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TOPICAL REVIEW — Quantum computation and quantum simulation
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Thanks to the quantum simulation, more and more problems in quantum mechanics which were previously inaccessi-
ble are now open to us. Capitalizing on the state-of-the-art techniques on quantum coherent control developed in past few
decades, e.g., the high-precision quantum gate manipulating, the time-reversal harnessing, the high-fidelity state prepara-
tion and tomography, the nuclear magnetic resonance (NMR) system offers a unique platform for quantum simulation of
many-body physics and high-energy physics. Here, we review the recent experimental progress and discuss the prospects

for quantum simulation realized on NMR systems.
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1. Introduction

In order to predict the evolution of a quantum system,
numerical analysis is a traditional but demanding approach.
Especially due to the exponential size of Hilbert space as a
function of quantum subsystems, the limited number of sub-
systems for numerical analysis is a major obstacle to address-
ing quantum problems with desirable accuracy on a classical
computer. Conversely, in many cases, the quantum simulation
may offer a faster solution with a probably more illustrative
perspective. More importantly, the qubits in quantum simula-
tors are intrinsically able to store exponentially large amounts
of information compared to classical bits. Furthermore, in re-
cent years, quantum effects play an increasingly substantial
role in modern technology, which leads to the new needs for
quantum simulation. Meanwhile, the physical platforms, as
well as the technologies required, have matured enough to en-
able the practical implementations, including superconducting

[1.2] trapped ions,!*#! neutral atoms,>~" photons, 8]

circuits,
spin-based systems such as impurity spins in solids!!%!!"l and
nuclear magnetic resonance (NMR).

Among various candidates, nuclear spins manipulated us-
ing NMR are usually considered to be competent in small-
scale quantum simulations.''”) Twenty years ago, many lead-
ing experiments blazed a trail in implementing complex multi-
qubit gate operations using NMR.[13-15] In the following

decades, more sophisticated techniques have been well devel-

DOI: 10.1088/1674-1056/abe299

oped in terms of endeavouring to simulate the dynamics of
quantum systems.'%!7] More recently, the state-of-the-art 12-
qubit coherent control has been demonstrated.!'%1°]

These experimental advances in controlling spins promise
the applications in disparate areas, including many-body
physics and quantum gravity. Some problems in the former
are formidably hard to tackle with classical computers due
to the complexity arisen from the interactions between many
quantum individuals. And the quantum gravity which aims at
unifying quantum mechanics and Einstein gravity is a funda-
mental area but with many ideas remaining unveiled experi-
mentally.

In this review, we present some representative experimen-
tal demonstrations in many-body systems and quantum grav-
ity realized with NMR. First, we start with an introduction of
NMR fundamentals in Section 2. Next, centered around a key
quantity called out-of-time correlator (OTOC), the following
Section 3 expounds on three topics where the OTOC serves
as an excellent probe: (1) OTOC can differentiate the inte-
grable and non-integrable systems and quantify the butterfly
velocity in quantum chaos (Subsection 3.1); (2) OTOC can
observe different signatures of many-body localization (MBL)
and Anderson localization (AL), as an alternative metric in-
stead of the entanglement entropy (Subsection 3.2); (3) OTOC
can detect the dynamical quantum phase transition (DQPT)
and mark the critical point in equilibrium dynamical phase
transition (EQPT) between the paramagnetic and ferromag-
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netic phases, surpassing the autocorrelation and the two-body
correlation function as regards to the precision and robustness
(Subsection 3.3). These results shed light on the underlying
connections among quantum chaos, thermalization, and quan-
tum gravity. Accordingly, based on Ryu-Takayanagi (RT) en-
tropy, the profound relation between OTOC and anti-de Sit-
ter/conformal field theory (Ads/CFT) duality directs us to Sub-
section 4.1. The experiment that RT entropy has been verified
on perfect tensor state is elaborated. While the perfect ten-
sors are viewed as the building blocks of the tensor network,
this verification makes the first step toward studying quantum
gravity experimentally. In the other Subsection 4.2, the suc-
cessful simulations of geometry properties and local dynam-
ics of quantum spacetime, with respect to quantum tetrahe-
drons and spinfoam vertex amplitude, respectively, open up
an avenue studying loop quantum gravity (LQG). Finally, the
challenges and prospects of quantum simulation with NMR
are discussed in Section 5.

2. Basics of NMR

The well-defined qubits are represented by nuclear spins.
Taking the spin-1/2 particle as an instance, the two levels with
+1 eigenvalues of &, respectively amount to two states of a
qubit |0) and |1). These states are referred to as the computa-
tional basis states, based on which the wavefunctions are en-
coded. There are natural qubits like 'H, '*C, and '°F nuclear
spins (see Fig. 1).

In the remainder of this article, we will restrict ourselves
to the more comprehensible liquid-state NMR. In the liquid
solution, where the rapid tumbling averages out the dipole—
dipole interactions, the Hamiltonian with spin—spin interac-
tions under the weak coupling approximation reads as (7 = 1)

w; i
jaﬂZT”af&;, (1)

i i<j

Hxvr = —

where ®; = ¥%;By, with gyromagnetic ratio ¥; of the i-th nu-
clear spin and static magnetic field By aligned along z-axis, is
the Larmor angular frequency, and J;; is the scalar coupling
strength between the i-th and j-th spins.

'H 1BC H T,(s) T,(s)
- 1B3C -7787.9  215.09 18.8 0.35
H 215.09  -3206.5 10.9 33

Fig. 1. CHCI3 as an example of a two-qubit sample with relevant parame-
ters. The 13C and 'H nuclear spins serve as two qubits. The chemical shift
(Hz) and J-coupling strength are given by the diagonal and off-diagonal
terms in the right table, respectively. Two important parameters character-
izing the longitudinal and transverse coherence properties represented by 7;
and 7> (see more details in the Subsection 2.4) respectively are also pro-
vided.

2.1. Initialization

To emulate a quantum system of interest, the first step
should be the preparation of an initial state of the simulated
system. According to the Boltzmann distribution, the system
is in the thermal equilibrium state under the room temperature,
which is unpolarized (see Fig. 2(a)). However, it is impossible
to cool down to extremely low temperature so as to obtain a
state polarized into ground state in the liquid-state NMR. In-

[20,21]

stead, a pseudo-pure state (PPS) is widely adopted

ﬁpps:%i+s|00m><oo...|, ()
where 1 is the identity matrix and € ~ 10> represents the po-
larization (see Fig. 2(b)). The validity of using PPS is based
on the fact that the identity term is undetectable to the mea-
surement and it is invariant under unitary operations such as
free Hamiltonian evolution and pulses control. As a result,
the dynamical behavior of PPS is identical to that of a pure
state up to a scalar factor. The PPS can be created by sev-
eral techniques like spatial averaging, ") logical labelling, [*!]
temporal averaging,!??! and cat-state.>>) Unfortunately, these
methods, which lead the signal to decay exponentially as a
function of the number of qubits, fail to scale. This is caused
by the non-unitary transformations inevitably involved when
creating PPS from thermal equilibrium which shares no com-
mon eigenstates with PPS. One scalable approach algorithmic
cooling has been investigated in Ref. [24].

Thermal equilibrium

N —
(C) sample tube N Y\ SR
- (&%
. > x
capacitor - A o
— < directional () . . computer
\ |coupler \__/ oscillator
\ N
\ ) < e (X fe———
T 1 N \></ !
N ~J
amplifier

static field
coil

RF coil

Fig. 2. Pseudo-pure state in initialization and the schematic diagram of ex-
perimental setup. For a two-qubit system in the thermal equilibrium, there
is no available polarized state to employ, as shown in (a). While a PPS, as
illustrated in (b), with an identity part and a tiny amount of extra population
in the ground state is valid to be treated as an initialized state. (c) Gate con-
trol and the measurement are implemented by the RF coil with the following
electrical circuit connected to the computer. On the other hand, the external
field By is generated by the static field coil. This subfigure is adapted from
Ref. [26].

048201-2



Chin. Phys. B Vol. 30, No. 4 (2021) 048201

2.2. Universal gates

Subsequently, the initial state evolves under the desired

unitary evolution U(¢) = e 7" which can be decomposed

piecewise by utilizing the Trotter formula to the first order!>!

O(t) = (e—iznﬂnm)m ~ (He—iﬁnm)m, 3)

where t = mAt is broken up into m slices with duration At and
the Hamiltonian is assumed to be the sum of local interactions
terms H = Y. FI,,. As At — 0, the second-order and higher
terms are negligible. In other words, the price for the accurate
approximation is the large number of quantum gates. Thus, the
Hamiltonian engineering is reduced to the implementations of
the unitary gates based on local interactions e ifht,

In the case of NMR, the unitary gates of each qubit are
carried out by the external radio-frequency (RF) pulses (see

Fig. 2(c)), which can be written as
Hy = —yB) [cos (ot + @) 6] —sin (ot +¢) 6], (4

where Bj, @, t, and ¢ are the amplitude, frequency, length,
and phase of the RF pulse, respectively. By tuning these
four parameters properly, the rotations about any arbitrary
axis with an arbitrary angle can be approximated. More con-
cretely, if the RF is resonant with the Larmor frequency of
the spin, i.e., s = @y, and move to the rotating frame at
frequency @, the first term of NMR Hamiltonian Eq. (1)
vanishes and the RF Hamiltonian Eq. (4) becomes time-
independent. A unitary evolution is therefore of the form
U(t) = expliyBi (cos 6, —sin @8y)t], which clearly shows
how the parameters of the RF pulse determine a quantum gate.
For the single-qubit unitary transformation, Bloch’s theorem
allows the further decomposition into rotations about two fixed
axes U(t) = e ®R.(B)R,(Y)R:(S5), where a,f3,7,6 are real
numbers and R,(B) specifies the rotation around x-axis for
angle 3. The ability to implement single-qubit rotations and
controlled-NOT (CNOT) gate enables the universal quantum
gates.>®] However, in reality, the relaxation renders conven-
tional composite pulses inaccurate in large-size systems, es-
pecially in the relatively long durations. Capitalizing on the
recent advances in optimized pulse engineering techniques in-
spired by optimal control theory for NMR quantum comput-
ing, one is able to attain ultra-high precision not only in the
systems of limited scale. The representative one is the gradi-

ent ascent pulse engineering (GRAPE) technique.[*”]

2.3. Measurement

Finally, with the aid of an RF coil, the transverse mag-
netization of the ensemble can be obtained. This detection
coil is weakly coupled to the nuclear spins so that it barely
contributes to the decoherence. However, there remain in-

teractions with the heat bath and inhomogeneity of the static

field, which still leads to the decoherence of the nuclear spins.
Consequently, the measurement of the nuclear spins is based
on the free induction decay (FID). What FID experiments
yield are the expectation values of readout operators in the
x—y plane, and finally, the time-domain FID signals are con-
verted to frequency-domain NMR spectra via Fourier trans-
form. Though such weak measurement is unable to provide
as much information of a single spin as the projective mea-
surement, the ensemble-averaged information can be distilled.
For the complete description of the state, i.e., all elements of
the density matrix, one should resort to the full quantum state
tomography. 13281

2.4. Decoherence

The decoherence originates from the unwanted interac-
tions with the environment, which leads to the loss of informa-
tion carried by qubits. As a result, the coherence is a crucial
facet of examining whether a quantum system would be enti-
tled to be the physical implementation of a quantum simulator.
For the decoherence stemming from the couplings between the
spins and the lattice, it is conventionally characterized by the
energy relaxation (or longitudinal relaxation) time 77, which is
about tens of seconds in a liquid sample. Whereas phase ran-
domization time (or transverse relaxation) 7> characterizes the
decoherence resulting from the spin—spin couplings. In NMR
systems, a more important parameter is denoted by 7", which
is extracted from FID experiments and in turn is termed inho-
mogeneous dephasing time. The 7" is supposed to be long
enough during which the sequences of gates can be imple-
mented. For the complex tasks, the more advanced techniques
should be applied to extend 7, so that preserve the informa-
tion, such as RF selection which improves the 75" at the cost

of signal loss. >3]

3. Many-body physics
3.1. Quantum chaos

In the classical systems, the integrable and non-integrable
systems are related to the regular and chaotic motions, respec-
tively, where the latter display the butterfly effect that the ini-
tial diminutive deviations may give rise to considerable differ-
ences in a later time. Correspondingly, in the quantum sce-
nario, a small perturbation that spreads over a many-body sys-
tem may result in large commutators with the operators which

311 Formally,

are commutative with the perturbation initially.
the quantum version of butterfly effect is relevant to a core
concept termed quantum information scrambling, that is, the
information stored in local degrees of freedom smears over
global degrees of freedom. Scrambling lies at the heart of
the dynamics of quantum information.*?! From the experi-

mental perspective, it can be understood by a key observable

048201-3
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named out-of-time correlator (OTOC), which first appeared in
the context of superconductivity!*3! and was defined as

F(1) = (W ()0 (0)W(1)V(0)), (5)

where W (1) = eiflt W(O)e’iﬁ " is the operator W in the Heisen-
berg picture, and W (0) and V(0) are two commutative local
Hermitian operators.

From the connection Re[F(t)] = 1 — {|[W(¢),V(0)]|?)/2,
it is easier to understand how OTOC illuminates the insights
into quantum chaos. F(¢) represents the non-commutativity
degree between two local operators W (¢) and V(t), whose
commutator is zero initially, under the time evolution accord-
ing to the interaction introduced by the Hamiltonian A. To
better appreciate it, one may have a closer look at W(t) which
can be expanded as a sum of nested commutators

2

W(t) =W +it[A,W] - %[ 7, [H,W]]
T (6)
— i[H’[H’ HW]]]+---.
As time grows, while the high-order terms are getting signif-
icant, the expression of W (¢) becomes more and more com-
plicated and might finally fail to commute with an initially
commutative operator V. Hence, the growth of simple local-
ized operators may lead to non-commutativity with almost all
other operators in the system on the long time scale, which
bears striking resemblance to the butterfly effect.
From the perspective of quantum information, it is a cru-
cial task to protect the information from delocalization in

1341 which bears directly on the fault-

the quantum channels,
tolerance and computation capability of quantum channels.
Since a quantum channel is defined as a completely-positive
and trace-preserving linear map from one to another Hilbert
space, a unitary transformation for the initial density matrix
Po of the form W (¢)poW (¢), with W () being the Heisenberg
operator of a local Hermitian operator, is exactly an example of
quantum channel. Consequently, the OTOC can be construed
as the expectation value of local measurement of observable V
on the final state of the density matrix which goes through the

quantum channel determined by local operator W (1), i.e.,
(F(1)) o< Tt [W(t)poW' (1) V] . (7)

Experimentally, the final readout is accessible, whereas
the evolution of local operator W involves the time reversal
of the many-body Hamiltonian, which is challenging. For-
tunately, borrowing the protocol that is well familiar with
the NMR experimental physicists in the form of Hahn spin

1331 together with the Trotter formula given by Eq. (3),

echoes,
the backward time-evolution can also be realized. The first
two parallel experiments to measure OTOC were done with

the NMR 3% and trapped-ion*”! respectively.

3.1.1. Integrable and non-integrable systems

The distinct behaviors of integrable and non-integrable
systems can be observed via OTOC.[*%] Take the paradigmatic
one-dimensional transverse-field Ising chain (TFIC) model as
an example, whose Hamiltonian reads as

H= Y (6767, +867), ®)
]

where J represents the coupling strengths of nearest-neighbor
interaction, and g is the uniform transverse field. This is an in-
tegrable Hamiltonian. If 467 is added into Eq. (8) with 7 # 0
while g # 0, the Hamiltonian is otherwise non-integrable. As
illustrated in Fig. 3(a), there is an oscillation of OTOC for the
integrable system. By contrast, in the case of non-integrable
system shown in Fig. 3(b), all OTOCs feature a decay to some
values around zero after a long time, which suggests that the
information is no longer retrievable to the local measurement.

Non-integrable

(a) Integrable  (b)

1
o A 0.5 t .
V=0f o 05 05
2 0 0
W=65 ©
-0.5 Y -0.5 -05
1 -1 -1
0 14 28 42 56 7 0 14 28 42 56 7 0 14 28 42 56 7
1 . 1y, 1
I}_ 6F 08 b K0 05 0.5
=5 \
S
Lo, 2 0 0 0
W=6} ©
—0.5 -0.5 -0.5
1 1

-1 -
0 14 28 42 56 7 0 14 28 42 56 7 0 14 28 42 56 7
t t t

Fig. 3. Distinct behaviors of (a) integrable (¢ = 1, 2 = 0) and (b) non-
integrable (g = 1.05, h = 0.5 for left column and ¢ = 1, & =1 for right
column) cases of Ising spin chain model are distinguished by OTOC F (t).
(c) Measurement of butterfly velocity. The OTOCs for three different oper-
ators Wj are shown with different colors. The inset shows the characteristic
time #; versus the distance d between two operators, where the butterfly
velocity vg can be obtained according to t; = d/vp + ¢ with ¢ being the
intercept. The figures are adapted from Ref. [36].

3.1.2. Butterfly velocity

Another intuitive result comes from the early-time be-
haviors of OTOCs. If one chooses different local operators
W;(t) as the time-dependent ones while fixing the initial op-
erator V(0), these OTOCs of different operators serve as a
tool to estimate the speeds of correlations spreading over the
system. Intuitively, the further Wj is away from where V re-
sides, the longer the time that the correlation takes to arrive at
Wj’s site. Actually, this is what is observed in the experiments
with a 4-qubit NMR simulator.3®! In the case of Ising spin
chain model, let V = 6% and W, = 6,& j»
and i, j =1,2,3,... are the labels of spin sites. Larger j
does lead to later decay of OTOC, which coincides with the
longer correlation arrival time, see Fig. 3(c). Nevertheless,

where o, f = x,y,z
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although the arrival time is dependent on the specific oper-
ator, the propagating velocity of correlations is expected to
be operator-independent in a certain system. This velocity is
characterized by vg, which is called butterfly velocity.3*38
And the characteristic time #; = d/vg, defined in terms of the
distance between two operators d and the butterfly velocity
vB, signals the onset of chaos where the OTOC is different
from unity. Based on this relation, the butterfly velocity can
be extracted as shown in the inset of Fig. 3(c). In the sys-
tems where only short-range interactions exist, analogous to
the finite velocity of linear information spreading in relativistic
theories, the butterfly velocity defines an effective light cone,
within which the correlations are limited to. And the butterfly
velocity is related to a more general bound known as Lieb—
Robinson bound. 40!

In the classical chaotic system, the separation of two ini-
tially close trajectories in the phase-space increases exponen-

Mt Therefore,

tially in the time evolution |Ax(f)| =~ |Az(0)|e
the positive Lyapunov exponent Ay indicates the divergence
of the system. Similarly, in the early-time evolution of non-
integrable systems, the OTOCs can be formulated by F(r) =
a— berli—ta) 4 ...

Aq is the quantum analogy with Lyapunov exponent!*!! which

where a,b are non-universal constants,

likewise serves as a proxy for quantum chaos. What is more,
the quantum Lyapunov exponent is bound by A;, < 27/f, as
the information scrambling rate bound in black holes,!#>%3]
where B! = 2kpT is the inverse temperature. This remark-
able coincidence brings about the intriguing conjecture that
any quantum system that saturates the Lyapunov exponent

bound is holographic dual to a black hole.*¥

3.2. Quantum phase transition
3.2.1. Many-body localization and Anderson localiza-
tion phases

Another aspect in connection with the scrambling of in-
formation is the thermalization and entanglement entropy. To
be more concrete, consider an initial state which is the direct
product of two pure subsystems, say A and B, and undergoes
an evolution governed by a chaotic Hamiltonian. After a time
longer than the thermalization time, the output state turns out
to be highly entangled, which suggests that each subsystem
is near maximally mixed and thus, corresponds to a thermal
ensemble regarding all local measurement observables.*3]
Moreover, the degree of entanglement between subsystems
can be quantified by the growth of local von Neumann entropy

See = —Tr(palog, pa), )

where Py is the reduced density matrix by tracing out subsys-
tem B. As the classical entropy is an extensive quantity, en-

tanglement entropy also increases proportionally to the size of

the subsystem. In this sense, the entanglement entropy plays
a role akin to the thermal entropy in classical statistical me-
chanics which indicates the chaotic degree of the system. [46]
As a result, entanglement entropy can be a metric to differen-
tiate the phases with different strengths of entanglement such
as many-body localization (MBL) and Anderson localization
(AL).

MBL is a regime where the entanglement entropy scales
logarithmically.[*”! This localization results from the strong
disorder that struggles against the thermalization and accord-
ingly suppresses the growth of entanglement entropy. Whereas
the non-interacting correspondence AL has a saturation as the
primary signature (see the dashed lines with non-zero (zero)
interaction strength, the right axis in Fig. 4).

Nevertheless, measuring entanglement entropy is chal-
lenging, the pioneering work was achieved only on the small

number of particles./*®!

Recently, the average correlation
length L. as an alternative has been demonstrated on the NMR
platform as effective as entanglement entropy!*’! (see experi-
mental results (dotted lines) and simulation (solid lines), left
axis in Fig. 4). The L, is referred to the contributions of all
possible spin correlations with Hamming weight.[>") Armed
with the coherent averaging techniques®!! to tune both the in-
teraction strength and the degree of disorder, the average cor-
relation length can be extracted from the intensity of multi-
ple quantum coherence (MQC) based on the measurement of
OTOCs.

F 0.5
3.0f mteraction =i
S [ strength Many-body 2z 104 ©
~ C localization 1 >
= 25f —o jo3 &
L 1YY 5
g — 0.05 -
= 20F —oi5 102 2
2 ] 2
= 1sf 1015
£ F - Anderson localization o
S [ ==mmommsom=nt 10. S
1.0F - ) ) ) ) 8
0.01 0.1 1 10 100 1000

Time (Jt)

Fig. 4. Simulations of entanglement entropy and correlation length for
many-body localization and Anderson localization. As the increment of in-
teraction strength, the MBL emerges, featured by a slow growth in time of
L. (solid lines, left axis), which is consistent with the approximated L. ob-
tained by measuring OTOC (dotted lines, left axis), the logarithmic growth
of entanglement entropy (dashed lines, right axis). By pronounced contrast,
in the AL phase where the interaction is absent (the black lines correspond-
ing to zero interaction strength), L. is saturated. The figure is adapted from
Ref. [49].

3.2.2. Paramagnetic and ferromagnetic phases

As an indicator, OTOC also outperforms some other kind
of correlators with respect to detecting equilibrium quantum
phase transition (EQPT) and dynamical quantum phase tran-
sition (DQPT),15?! because OTOC captures the scrambling
of quantum information, and both EQPT and DQPT attend
rapid spread of quantum information on account of apprecia-

ble quantum fluctuations.
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The 1D transverse-field Ising chain (TFIC) model in
Eq. (8) is considered with periodic boundary condition. Au-
tocorrelation function ¥ (r) = (67(1)67) allows one to detect
the ordered phase in equilibrium from dynamics, as it van-
ishes in the paramagnetic phase (g > J) while taking a non-
zero value in the ferromagnetic phase (g < J), in the long-time
limit. Unfortunately, the autocorrelation function fails to serve
its turn in the case of a quantum quench.33! To gain a full
picture of quantum information dynamics, the natural alterna-
tives are the higher-order correlations, say the second moment,
i.e., ((67(1)67)*), which is exactly a special case of OTOC in
Eq. (5), where V =W = 6f.lS4J

Another candidate is the two-body correlation function
c@t) = <6‘f(t)6'f(t)> (i # j). Though the two-body cor-
relation function has been exploited to study DQPTs in
the non-integrable ferromagnetic axial next-nearest-neighbor
Ising (ANNNI) model, the accuracy and robustness remain
unsatisfactory.l®! As an extension of the integrable TFIC
model, the ANNNI model has also been extensively investi-
gated, where the next-nearest-neighbor interactions A6;67 ,
are involved in Hamiltonian Eq. (8) and A denotes the next-
nearest-neighbor couplings.

In a recent work,°®! the advantages of OTOC have been
demonstrated compared with autocorrelation and two-body
correlation function with respect to detecting DQPT and lo-
cating the critical point in EQPT.

The routine of examining DQPT by a quantum quench is
as follows: first, the system is initialized into its ground state of
the initial Hamiltonian. Next, a sudden change, say a Hamilto-
nian I-AIq whose eigenstates are different from the ground state,
is imposed. Subsequently, the system evolves under I-AIq ac-
cordingly. Finally, some order parameters are measured.>’!
Particularly, in the Ising model, the Hamiltonian with g =0
in Eq. (8) was chosen as the initial Hamiltonian. It then fol-
lows that the initial state is one of the fully polarized ground
states. Since the behavior of order parameters in one dynami-
cal phase is supposed to be distinct from that in other phases,
the quenches of Hamiltonians with g < g. and g > g., where
gc denotes the critical value of the uniform transverse field,
were performed respectively. As the system quenches across
gc, there is a phase transition. Therefore, DQPT only occurs
when the system governed by the quenched Hamiltonian in the
different phase from the ground state phase.

Well in accord with the theoretical simulation, the dynam-
ics of OTOC exhibits sharp distinctions between ferromag-
netic (g < g.) and paramagnetic dynamical phases (g > gc).
As illustrated in the top panel of Fig. 5(a), OTOC stays at cer-
tain positive value with comparatively small fluctuations in the
g < g region, whereas it oscillates around zero in the other.
It is hence experimentally confirmed that the OTOC fulfills

the job that distinguishes different dynamical phases and, in
turn, diagnoses DQPT. On the other hand, the autocorrelation
function (see the middle panel in Fig. 5(a)), without notable
contrast between the two phases, is unable to reveal DQPT
unambiguously. Furthermore, these results still hold for the
non-integrable ANNNI model as shown in Fig. 5(b).
Although the two-body correlation function (see the bot-
tom panel in Fig. 5(a)) behaves similarly as OTOC, if one
delves into the critical point in EQPT, which can be identi-
fied by the time-averaging OTOC F = (1/t) [I_,F(7)d7 in
the Ising model, the two-body correlation is also defeated by
OTOC. In both theoretical and experimental results given in
Fig. 5(c) (Fig. 5(d)) for integrable (non-integrable) system re-
spectively, OTOC displays a more noticeable turning point at
the critical point. Besides, it also has been shown that the
OTOC is more robust to the decoherence than the two-body

correlation. [%°]
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Fig. 5. Experimental results of DQPT and EQPT for integrable and non-
integrable systems. The comparisons of the OTOC F(t) (top panels), au-
tocorrelation x(¢) (bottom panels), and two-body correlation function C(r)
(bottom panels) to detect DQPT in the integrable system and non-integrable
system represented by (a) TFIC model and (b) ANNNI model, respectively.
Critical points of (c) TFIC model and (d) ANNNI model are marked as the
turning points of the long-time averaged OTOC F (top panels) and two-body
correlation C (bottom panels) as functions of the transverse field strength g.
The figures are adapted from Ref. [56].

4. Quantum gravity
4.1. Ads/CFT correspondence
4.1.1. Ryu-Takayanagi entropy

As discussed above, the OTOC has underlying connec-
tions with Ads/CFT duality. On this account, Ads/CFT corre-
spondence links the quantum gravity theory and quantum in-
formation theory®® meanwhile inspiring the incorporation of

holographic entanglement entropy into the study of quantum
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gravity. Specifically, the entanglement entropy of the bound-
ary system can be related to the bulk geometry in terms of
Ryu-Takayanagi formula, >*¢%1 which reads as
_ Armin

4Gn '’

where A denotes a (d — 1)-dimensional region and Ar iy, is the

See(A)

(10)

area of the bulk (d —2)-dimensional minimal surface anchored
to A, and Gy is the Newton constant.

4.1.2. Tensor network

On the other hand, the tensor network (see Fig. 6) serv-
ing as an ideal ground to realize AdS/CFT enables the explo-
ration of AdS/CFT on quantum simulators. And the building
blocks of tensor network are the perfect tensors, as illustrated
in Fig. 7(a). For instance, a rank-6 perfect tensor is a 6-qubit
state on a hexagon such that any three-qubit subsystem is max-
imally entangled with the rest. Let |y(n)) denote the perfect
tensor at a hexagon node n, then the total tensor network state
|¥) takes the form

W) = @u(l] @n [y (n), (11)
where each link [¢) = (]00) 4 |11))/+/2 is the maximally-

entangled state and the inner products are taken at the end
points of each link /. A realization on a 6-qubit NMR quantum
simulator showed!®!! that one only needs to call Hadamard
gates and controlled-Z gates into play, a rank-6 perfect tensor
can be constructed from the initialized state |0)®" with satis-

factory fidelity.

[) = Z Uiy ig.in 110 |i2) . iN)

Fig. 6. Diagrammatic representation of a tensor network. The coefficients
of an N-body system amount to an N-order tensor. A tensor network rep-
resents the structure and the amount of entanglement of a quantum many-
body state. The tensors are linked by the lines, which correspond to the
indices iy,iy,...,iy. Then, the contracted (summed) common indices are
represented by the lines connecting to shapes. Then, a tensor network with
m unpaired legs can be treated as an m-order tensor. In this sense, the ten-
sor network representation reduces the complexity of quantum many-body
problem.

If a tensor network is made of perfect tensors, its en-
tanglement entropy is as Eq. (9), and Sgg equals the mini-
mal number of cuts by virtual surfaces S, which is the dis-
crete counterpart of Eq. (10).19%! For example, the S is cho-
sen to be the one shown in Fig. 7(b) and the minimal num-
ber of cuts is three, it yields a rank-6 perfect tensor where the

number of boundary qubits is also three, the same as that of

bulk qubits. Experimentally, Sgg is nothing but Von Neumann

entropy, hence it holds that Sl(asz =-—Tr (p,ﬁ,") log, ﬁ,(nk)) =k,

where ﬁ,(y{( ) is the reduced density matrix by tracing out m
qubits and k+m = 6.

Moreover, when k < 3, the reduced density matrix equals
an identity and on the other side S*) = min{k,6 — k}, which

has also been verified, [01)

with the proper refinements by tak-
ing account of the decoherence, as shown in Fig. 7(c). It is
noteworthy that the compensations of decoherence errors were
accomplished by performing 6-qubit full tomography, which
is the largest full state characterization in an NMR system to

date.

(a)

Boundary qubits
©,
Sldentity
4 o g o oy
exp G\
o S exp_nodec \66“
€3 &
e

2 & PT §
. [
1 2 3 4 5

k

Fig. 7. Illustration of tensor network and perfect tensor, and the theoretical
and experimental results of RT entropy. (a) The disk is a two-dimensional
ads with the hexagonal tiling. The solid arc marks the minimal surface S
which is anchored to the two ends of the boundary region A illustrated by
the dashed line. The tensor network on the right side is the discrete version
of the left ads space. The tensor network is composed of rank-6 tensors rep-
resented by a hexagonal node with the links ¢, each of which corresponds
to a maximally-entangled state. The total tensor network state is obtained
by taking inner products in H, corresponding to connecting legs of nodes
to links. (b) A rank-6 perfect tensor with three minimal cuts by virtual sur-
face illustrated by the red solid line. Half of six qubits are bulk qubits and
the other half are at boundary. (c) The theoretical results of entanglement
entropy S®) equalling to min{k,6 — k} are shown by orange dashed line.
The refined experimental results with the compensation of decoherence rep-
resented by blue squares are consistent with the theory much better than
initial results shown by red circles. The maximal entropy of a k-qubit sub-
system by assuming a 6-qubit identity is plotted in green dotted line as an
upper-bound reference. The figures are adapted from Ref. [61].
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4.2. Loop quantum gravity

In another aspect of quantum gravity, the nuclei spin
states in NMR can also be employed to simulate quantum ge-
ometries of spacetime.

4.2.1. Spin network

In loop quantum gravity, the quantum states endowed
with discrete geometries of quantum spacetime at the Planck

(63] The time evolution

scale are represented by spin networks.
of spin network!®* builds up a (3 + 1)-dimensional quantum
spacetime, then the boundary of which is the spin network.

A spin network state is characterized by an oriented
graph I' with half-integer j; labelling a (2j; + 1)-dimensional
SU(2) irreducible representation and the invariant tensor |i,)
on each node n which is invariant under SU(2) action. The
spin network state is formally defined as |I", j;,i,) := ®p |in),
where ®,, denotes the tensor product of invariant tensors at all
nodes. Since the simulation of a tensor |i,) is experimentally
tractable, and such a spin network with m nodes is equivalent
to creating m invariant tensors in the experiment, it enables the
simulation of spin network.

In particular, what a 4-qubit invariant-tensor state repre-
sents is a quantum tetrahedron N = 4 corresponding to the
node of the spin network.[®! The high-fidelity (over 95%)
preparation of ten quantum tetrahedrons has been achieved by
an NMR simulator, identified by quantum tetrahedrons’ geo-
metric properties through measuring dihedral angles.!°®! The
geometry properties of quantum tetrahedron are encoded in
the quantum angular momenta JE = (f)gk),J;{,k),J;k)), thus,
in terms of which the dihedral angle allows one to recon-
struct quantum tetrahedron. More precisely, the dihedral an-
gle ¢y, and the angle of normals 6y, between the k-th an m-th

faces have the relation cos ¢,,, = —cos 6y,,, where the latter
is quantized as cos Oy, = %j (k). j(m) 167] \while on the other

hand it can be written in favor of Pauli matrices cos 0y, =
(k6 + 6}" 6y + 6%6!") /6. Examining the dihedral angles
which bridge theoretical geometries and experimental observ-
ables, the shape of prepared quantum tetrahedrons was veri-
fied.

4.2.2. Dynamics of quantum geometry

In addition, the local dynamics of quantum geome-
try is studied by vertex amplitude, which is defined as
Air,...is) = ®}2, (€|®;_,|in). This is much similar as
Eq. (11), where the perfect tensor is replaced by invariant ten-
sor state with |¢) = (|01) —[10))/+/2 and the left-hand side of
the equation becomes the vertex amplitude.

Vertex amplitudes determine the spinfoam amplitudes,
which are the transition amplitudes between the initial and

[68

the final spin networks.!%®! In principle, if the two-qubit max-

imally entanglement states can be established between arbi-

trary two tetrahedra, as illustrated in Fig. 8, the vertex ampli-
tudes can be obtained by evaluating the inner product between
five quantum tetrahedra states. However, it is beyond the
present manageable level for a 20-qubit quantum computer.
Instead, the full tomography is also helpful, through which the

information about quantum tetrahedra is acquired. !

(a)

Space —

Space

- BN L’

Fig. 8. Spin network and quantum tetrahedra. (a) In a (3 4 1)-dimensional
dynamical quantum spacetime, a 3-sphere S> encloses a portion of quan-
tum spacetime surrounding a vertex (in black) where the world sheets meet.
(b) A spin network (blue) is represented by the intersection between world
sheets and 3. Each node of spin network corresponds to a quantum tetrahe-
dron associated with an invariant tensor state |i,). Five tetrahedra are glued
through the faces dual to the links to form a closed S, represented by the
connections of links /, each of which carries a half-integer j;. The figures
are adapted from Ref. [66].

5. Outlook

Apart from the achievements discussed above, NMR

simulations also provide new insights into various subjects

69-731 quan-

77,78]

(see Fig. 9) such as quantum state tomography,!

[74-76]

tum algorithm, non-Abelian topological orders,|

Sachdev—Ye—Kitaev model,[””) prethermalization,®! disor-

dered systems, 8!l probabilistic quantum cloning, 3%/

eigen-
problem solving,®3 anti-PT-symmetry,[®* and even photo-
synthetic light harvesting.!®>! However, on the theoretical side,
the theories of decoherence and control are required; on the ex-
perimental side, the controllability and scalability of the sys-
tem remain scope to improve. In particular, the spectral crowd-
ing that occurs as the number of energy levels increases expo-
nentially with the increasing number of spins hinders liquid
NMR from scalability. Though in solid-state NMR, the scala-
bility drawback may be overcome to some extent, the manip-
ulation and measurement of single qubit would be difficult. A
promising alternative is the nitrogen-vacancy (NV) centers in
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diamond, into which the well-developed techniques in control-

ling spins in NMR have been incorporated. 3]

@

NMR

quantum

simulations

@D D

Fig. 9. Fields on which the NMR simulations shed light.

The progress on quantum simulation tempts us to envis-

age that the practical simulators will be built in the near fu-

ture as the prototype of full-fledged quantum computers. Es-

pecially when the point beyond which the classical computer

would be inferior to quantum simulations is marked, at least

in some cases, it would be a milestone for both physics and

computer science.
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