the physical properties unchanged. The parameter
ε determines the mixing between the displacement and the
original position state. Notice if we consider V (x) = 1 and
o(ε)→ 0, then equation (21) shows exactly the translation op-
erator in standard quantum mechanics. Also, the translation
operator we have introduced here is much more general than
the generalized translation operator introduced in Ref. [8]. Ac-
cording to Eqs. (18)–(20), after some calculations we get the
unitary form of translation operator (21) in the form of

T †
ε |x〉= |x− εV (x)〉 [1− ε (∇V )(x)]+o(ε). (22)

Hence, we obtain

Tε T †
ε = [1− ε (∇V )(Q)]+o(ε). (23)

Therefore, the unitary form of the translation operator is as
follows:

T̃ε =
[
1+

ε

2
(∇V )(Q)

]
T +o(ε). (24)

Also in the other form we can write

T̃ε = T
[
1+

ε

2
(∇V )(Q)

]
+o(ε). (25)

Note that, by putting ε = 0 in Eqs. (21) and (22) or Eq. (23)
we clearly conclude that T0 and T̃0 are identity.

Now we can define the generators K and K̃ corresponding
to Tε and T̃ε as follows:

K = lim
ε→0

Tε −1
ε

and K̃ = lim
ε→0

T̃ε −1
ε

. (26)

It is clear that

K |x〉 = V α
∂α |x〉 , (27)

K̃ |x〉 =
[
V α

∂α +
1
2
(∇V )

]
|x〉 , (28)

where K̃ is an anti-Hermitian generator.

As an obvious example for Eq. (18), the translation op-
erator has been introduced in Ref. [14] by using a diagonal
metric

T (dx) |x〉=
∣∣∣x+g1/2

xx dx
〉
, (29)

in which the diagonal metric is equals to

ds2 = gxx dx2 +gyy dy2 +gzz dz2. (30)

According to Eq. (27) and by choosing V = g−1/2
xx , the diver-

gence of V vanishes and then

K̃ = g−1/2
ii ∂i. (31)

Equation (31) is completely consistent with the generator ob-
tained in Ref. [14].

In Ref. [8], by considering a well-localized state around
x that can be changed to another well-localized state around
x+a+γax, a translation operator have been introduced as fol-
lows:

Tγ (a) |x〉= |x+a+ γax〉 , (32)

where parameter γ is the inverse of a characteristic length.

We can simply show that this operator is not unitary and
instead the operator T̃γ = (1/

√
1+ γa)T is unitary.

4. Conclusion

Equation (5) indicates the general form of the unitary op-
erator in Euclidean space. Note that, any example can be used
to test of Eq. (5) and not necessarily scaling operators. Equa-
tion (16) or (17) is a general form of formula to represent a
unitary operator in a generalized space. It is interesting that,
the particular example we are considering here clearly led to
the translation operator in non-Euclidean space. Our results
clearly show a universal formula for adjoint of an arbitrary
linear operator, i.e., Eq. (12).

The non-traditional approach of this article, invites re-
searchers to elaborate a general procedure in the face of uni-
tary operators and their related generators. In particular, to
extend our work, the dimensions of space can be generalized
from one dimension.
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Appendix A
The inner product is defined as

〈φ | ψ〉=
∫

ζ (x)φ̄(x)ψ(x). (A1)

Similar to Section 3, here also ζ is the invariant volume ele-
ment ζ (x) = g(x)dnx, and g is the square root of the absolute
value of the determinant of the metric matrix.

The operator O is defined through

〈x| O|ψ〉= ψ[h(x)]. (A2)

So
〈φ | O| ψ〉=

∫
ζ (x)φ̄(x)ψ[h(x)]. (A3)

Similar to Section 3, defining z through z = h(x) and using

ζ
[
h−1(z)

]
=

[(
h−1
)∗ g

g

]
(z)ζ (z), (A4)

where h∗ is the pullback of h, one arrives at

〈φ | O| ψ〉=
∫

ζ (z)

[(
h−1
)∗ g

g

]
(z)φ̄ [h−1(z)]ψ[z]. (A5)

Equation (5) shows that

〈x| O†∣∣ φ〉=

[(
h−1
)∗ g

g

]
(x)φ̄ [h−1(x)]. (A6)

This is correct if h is one-to-one. If that is not the case, then
there are several inverses for h.

Denoting these by h−1
i ’s, hence we can write

〈x| O†∣∣ φ〉= ∑
i

[(
h−1

i

)∗
g

g

]
(x)φ [h−1

i (x)]. (A7)

Appendix B
Consider an operator T such that

T |x〉= | f (x)〉 . (B1)

In terms of the wave function, this equation is equal to

T ψ(x) =
∣∣( f−1(x))′

∣∣ψ( f−1(x)), (B2)

where ψ(x) is the desired wave function.
Proof In position space, wave function is represented by

the action of the bra position on the ket state, that is,

ψ(x) = 〈x |ψ〉 . (B3)

So we can write

T ψ(x) = 〈x|T |ψ〉 . (B4)

This means that in order to find the action of T on the wave
function, we need the action of T on the bra position. Hence,
we can write

〈x|T |y〉= 〈x| f (y)〉= δ (x, f (y)). (B5)

According to the property of the delta function we have

δ (x, f (y)) =
1

| f ′(y)|
δ ( f−1(x),y). (B6)

Therefore by putting Eq. (B6) into Eq. (B5), we obtain

〈x|T =
∣∣( f−1(x))′

∣∣〈 f−1(x)
∣∣ , (B7)

where we have used the relation
[
1/ f ′( f−1(x))

]
= ( f−1(x))′

in the above equation. Finally, from Eq. (B7), we obtain
Eq. (2) or Eq. (B2):

T ψ(x) =
∣∣( f−1(x))′

∣∣ψ( f−1(x)). (B8)
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