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SPECIAL TOPIC — Quantum computation and quantum simulation

Speeding up generation of photon Fock state in a superconducting
circuit via counterdiabatic driving*

Xin-Ping Dong(# #7°F), Xiao-Jing Lu(#&H%##), Ming Li(Z=W]), Zheng-Yin Zhao(EX1EE), and Zhi-Bo Feng({% &)

School of Science, Xuchang University, Xuchang 461000, China
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Optimal creation of photon Fock states is of importance for quantum information processing and state engineering.
Here an efficient strategy is presented for speeding up generation of photon Fock state in a superconducting circuit via coun-
terdiabatic driving. A transmon qubit is dispersively coupled to a quantized electrical field. We address a A-configuration
interaction between the composite system and classical drivings. Based on two Gaussian-shaped drivings, a single-photon
Fock state can be generated adiabatically. Instead of adding an auxiliary counterdiabatic driving, our concern is to modify
these two Rabi drivings in the framework of shortcut to adiabaticity. Thus an accelerated operation with high efficiency can
be realized in a much shorter time. Compared with the adiabatic counterpart, the shortcut-based operation is significantly
insusceptible to decoherence effects. The scheme could offer a promising way to deterministically prepare photon Fock

states with superconducting quantum circuits.

Keywords: photon Fock state, superconducting circuit, counterdiabatic driving

PACS: 42.50.Ex, 32.80.Xx, 85.25.—j

1. Introduction

Analogous to conventional cavity quantum electrody-
namics (QED),“’z] a one-dimensional transmission line res-
onator (TLR) generates a quantized electromagnetic field,
which can be strongly coupled to artificial atoms of supercon-
ducting quantum circuits.*! The on-chip system consisting
of atom-light interaction constitutes a device of circuit QED

10111 By taking advantage of circuit

in the microwave range.!
QED, the explorations of quantum information science and
fundamental laws have attracted increasing attention in recent
years.!'>~18] Tn the context of quantum information process-
ing, generating microwave photon Fock states in circuit QED
is an interesting research subject.!'%-2>! Experimentally, by the
method of stimulated Raman adiabatic passage (STIRAP), the
generation of microwave photon Fock states has been demon-
strated using the setup of superconducting circuit QED. 2%
However, the adiabatic operations within relatively long evo-
lution times were easily affected by decoherence sources.

To perform fast and robust quantum operations, a set
of technique named as shortcuts to adiabaticity (STA)!?7-281
has been exploited to coherently control over superconducting
quantum circuits both theoretically and experimentally.[2-33]
The method of STA mainly consists of invariant-based inverse

[39] 1401 and fast-forward

engineering,'””! counterdiabatic driving,
approach.[*!] The central idea of STA-based operation is that
a quantum system can be rapidly evolved from a given ini-

tial state to a desired final state in an adiabatic-like process

DOI: 10.1088/1674-1056/abe297

by engineering Hamiltonian. Without the restriction of adia-
batic theorem, the same goal as the adiabatic case can be re-
alized but in a shorter time. Quantum operation of interest
can be completed in a fast way, which significantly mitigates
the decoherence effects of noisy environment.*?! Meanwhile,
within a given coherence time, the number of high-fidelity
quantum operations could be increased considerably.

Very recently, a theoretical scheme has been proposed for
the generation of microwave photon Fock states in a circuit
QED by the method of invariant-based STA,*3! in which Rabi
couplings were specially designed via polynomial ansatz for
implementing the coherent process. Differently, although the
pulse profile of counterdiabatic driving is generally continuous
and smoothed, the counterdiabatic driving behaving as an aux-
iliary term needs to be added to a reference Hamiltonian. 444!
In this case, the control variable of auxiliary driving could en-
hance the complexity of experimental manipulation. Thereby,
the generation of photon states based on the technique of STA
with feasible and effective Rabi drivings is highly preferable.

In this paper, we develop a theoretical scheme for speed-
ing up adiabatic generation of photon Fock state via counter-
diabatic driving. A transmon qubit is dispersively coupled to
a cavity field of TLR. By applying classical drivings to the
composite system, we deal with a A-configuration interaction.
Based on two Gaussian-shaped Rabi drivings, a single-photon
Fock state can be generated adiabatically by the method of
STIRAP. To speed up the adiabatic operation, we adopt the
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Foundation of Henan Province, China (Grant Nos. 212300410388 and 212300410238), and the “316” Project Plan of Xuchang University.
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technique of STA to obtain two modified Rabi pulses, mak-
ing the process accelerated remarkably. In contrast to the
adiabatic counterpart, the shortcut-based operation is signifi-
cantly insensitive to the decoherence effects. Thus, the proto-
col could offer a potential approach to optimally create photon
Fock states with superconducting quantum circuits.

This paper is organized as follows. We present a transmon
qubit coupled to a TLR in Section 2. Section 3 briefly deals
with the generation of single-photon Fock state by the method
of STIRAP. Section 4 focuses on an accelerated operation by
modifying the Rabi drivings in a shortcut manner. The deco-
herence effects are numerically analyzed in Section 5. Discus-
sion and a conclusion are finally drawn in Section 6.

2. A composite system of a transmon qubit cou-
pled to a TLR

As schematically depicted in Fig. 1(a), a Cooper-pair box
(CPB) in the transmon regime is coupled to a one-dimensional
TLR (of length L, along the horizontal direction) via a capaci-
tance C;, in which the resonator induces a quantized electrical
field with a single-mode frequency @;. Through two symmet-
ric Josephson junctions (with same coupling energies Ey and
junction capacitances Cy), the CPB including n excess Cooper-
pairs is linked to another part of superconductor, forming a
loop of superconducting quantum interference device. A static
flux ®, penetrating the loop can adjust the effective Josephson
coupling Ey. A dc gate voltage V, exerts on the box via a ca-
pacitance Cg. Apart from the static biases ®. and Vg, an ac
microwave driving V is applied to the CPB by means of a ca-
pacitance C;. Besides, a microwave field (of frequency m,)
is coupled to the resonator through an input capacitance C;. 40!
These two drivings are intended to cause the needed state tran-
sitions, as mentioned later.

With no radiations from the quantized field and classical
driving, the Hamiltonian of the static CPB system, consisting
of the charging energy and Josephson coupling, is described
by

Hy = 4E.(n—ng)* — Ejcos . (1)

Here E. = ¢*/2Cx stands for the scale of charging energy,
with Cy (= 2Cy + C, + Cs + C;) being the total capacitance of
the CPB, and the offset gate charge induced by V; is denoted
as ng = CyVy/2e. The effective Josephson coupling gives
Ej = 2Ejcos(n®, /Do), in which @y = h/2e is the flux quan-
tum. The variable 6 acts as the average phase difference of
the two junctions, which is canonically conjugate to n. For the
transmon-regime CPB with a typical ratio of Ej/E. ~ 50,147)
the eigenstates and eigenlevels of H, can be obtained. The first
two eigenstates |g) and |e) are chosen to constitute our qubit
states having a transition frequency @g. Their eigenlevels E,

and E, are well insensitive to the fluctuation of gate charge n,,
making the qubit states robust against charge noise.
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Fig. 1. (a) Schematic setup of a transmon-regime CPB coupled to a quan-
tized electrical field of TLR and a classical driving Vs. (b) The energy level
diagram of the composite system regarding the transmon qubit dispersively
coupled to the cavity field.

The qubit is electrically coupled to the cavity mode of
TLR, the coupling strength of which is A, much smaller than
the detuning 8 = @; — @q. In the dispersive regime, the qubit—
cavity system can be characterized by the Jaynes—Cummings

Hamiltonian [2°]

1
Hoyx = 510 +h(w+ xo.)a'a, )

where o, (= |e) (¢| — |g) (g|) indicates the Pauli operator act-
ing on states |g) and |e), x = —A2/8 is the frequency shift ow-
ing to the dispersive cavity—qubit coupling, a' (a) denotes the
creation (annihilation) operator regarding cavity photon. As
schematically given in Fig. 1(b), the energy level structure of
the composite system has two ladders, in which the left (right)
one is associated with |g) (Je)). And the rungs of each ladder
have a different photon number #, of cavity field (with n, = 0,
1,2,..).

3. Single-photon Fock state generation via STI-
RAP

From the level states shown in Fig. 1(b), we select three
product states |e0), |e1), and |g1) to form a three-state system.
A driving Vi = V; cos(mst) with microwave frequency @ is ap-
plied to the CPB, giving rise to the coupling between |g) and
le) of interest. The interaction Hamiltonian between the qubit
and microwave field V is expressed as!*’]

Hys = n&scos(ast)([g) (¢ +e) (), 3)

in which Qg = —8E:Og.ns denotes the Rabi coupling strength,
with Og, being the overlap between |g) and |e), and ng =
CsVs/2e is the Vs-induced gate charge number. Another mi-
crowave driving with frequency @, exerts on the cavity field
of TLR via input capacitance C;. The Hamiltonian describing
the interaction between the classical driving and cavity mode
reads!”!

Hy_r = hQy(ae' ™ +a e ™), 4)
where €, acts as the coupling rate that is dependent on the mi-
crowave strength. As a result, the desired transition between
photon Fock states |0) and |1) can be effectively triggered by
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virtue of H,_;. Note that the Rabi couplings £ and £, are
adjustable in our scheme.

At two-photon resonance, @gq +2) — @5 = @ + ¥ —
@, = A, a A-configuration interaction within the subspace
{]e0),lel),|g1)} can be obtained using two coherent drivings,
as demonstrated in Fig. 2(a). The Rabi frequencies with re-
spect to the transitions |e0) <> |el) and |gl) <> |el) are given
by £, and €, respectively. By taking a rotating reference, an
interaction Hamiltonian under the rotating wave approxima-
tion (RWA) is expressed as

a0 20
Hi=7| Q240 | )
0 Q 0

As mentioned in Ref. [26], population transfer from an
initial state |e0) to a prescribed state |g1) can be realized by
the technique of STIRAP, leading to a single-photon excitation
of |0) — [1). To obtain this evolution trajectory, the profiles of
Rabi drivings are designed to be Gaussian functions of time
t € [0,%]

Qp(r) = Qe 1712, (©6)
Q) = Qe 1/2+0?/0, 7

where t; is the final time, £ indicates the amplitude peak of
Rabi drivings, T and o represents the pulse-related parameters.
As demonstrated in Fig. 2(b), these two drivings are applied to
the composite system in a STIRAP-like sequence.

(a) — |el) (b)
A -
QS
'QP
lel) =
= |e0)
1.0 1.0
£ 08/ [0) e losl @ 0 N
£ 06 0.6
§ 0.4 0.4
0.2 0.2 1
A lgl)
0 el NS leb),
0 100 200 300 400 0 10 20 30 40
t (ns) t (ns)

Fig. 2. (a) With a common detuning A, two microwave drivings induce the
state transitions between |el) and |g1) (|e0)) with Rabi rates Qs (£2,), re-
spectively. (b) Two Gaussian-profile Rabi drivings £ and €2, are applied
to the three-state system in a STIRAP-pulse order. (c) In the adiabatic case,
population transfer from |e0) to |g1) can be realized in a time ¢ = 400 ns.
(d) An incomplete transfer from |e0) to |g1) induced by two non-adiabatic
drivings Q,(r) and Q,(¢) with ¢ € [0,40 ns].

Within the subspace {|e0),|el),|gl)}, the time evolu-
tion of an arbitrary state |y) is governed by the Schrodinger
equation ih% |w) = H|y). Under the adiabatic condition
Jof Qp.5(¢)dt >> 1, state transfer from |0) to |g1) can be well
performed in a duration time # = 400 ns, see Fig. 2(c), in

which the detuning takes A /27 = 0.65 GHz. And the pulse
parameters are chosen as Q¢/27w = 0.21 GHz, 7 = #¢/8, and
o = tr/5. For the adiabatic operation, the evolution time is
relatively long, which easily makes the quantum operation sus-
ceptible to noise effects. In the context of quantum informa-
tion processing, significantly shortening the operation time is
an attractive approach to mitigate decoherence effects. Based
on two Gaussian-type pulses £2,(¢) and €(¢) but within a
shorter duration time ¢ € [0,#] (tr = 40 ns, T = #;/8 ns, and
o = t/5), a complete transfer from initial state |e0) to |g1)
cannot be achieved effectively, as shown in Fig. 2(d). Numer-
ically, it is found that the probabilities occupied by |e0) and
|g1) (at the final time # = 40 ns) are 79.54% and 20.46%,
respectively, meaning that directly shortening the pulse time
does not induce our desired state inversion. This is due to the
considerable non-adiabatic coupling between the eigenstates
of Hj in the present condition. Thereby, how to realize a full
population transfer from |e0) to [g1) within the shorter time is
the following concern.

4. Accelerated generation of single-photon Fock
state via STA

In what follows, we speed up the adiabatic operation for
rapidly creating photon Fock state by the technique of STA
with effective counterdiabatic driving. Generally, an auxil-
iary driving needs to be applied to the three-state system for
causing the target transition from |e0) to |g1). In this case,
system evolution driven by the total Hamiltonian can exactly
follow an eigenstate of Hj, owing to the effective elimination
of non-adiabatic transition between eigenstates. Despite the
permission by level transition rule, the counterdiabatic driv-
ing will unavoidably increase the number of control variables,
enhancing the possible complexity of experimental manipula-
tion. Therefore, as an interesting issue for coherent control in
experiment, the STA-based operation with a minimized num-
ber of drivings is our focus.

In the large-detuning regime A > £, the occupied
probability of intermediate state |e1) can be safely neglected
during the transfer process |e0) — |g1). As a result, the three-
state system {|e0), |el),|g1)} can be reduced to a two-state
system {|e0),|g1)} after adiabatically removing |e1).[*8] The
two-state system is described by a reference Hamiltonian

h _AKQ Q[s
Ho=>( 2 8
ts 2 ( Q[s Ats ) ( )

where A and £ are related to A and £, s by

Q- Q2

oo
44 '

A = 2A

Qts:*

C))

To the reference Hamiltonian Hys, a counterdiabatic driv-
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ing Hq is given by 44491

R0 —iQy
HCd_z(chd 0 )7 (10)

with Quq = (QusArs — QisAis) /(A2 + Q2). The total Hamilto-
nian, consisting of Hys and H.q, can thus be expressed as

B —Ag Q2+ Qe 19
H=3 ST an
Jerteet A,

in which the phase angle satisfies ¢ = arctan(Q.q/€2s). After
making a unitary transformation on H, we have an effective

Hamiltonian
Her = UTHU —inU'U
h —Aetr -Qeff
= = 12
2 ( Qepr At )7 (12)
where the unitary operator is
efiq)/z O
U:< 0 oo | (13)

and the relevant variables are Acr = A + ¢ and Qe =
A /.QtzS + .Qfd. Obviously, the Hamiltonian Heg has a form sim-
ilar to that of Hys in Eq. (8). By an analogy of Hes with H,
we obtain the following relations:

2,0
e 14
A (14)

62— 0?2

Acfr = A Qe =

where Qp and € are the modified pump and Stokes driv-
ings that contain the contribution of £2.4. And A acts as a
frequency, which is assumed to be A in our scenario. ] Qp
and € can be inversely obtained as follows:

Q, = \/25[,/A§ff+ggff+Aeff], (15)
Q, = \/25[,/A;f+93ﬁ.—Aeﬁ]. (16)

After going back into the subspace {|e0),|el),|gl)}, we

focus on the interaction of the three-state system with two

modified Rabi drivings fzp and €, as shown in Fig. 3(a). Thus
the interaction Hamiltonian is given by
09 0

H, = 3 Q, 24 Q| . 17)
0 Q& 0

As mentioned before, the large detuning A guarantees a neg-
ligible population of |el). Compared with the drivings indi-
cated in Fig. 2(a), f)p and €, integrating the contribution of
counterdiabatic driving, are capable of inducing an acceler-
ated population transfer from |e0) to |g1) in a shortcut man-
ner. Without the restriction of adiabatic theorem, the opera-
tion can be fully completed within a much shorter time and

remains high robustness against the imperfection of control
variables. In contrast to two Gaussian-type drivings £, and
€ that cause an adiabatic evolution demonstrated in Fig. 2(d),
we give the modified drivings Qp and € as functions of time
t € [0,40 ns], see Fig. 3(b). The amplitude peaks of Q, /27
are about 0.25 GHz, which are accessible in superconducting
artificial atoms.[*3] Meanwhile, the smooth profiles of Qpﬁs are
beneficial to experimental realization. Note that in the current
condition of pulse calibration technology, the modified driv-
ings Qg (Qp) having a non-zero value at the initial (final) time
t =0 (t; = 40 ns) could be accessible.320

(a) o (b)
A < 015
Qw 0.10
lQ}Q 0.05
~ 0 40
2, 1.0
E 0.6
§ 0.4
|eQ) =— A 0.2
O ]
0 40

Fig. 3. (a) According to the STA for eliminating non-adiabatic transition,
two modified Rabi couplings Q and f)p are utilized to drive the three-state
system {|e0), |el), [g1)}. Qs and Q, as functions of time ¢ € [0,40 ns] in
(b), and the resulting fast population transfer from |0) to |g1) in (c).

Driven by H, with the modified drivings £, a rapid
state transfer from |e0) to |g1) can be implemented in a time
as short as r = 40 ns, leading to the creation of single-photon
Fock state. Numerically, it is found that the occupied proba-
bility of |g1) at the final time # = 40 ns reaches up to 99.58%.
Note that the probability occupied by |el) is not more than
1.9% during the whole process, and the probability gets van-
ishingly small when the transfer is finished, as plotted in
Fig. 3(c). These results also indicate that the adiabatical elim-
ination of the intermediate state |el) is valid enough in the
present subspace.

5. Decoherence mitigation and negligible leak-
age errors

Practically, the qubit and cavity field are inevitably cou-
pled to noisy environment, resulting in decoherence effects on
quantum operation under consideration. Different from the
adiabatic case, the creation of photon state in a shortcut way
needs a shorter time, which contributes to reduce decoherence
effects and then enhance fidelity. For the considered opera-
tions, we next analyze the effects of qubit decoherence and
cavity decay. The reduced density matrix p (regarding |e0),
le1), and |g1)) can be obtained by tracing over the environ-
mental degrees of freedom. In the Born—-Markov approxima-
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tion, the time evolution of p is described by the Lindblad mas-

ter equation!*?!

ap

2 — —i[H;.p]+ xDlalp +yDloJp+ ZDlop, (18)

where the first term of right side denotes the decoherence-free
system evolution subject to H; (with j =1 and 2), and the
last three terms represent the cavity decay and qubit relaxation
(dephasing) effects, respectively. Here x is the decay rate of
the cavity photon, ¥ (¥) stands for the relaxation (dephas-
ing) rate between states |g) and |e). The Lindblad superop-
erators take D[L]p = (2LpL" — L'Lp — pLTL)/2, with L = a,
o_, and o;. The lowering operator is given by o_ = |g) (e|,
and o, (= |e) (e|] — |g) (g]) is defined as the Pauli operator.

1.0F 1.0F
0.8 0.8

L 0.6 0.6
<04 0.4
0.2 ‘61> 0.2
ot 0

0 10 20 30 40
t (ns)

Fig. 4. In the presence of decoherence effects, the density matrix elements
prx versus time for the cases of the shortcut-based operation (a) and the
STIRAP-like process (b).

By numerically solving Eq. (18) with the accessible deco-
herence rates /27 = 0.37 MHz,5!! /27 = 6.6 x 1073 MHz,
and /27 = 7.2 x 1073 MHz,[?%! we first address a time-
dependent p in the case of shortcut-based evolution with an
initial state |e0). The matrix elements py (with k = €0, el,
and g1), which represent the occupation probabilities of com-
el), and |gl), are illustrated in Fig. 4(a).
Clearly, in spite of decoherence effects, the occupied proba-

posite states |e0),

bility of target state |g1) (at the final time # = 40 ns) could
approach pg141 =~ 0.949. As an adiabatic counterpart, we com-
paratively consider the decoherence effects on the STIRAP-
based state transfer, as indicated in Fig. 4(b). Due to a much
longer duration time, the adiabatic operation is greatly sensi-
tive to the decoherence effects. The occupation probability of
|g1) remarkably drops down to pgie1 = 0.622 at the final time
tr = 400 ns. As a consequence, benefited from the shortened
time of evolution subject to the counterdiabatic driving, the
decoherence effects can be reduced significantly. In this way,
high-fidelity generation of photon states could be effectively
explored with the superconducting circuit QED.

In addition, leakage transitions caused by the modified
Rabi drivings QS_P can be safely neglected in the regime of
large detuning. First, the Qs-induced leakage beyond the con-
sidered subspace {|g),|e)} is vanishingly small. Assume that
the characteristic parameters of the transmon-type CPB sat-
isfy Ej/E. = 50, with E./h = 271 x 321 MHz.[*¥l We ad-
dress a dominant leakage from |e) to |f), where |f) is the

second excited state of the transmon system. Here the mi-
crowave driving (with a frequency @) is largely detuned to
transition frequencies @y, and @,,. In spite of the system
levels with weak anharmonicity, the driving scarcely induces
the leakage transition between |e) and |f), as mentioned in
Ref. [52]. At the same time, Qp (with an amplitude peak
Qp /2m = 0.25 GHz) causes a negligible leakage outside the
subspace {|e0),lel),|g1)}. For a potential leakage of |el) <>
|e2) triggered by €, the probability occupied by |e2) during
the desired transfer process from |e0) to |g1) is not higher than
0.5%. Thereby, benefited from the prohibition of large detun-
ing A, the leakage transition |el) > |€2) can be omitted as
well.

6. Discussion and conclusion

Our strategy could have the following advantages and fea-
tures. (i) Different from the general case of adding an auxiliary
counterdiabatic driving to a reference Hamiltonian,**! our
concentration is to modify the original drivings by taking the
core idea of STA. Thereby, the number of drivings will not be
increased, contributing to reduce the complexity of coherent
control experimentally. (ii) Compared to the invariant-based
pulses with specified time profiles,*3! the drivings adopted
in the present protocol are derived from the modification of
two commonly utilized Gaussian-type pulses, which are help-
ful to physical realization in the condition of current technol-
ogy. (iil) Owing to the dispersive interaction of the qubit with
cavity mode, the direct transition |e0) <> |gl) caused by the
cavity field will be suppressed greatly. In this case, we can ad-
dress an effective A-configuration three-state system through
two individual drivings Qp and Q. (iv) With the assistance
of a necessary process of qubit initialization, as mentioned
in Refs. [26,43], our scheme could also be generalized to se-
quently induce multi-photon Fock states, which are desirable
to quantum state engineering. (v) Based on the method of STA
with modified Rabi drivings, Ref. [49] considered state trans-
fers within a single cold atom and an electron spin of nitrogen-
vacancy center. Differently, our protocol focuses on coherent
control over a composite system of a transmon qubit coupled
to a cavity field, thus providing a potential possibility of inves-
tigating many-body dynamics in a shortcut way. (vi) With the
conventional method of vacuum Rabi coupling, one can gen-
erate photon Fock state in a rapid manner. However, such op-
eration is typically sensitive to timing error and variable fluc-
tuations. Differently, subject to the designed coherent driv-
ings, the shortcut-based operation circumvents these error ef-
fects while requiring evolution time much shorter than that of
adiabatic case.

In conclusion, we develop a theoretical scheme for speed-
ing up adiabatic generation of photon Fock state via effective
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counterdiabatic driving. A transmon-regime CPB qubit is dis-
persively coupled to a cavity field of TLR. By applying two
classical drivings, we address a A-configuration interaction in
the composite system. First, based on two Gaussian-shaped
Rabi drivings, a single-photon Fock state can be adiabatically
generated by the method of STIRAP. In the framework of STA,
we modify these two Rabi drivings, instead of directly adding
an auxiliary counterdiabtic driving, to achieve a remarkably
accelerated operation. Due to the shortened evolution time, the
decoherence effects on the shortcut-based operation are signif-
icantly mitigated in comparison with the adiabatic counterpart.
Compared with the conventional methods, the strategy could
pave a promising avenue towards fast and robustly preparing
photon Fock states with superconducting quantum circuits.
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