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SPECIAL TOPIC — Quantum computation and quantum simulation
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Quantum computers are in hot-spot with the potential to handle more complex problems than classical computers can.
Realizing the quantum computation requires the universal quantum gate set {T, H, CNOT} so as to perform any unitary
transformation with arbitrary accuracy. Here we first briefly review the Majorana fermions and then propose the realization
of arbitrary two-qubit quantum gates based on chiral Majorana fermions. Elementary cells consist of a quantum anomalous
Hall insulator surrounded by a topological superconductor with electric gates and quantum-dot structures, which enable the
braiding operation and the partial exchange operation. After defining a qubit by four chiral Majorana fermions, the single-
qubit T and H quantum gates are realized via one partial exchange operation and three braiding operations, respectively.
The entangled CNOT quantum gate is performed by braiding six chiral Majorana fermions. Besides, we design a powerful
device with which arbitrary two-qubit quantum gates can be realized and take the quantum Fourier transform as an example
to show that several quantum operations can be performed with this space-limited device. Thus, our proposal could inspire

further utilization of mobile chiral Majorana edge states for faster quantum computation.

Keywords: quantum computation, T gate, CNOT gate, braiding, chiral Majorana fermions
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1. Introduction

Facing the dilemma caused by the increasing demand for
data processing and the gradual failure of Moore’s law, quan-
tum computation arises to help to break this bottleneck, that
is, to compute from the basic quantum-mechanic law rather
than stimulate the quantum system in a classical way.!>! The
power of quantum computation roots in the qubit: the infor-
mation contained in one qubit, defined as the superposition
of two basis states, is much more than that in one classical
bit, just 0 and 1; the dimension of computational space grows
exponentially as the number of qubits increases due to the ex-
otic entanglement.?] As one of the computational models, the
quantum circuit model takes up the quantum gate to manipu-
late the qubit based on the original proposal by Benioff that a
quantum computer would be constructed by the time evolution
of a quantum system.[*! Similar to the XOR and AND gates in
the classical computer, a finite set of quantum gates can ac-
curately realize the arbitrary unitary transformation, i.e., the
so-called universal quantum gate set {T, H, CNOT}.5! The de-
sign and fabrication of qubits and quantum gates have brought
quantum computing into a promising and challenging research
field.

DOI: 10.1088/1674-1056/abe296

Along the way of pursuing a quantum computer, the
first step is to fabricate the qubit in a physical system.
Among various two-level systems, some with long coher-
ent time have been proposed to serve as a qubit, including

[9-

photons,[®! trapped atoms,!”:8! quantum dots,®-'!! supercon-

s,[12-151 et Besides these conven-

ducting Josephson junction
tional devices, recent interests in topology claim that a topo-
logical system owns a natural advantage of protection against
local perturbations, thus opening up a research field called
topological quantum computation.!'®! The Majorana system,
simple but nontrivial, is considered as a potential platform for

fault-tolerant topological quantum computation. 7!

In condensed matter physics, Majorana fermions repre-
sent a kind of self-conjugate quasiparticle excitations, i.e.,
y" = yin the operator language.!'3! The reality of wave func-
tion requires the phase of a Majorana fermion to be either 0
or m. A Majorana fermion is usually regarded as a half of a
Dirac fermion, since an ordinary electron and a hole can be re-
organized and divided into two real Majorana fermions.[! In
turn, two Majorana fermions form a nonlocal ordinary fermion
level with a well-defined occupation number, which is pro-
tected by the gap. Besides, Majorana zero modes (MZMs),
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the zero-energy bound states with non-Abelian statistics, form
the degenerate ground state within the gap, which offers the
computational space for topological quantum computation. [2]
MZMs follow the braiding rule of Ising anyons: after exchang-
ing the positions of two MZMs, one of them acquires a 7 phase
while the other does not, i.e., % — ¥;,7; — —¥:.!!%*! The term
“non-Abelian” refers that the braiding of ¥ and 7y; does not
commute with the braiding of y; and y,. MZMs have been
proposed as qubits, and the fermion parity of MZMs paired in
a certain way is defined as the quantum basis states. Braiding
MZMs means exchanging their pairing ways, i.e., rotating the
quantum state within the zero-energy degenerate ground state
manifold, but keeping the total fermion parity invariant. Due
to the global topology, local perturbations do not destroy the
ground state, which offers the computational protection as the
main advantage but also requires global operations, i.e., the
braiding operations, to realize quantum gates corresponding
to the Clifford algebra.

Exploring MZMs in theory is both attractive and

22231 Kitaev first constructed a toy model con-

challenging.!
taining MZMs as the zero-dimensional end state of a 1D spin-
less p-wave superconducting nanowire.>*! Despite its diffi-
culty to be realized in experiments, the spinless p-wave su-
perconductor inspires new routines to synthesize the so-called
topological superconductor (TSC), which supports MZMs at
the boundary or at the vortex. With the development of topo-
logical materials!>>~?8! with strong spin—orbit coupling, Fu
and Kane started from a 2D topological insulator, covered it
with an s-wave superconductor to induce the pairing poten-
tial, and added a ferromagnetic insulator to break the time-
reversal symmetry so as to trap MZMs at domain walls.[2%-30]
MZMs also appear at the end of the 1D nanowire with strong
spin—orbit coupling, when applied with a perpendicular mag-
netic field and covered with an s-wave superconductor.3!-33
MZMs can be induced by a small magnetic field in a hol-
low nanowire sandwiched between two superconductors. 3]
MZMs localize at the vortices in the topological superconduct-
ing region when 3D topological insulators or 2D electron gas
with Rashba spin—orbit coupling are sandwiched by an s-wave
superconductor and a ferromagnetic insulator.[>*3] Besides,
Tang et al. predicted the existence of the MZMs in some or-
ganic molecules (e.g., DNA) proximity coupled by an s-wave
superconductor and under the magnetic field. ¢!

Considering the experimental detection of MZMs, one
of the most important theoretical proposals points out that
the existence of MZMs leads to a transport outcome: a ro-
bust and quantized zero-bias conductance peak due to the per-
fect Andreev reflection.3”! Correspondingly, Mourik ez al. in
2012 first detected the anomalous zero-bias conductance peak
as the signature of MZMs locating at the end of the InAs

nanowire. 38! After that, other experiments observed MZMs

bound at the end of ferromagnetic iron (Fe) atomic chains on
the surface of superconducting lead (Pb),1**! the vortex of the
iron-based superconductor*’! as well as the interface of the
helical hinge states of Bi and magnetic iron clusters on the
superconducting substrate.[*!! Besides, the 47 periodic frac-
tional Josephson experiment provided compelling evidence of
the charge parity conservation of MZMs. [4]

Then the question comes that how to braid MZMs in a
real physical system and how to realize the topological quan-
tum computation based on MZMs, facing with the difficulty
that MZMs are constrained at the end or vortex of TSCs.
The T junctions*3! or Y junctions!** are theoretically pro-
posed to move the MZM one by one by tuning the elec-
tric gate or magnetic flux, changing the topology of super-
conducting regions, evolving the system from one degener-
ate ground state to another, or pushing one MZM from one
end to another end. During such evolution process, the non-
Abelian Berry phase accumulates and one of the two MZMs
gets a 7 phase, after completing the braiding process. More-
over, there is a “strange” strategy named as “braiding with-

out braiding”,[*?

! which does not need to move MZMs but to
measure them. When performing a physical measurement on
a non-eigen superposition state, this superposition state will
collapse into one of the eigenstates, corresponding to a kind of
state transformations./*®! Some works based on the electron-

47] 1481 and encod-

teleportation, 4’ measuring the fermion parity,
ing the non-local entanglement of MZMs provide an alterna-
tive way of detecting the non-Abelian property and construct-
ing the topologically protected quantum gates.!*°! Other issues
have also been considered, including the state distillation or
the error correction.>>>!] However, based on the braiding of
the MZMs, it is difficult to realize the T quantum gate, one of
the three universal quantum gates.

As the one-dimensional counterpart of MZMs, chiral Ma-
jorana fermions arise as edge states of the 2D TSCs.>? The-
oretical works first predict chiral Majorana fermions in the
system of a quantum anomalous Hall insulator (QAHI)[*3-33]
(or a topological insulator hybrid with ferromagnetic materi-
als) in proximity with s-wave superconductors.>*8 Gener-
ally, the QAHI has chiral edge states of Dirac fermions with
Chern number C = 1,1°! which is topologically equivalent to
the TSC with A/ = 2 in the Majorana basis. Via the electric
gate or magnetic field, the TSC region can be tuned from the
N =1 topological phase into the trivial superconducting phase
with V' = 0 or the N/ = 2 topological phase (QAHTI).[60-61]
The topological inequivalence between the N’ =1 TSC and
the A" =2 QAHI produces the chiral Majorana fermion prop-
agating along the boundary. Similar to MZMs, chiral Majo-
rana fermions cannot be directly detected by electric or mag-
netic fields because of their charge neutrality. Recently, some

strategies have been proposed to regulate the phase of chiral
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Majorana fermions by the tunneling of the chiral Majorana

51621 or the scanning tunneling microscope tip, %3]

edge state
to control their trajectories by the electric gate!®*! or the mag-
netic flux,[®! etc. These strategies of the regulation lay the
foundation for topological quantum computation based on the
the chiral Majorana fermions.

A recent experiment, inspired by the theoretical proposal
of Ref. [60], reported the measurement of the chiral Majorana
fermion and observed the half-integer quantized plateau of the
Hall conductance.%®] However, alternative theoretical inter-
pretations of the origin of the half-integer quantized plateau
led to a skeptical or supportive attitude to the existence of

[67-701 Based on the percolation

the chiral Majorana fermion.
model of QAHI-superconductor—-QAHI junction, Huang et
al.'®”) showed that edge modes could transmit from left to
right through the superconducting region with suitable leak-
age to adjacent chiral edges near the percolation threshold,
giving rise to a nearly flat half-integer conductance. Ji and
Wen %8 studied the contact conductance under a magnetic
field and found that the half-integer conductance is a common
result of a good electric contact between the integer quan-
tum Hall insulator and superconductor films. Also, another
experiment!’!l studied the electric transport of a similar het-
erostructure of QAHI and s-wave superconductor, and they
presented the half-integer quantized conductance without chi-
ral Majorana fermions: two QAHI regions in series with well-
aligned magnetization always lead to the half-integer quan-
tized conductance because of the good contact transparency.

Besides the interest in confirming the existence and reg-
ulating chiral Majorana fermions, some intuitive ideas turn
to braiding chiral Majorana fermions with the purpose of
quantum computation. Compared with MZMs, the most ex-
citing property of chiral Majorana fermions is their natural
mobility with the potential for rapid information processing.
Lian er al.U"?! first suggested to perform the braiding of chi-
ral Majorana fermions with a Corbino ring junction. Zhou et
al.'”3) proposed the braiding-like operation of chiral Majorana
fermions via the quantum dot. In addition, Beenakker et al. [74]
constructed a device to braid the mobile chiral Majorana vor-
tex around the immobile bulk vortex based on the Josephson
junction. Despite these proposals of non-Abelian detections
or operations, there is no scheme to implement the univer-
sal quantum computation via chiral Majorana fermions, espe-
cially the T and CNOT gates.

In this paper, we propose the realization of arbitrary two-
qubit quantum gates based on chiral Majorana fermions. Start-
ing from the QAHI-TSC hybrid system, we first construct
the elementary cell consisting of a QAHI surrounded by a
TSC, which supports two chiral Majorana fermions along
the boundary. Then, we introduce an electric gate on the
QAHI region and a quantum-dot structure between adjacent

cells to braid and partially exchange any two chiral Majorana
fermions. Two chiral Majorana fermions in two edge chan-
nels within the same cell can be redistributed since the elec-
tric gate-induced dynamical phase mixes the electron and hole
components. The quantum-dot structure contains two quan-
tum dots, the central one of which allows the quantum tun-
neling of the chiral Majorana fermions between adjacent cells
and the side dot makes up the phase to satisfy the braiding
convention. Considering a single qubit defined by four chi-
ral Majorana fermions, the electric gate can tune the trajectory
of the chiral Majorana fermions so that half of each incoming
chiral Majorana fermion tunnels into the opposite side and the
other half keeps its own trajectory, thus realizing an expected
T quantum gate. Three braiding operations via two electric
gates and one quantum-dot structure achieve an H quantum
gate. Based on the minimal definition of two-qubit basis states,
we use six chiral Majorana fermions to construct an entangled
CNOT quantum gate. Furthermore, the former single-qubit T
and H quantum gates are realized within the two-qubit scheme.
Besides, we show that a useful quantum Fourier transform
algorithm can be decomposed into the aforementioned three
quantum gates based on chiral Majorana fermions.

This paper is organized as follows. Section 2 depicts
the elementary cell supporting chiral Majorana fermions and
explains the function of electric gates and quantum dots to
achieve the braiding operation and the partial exchange op-
eration. In Section 3, we construct the quantum gates of the
single-qubit and two-qubit gates. In Section 4, a quantum
circuit model of the two-qubit quantum Fourier transform is
shown with the quantum gates realized via chiral Majorana
fermions. We discuss the initialization and measurement of
qubits based on chiral Majorana fermions and state the advan-
tage of our proposal in Section 5. We summarize and discuss
the further utilization of chiral Majorana fermions in Section 6.

2. Elementary cells for the Braiding and partial
exchange operations

In this section, we design the elementary cell to realize the
braiding operation and the partial exchange operation of chiral
Majorana fermions. The proposed elementary cell consists of
a QAHI surrounded by a TSC with electric gates, as shown
in Fig. 1(a). Due to the topological inequivalence, one chiral
Majorana fermion locates at the boundary between the N = 1
TSC region (colored gray) and the N' = 2 QAHI region (col-
ored yellow), and the other chiral Majorana fermion locates at
the boundary between the /' = 1 TSC region and the vacuum
with A/ = 0. Without the electric gate, two chiral Majorana
fermions propagate counterclockwise (or clockwise) along the
edges of TSC without scattering. An electric gate, i.e., the
light blue rectangle in Fig. 1(a), covering the outer side of the
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convex QAHI region can regulate the trajectory of two chi-
ral Majorana fermions.[%*! The two chiral Majorana fermions
along the edges of the TSC before encountering the electric
gate are denoted as ¥, and }». When traveling into the con-
vex QAHI region, they combine into an electron and a hole,

(}/1 +ip)=aand ! >(n—ip) =a'. Through the electric gate
region, the electron acquires a dynamical phase b = e 1%q,
while the hole gets an opposite phase b" = e®a’. Here the
dynamical phase 6 could be controlled via the gate voltage. %]
Then, the electron and the hole split again into two chiral Ma-
jorana fermions along the edges of the TSC, b = %(}/1 +1i9)
and b™ = 1(y| — i75). To sum up, the electric gate converts the
incoming chiral Majorana fermions into the outgoing chiral

Majorana fermions via a scattering matrix as follows:

Y\ _ [ cos® sinb T 0
Y] \ —sin@cosb J\p )’
That is, the electric gate can regulate the outgoing trajectory

of two incoming chiral Majorana fermions. %4

0: 0o

o A L l\ i

T RN

Yi Y2 Yi Y2 Yi Y2 V3 Va Yi Y2 V3 Va

Fig. 1. (a) Schematic diagram of the elementary cell consisting of a QAHI
surrounded by a TSC. The yellow and gray regions represent the N' = 2
QAHI and the A" = 1 TSC, respectively. Chiral Majorana fermions marked
with bold lines propagate along the boundary with arrows denoting the chi-
rality. The electric gate (the light blue rectangle) controls two chiral Ma-
jorana fermions in the same cell. The corresponding operation diagrams
depict the braiding operation B}, in (b) and the partial exchange operation
T12(0) in (c). (d) A quantum-dot structure with two dots colored green con-
trols two chiral Majorana fermions in two adjacent elementary cells. The
corresponding operation diagrams depict the braiding operation B3 in (e)
and the partial exchange operation 7»3(0) in (f).

The regulation of the electric gate plays important roles
in braiding or partially exchanging chiral Majorana fermions.
Explicitly, when the gate is closed, i.e., 6 = 0, the injected
When the gate
suitable value such that & = 7 /2, the scattering ma-

chiral Majorana fermions leave straightly.
picks a
trix gives ¥| = % and 9% =
rana fermions are entirely exchanged, one of which gets an

—7, that is, two chiral Majo-
additional 7w phase. This is exactly a braiding operation.
We label an elementary braiding as B;; with the convention
Y. — Vj,Y; — —%,Jj =i+ 1 and plot the braiding diagram of
71 and 75 in Fig. 1(b).?!) When the gate voltage is adjusted
to produce a dynamic phase which is not an integer multiple
of /2, 11 — cos 0y +sinOp, 1» — —sinBy; +cos 09, two
outgoing chiral Majorana fermions are the mixture of incom-
ing 71 and 7. Explicitly, a portion of y; propagates along the

initial side of TSC while the rest portion jumps into the oppo-
site side of TSC. We name this process, ¥; — cos 07; +sin 0y;
and y; —
change operation of two chiral Majorana fermions, denoted by

—sin@Y; +cos 0y; with j =i+ 1, as the partial ex-

T;;(6). The partial exchange diagram of y; and }» is plotted in
Fig. 1(c). Diagrams with solid cross curves in Fig. 1(b) and
dashed cross curves in Fig. 1(c) distinguish the braiding pro-
cess from the partial exchange process under different values
of the gate voltage.

Besides the regulation of two chiral Majorana fermions in
the same elementary cell, we introduce the quantum-dot struc-
ture to braid and partially exchange chiral Majorana fermions
between two adjacent elementary cells. Here the magnetiza-
tion orientations of two adjacent cells are set in the opposite
directions, leading to the chirality of the corresponding chiral
Majorana fermions being opposite, as shown in Fig. 1(d). As
a result, the adjacent chiral Majorana fermions from the adja-
cent cells have the same mobile direction, which is beneficial
for their braiding. A quantum-dot structure of two quantum
dots inserts between these two adjacent cells and couples with
two adjacent co-propagating chiral Majorana fermions, % and
%. Let us consider the central quantum dot coupling with two
chiral Majorana fermions. The Hamiltonian of the chiral Ma-
jorana fermions is[”3)

Ho = iv Z

m=23""

o o0

DA @

where the Majorana operator is Hermitian, ¥ (x) = ¥, (x)

(X))} =

8mn®(x — x'). Then, consider a quantum dot with one single

and satisfies the anticommutation relation, {%,(x),

level and the Hamiltonian reads Hgp = €qd d. The coupling
term between chiral Majorana fermions and the quantum dot is

=Ynsi \”’[’ym( ) (d+d"). Thus, the total Hamiltonian
is ’H =Ho+Hop + He.

In the following, we derive the scattering matrix by fol-
lowing the process in Ref. [73]. First, based on the equation
of motion of operators in the Heisenberg picture, id,0(¢) =
[O(1),H], we have

+ 1%6(@ [d(t)+d"(1)], (3

i0,d(1) = ead(t)— Y i%ym(o,t), @)
m=2,3

10, Ym (x,1) = 21v0 Y (x, 1)

10d"(t) = —eqd" (1) — Y i ym(o ). (5)

m=2,3
Then we do the Fourier transform of Egs. (3)—(5) from the time

space to the energy space with ¥, (x,¢) = [ ¥, (x,t) el dt. Op-

erators after the Fourier transform are

— 2y €) + i%é(x) [d(e) +d"(~

?’m(o €), N

€Ym(x,€) e)} , (6)

ed(e) = egd(€) — Z

m=2,3
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A (=)= —ead’ (=)= ¥ i y(0,6). @®)
ed'(—€) = —eqd' (—¢) m:mlﬂ?’( €)

Integrate x in Eq. (6) from 0~ to 0T, we get

2i0 [Jn(07,€) — (0™, €)] + i% [d(e) +d(—€)] =0. (9)
Set ¥%u(0,€) = % [1m (0", €) + %1 (0~,€)] and insert Eqs. (7) and
(8) into Eq. (9),

Wn(07,€) = V(07 €) +%’”£3m [1(07,€) +7(07,¢)] =0,
(10

where A = 4iv(e? — €3)/e, € is the incident energy. Rear-
range Eq. (10) to construct the relation between 7, (07, ¢) and
¥ (07, €) as follows:

y2(0+76)) (’)/2(0_,6)>

=S _ , 11
<y3<ote> 70" o
where S denotes the scattering matrix!’3!

o 1 <A+t§—l§ —2ht3 )
=" a2\ _ 2 o - (12)
A+13+13 2oty Atty—13

The off-diagonal elements of S represent the tunneling be-
tween chiral Majorana fermions 9 and 93 via a quantum dot.
The energy level of a quantum dot can be well tuned by the
gate voltage in experiments. >3] Consider the incident energy
€ being very close to zero (Fermi energy) so that the chiral
Majorana fermions are with zero energy. When the intra-dot

01
that is, the mismatch of energy disables the quantum dot so >

energy level ¢4 is tuned to be far away from zero, § — ( 1o > ,

and 3 propagate without tunneling, i.e., no braiding between
7 and 3. On the other hand, when ¢4 = 0, the quantum dot is
enabled. In this case, let #; = r3tan (6 /2), where 6 describes
the relative value of the coupling strength between chiral Ma-
jorana fermions p» and 3 with the quantum dot. The purely
real scattering matrix of chiral Majorana fermions coupling
with a quantum dot is

1 12 —12 2013
Sle=¢€4,0)=5— | 3, 2
(€=ea,0) 2+ (—2t213 B-1
cosf —sin6
_(—sinG —c0s9>' (a3)
Comparing Eqgs. (13) and (1), there still exists a 7 phase dif-
ference. According to Eq. (13), 6, the relative value of the
coupling strength between chiral Majorana fermions with the

quantum dot, determines the mixing ratio of the incoming chi-
ral Majorana fermions. When 0 = 0, i.e., ©, = 0, the scattering

. 0 -
matrix equals ) Here, the quantum dot is just cou-

1
0 -1
pled to one chiral Majorana fermion 73, resulting in an addi-

63731 Thus, we add another quantum dot

tional phase 7 to .!
[see Fig. 1(d)] only coupled to 5 to compensate the phase ©
(negative sign) of the difference between Egs. (13) and (1). So

the scattering matrix of the quantum-dot structure as shown in

Fig. 1(d) is derived as

S$2(0) =S(e=€q4,0) <(1) _01> = ( cosf sinf ), (14)

—sin@ cos6

matching the scattering matrix via the electric gate in Eq. (1).
When 6 = 0, the disabled quantum-dot structure has no effect
on the chiral Majorana fermions. When 6 = 7 /2, here comes
7> — 73 and 73 — —7», that is, the enabled quantum-dot struc-
ture completes the braiding operation B;3, shown in Fig. 1(e).
When the relative coupling is tuned to a suitable value, the
quantum-dot structure performs the partial exchange operation
T53(0): 15 — cos0y, +sinBy; and Y3 — —sin 09, + cos 673,
as shown in Fig. 1(f).

Based on the braiding operation implemented via an elec-
tric gate or a quantum-dot structure, we further introduce a
transfer box to connect two vertically adjacent elementary
cells, as shown in Fig. 2(a). Figure 2(b) draws a symbolic
picture of a transfer box with four chiral Majorana fermions
injecting and ejecting. The transfer box contains two elec-
tric gates and two quantum-dot structures arranged in the way
shown in Fig. 2(c). If the electric gates and quantum dots
are disabled, the transfer box is closed, so four chiral Majo-
rana fermions propagate in their own way, (y1,%,%, %) —
(71,72,7,7), i.e., the chiral Majorana pair ¥; and 7> remains
in the upper cell and the pair 3 and }; remains in the lower
cell. But when the electric gates and quantum dots are tuned
to the value corresponding to 6 = 7 /2, the transfer box is open
and executes the braiding operations B3, Bi2, B34, and B3 in
series. To be specific, four chiral Majorana fermions transform

as follows:

(7/17’)/27 Y, Y4) — (’)/1 V3,12, ’Y4) — (737 -MN,Ys, 72)
— (7377437’1772)- (15)
Thus, Fig. 2(d) clearly shows the function of a transfer box:

carry out four braiding operations, exchange of the Majorana
pair 1 and 9> with the pair 93 and 4, and transfer the Majorana

@ = (b) (c)

T - VBl
L Y2 7 Q:Q" .‘D:, 7" Vs
— 5 Y3 _yo_[_;:;_l_c_~_>_ Y1
A 4 | — Y4 } } YZ

e
A Y1 — N Ys
Y2 —> —> Va
Ys — —> Y1
T Ya — — V2

N

Fig. 2. (a) Schematic diagram of two vertically adjacent elementary cells
with a transfer box between them. (b) Symbolic picture of the transfer box.
(c) The detailed structure of the transfer box with two electric gates and
two quantum-dot structures. (d) Braiding diagram of operations B3, Bi2,
B34, and B,3, depicting the function of the transfer box as transferring the
Majorana pair from the lower cell to the upper cell.
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pair y3 and Y4 from the lower cell to the upper cell. This trans-
fer makes possible cascading vertical cells and braiding chiral
Majorana fermions on both sides to be seen in Fig. 6.

3. Realization of quantum gates

A complete quantum computation process includes three
parts: input the qubit, perform the quantum gate operation, and
read out the final qubit. The core of quantum computation lies
in the realization of arbitrary quantum gates. The standard set
of universal quantum gates is {H, T, CNOT}, specifically,

1000
1(11 1o 0100
H_\@(l —1)’ T‘(o eiﬁ>’ NOT=10001
0010

(16)

Considering the quantum states as qubits, the essence of the
quantum gate is the unitary operation in the Hilbert space. In
this section, we utilize chiral Majorana fermions as the qubit,
use the electric gate and the quantum-dot structure to perform
operations on the qubit, and construct the quantum gates in the
two-qubit basis to realize any two-qubit quantum operations.
Recalling the elementary cell device in Section 2, we have
realized the braiding operation of adjacent chiral Majorana
fermions via an electric gate or a quantum-dot structure. Here,
we denote the braiding operator of Majorana fermions as!?!!

Biiv1: Y= Yi+1s Yir1 = — Vi (17)

Express the operator in terms of the bilinear Majorana opera-
tors as follows:

1
Biiy1 = 7 (1 +%41%), (18)
_ 1
B\, = A (14 %%it1) - (19)
The operators B;;1 and Bi_,i1+| satisfy BZi b = B;IH,

-1 -1
Bii1YB; iy = Yir1, and Biip1 Yip1 By = — Vi

(@) (b)

-

7
3
L4

==
)
7=
=

&
X

Y1

Similarly, for the partial exchange operation, we denote

the operator as 7; ;41 (0),
Tii+1(0) 1 ¥i—cos0%+sin0%q1, Yip1 — —sinOY+cos 0%1,
(20)
and express 7; ;+1(0) in terms of the bilinear Majorana opera-

tors
6, . 0
Tii+1(6) = cos +sin Y1 %, @1
- 6 .0
T;:41(8) = cos > +sin = %y, (22)

which satisfies
Tiiv1 (9))/17;1l (0) =cos 0% +sin 0741,

Tii1(0)%i1 Tyl (6) = —sin 0% +cos 01 (23)

When 6 = 0, Ti,i+l(0) = 1. When 6 = 71'/2, Y},iJrl(n/Z) =
B; i1+1,1.e., the braiding operation represents the total exchange
with a dynamical phase being /2 or equal coupling between
the quantum dot and two chiral Majorana fermions.

Hereafter, we regard the braiding operator B; ;.1 and the
partial exchange operator 7;;11(0) (6 is not an integer multi-
ple of m/2) as the elementary operations of two chiral Majo-
rana fermions to construct the quantum gates.

3.1. The single-qubit T and H gates

For a single qubit, the minimal number of Majorana
fermions is four, due to the fermion parity conservation.?!:76]
Thus we place two column of elementary cells to construct the
single-qubit quantum device, as shown in Figs. 3(a) and 4(a).
Four Majorana fermions are input from the lower cells A1 and
A2, conveyed via two transfer boxes to the cells B1 and B2,
acted on by the quantum operations in the cells B1 and B2,
conveyed via two transfer boxes to the cells C1 and C2 as the
output. As for the quantum gate, we focus on the core cells B1
and B2 with four incoming chiral Majorana fermions propa-

gating upward, denoted as 71, y», 13, and 4 from left to right.

—_—
N
RAY

\Z] Ya

Fig. 3. Construction of the T gate. (a) The single qubit device contains two columns of elementary cells supporting four chiral Majorana
fermions. The dashed rectangle emphasizes the core region which performs the T gate with an electric gate. (b) Braiding diagram of operations
in (a). The dashed cross line represents the partial exchange operation of y; and 7, T} 2(7/4), leading to the transformation of chiral Majorana

fermions in Eq. (35).
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(a)lk AN (b)
1 2

Al A2
> 4 A 4 Y1 Y2

1

Y3 Ya

Fig. 4. Construction of the H gate. (a) The single qubit device contains two columns of elementary cells supporting four chiral Majorana
fermions. The dashed rectangle emphasizes the core region which performs the H gate with two electric gates and one quantum-dot structure.
(b) Braiding diagram of operations in (a). The central cross lines represent the braiding operations of By, B23, and By, in series, leading to the

transformation of chiral Majorana fermions in Eq. (37).

Based on the relation between the Dirac fermion and the
Majorana fermion, Yy, = %()/1 +iy) and yr = %(7/3 +iy), we
define the quantum basis states in terms of the fermion occu-
pation number as follows:

|00) =10), ® |0)g = |vac), (24)
10) = [1); ®|0)g = y{ |vac), (25)
101) = [0}, ®|[1)g = i |vac), (26)
1) = [1), @ [1)g = v it |vac), @7

where |vac) represents the vacuum state satisfying Wy, |vac) =
0 and 7, |vac) = [1),, «=LR.

Under the basis (|00}, |10}, |01), |11)), we derive the ma-
trix form of the partial exchange operator T;;11(0). If ¥
and 741 belong to the same elementary cell of which Dirac
fermions are labeled as l//OT, and Yy, then

6 6
Tii11(6) = cos = +isin 2yiva—1), (28)
: 0
T;i+1(60)]0)g = €72 10),
-0
Tit1(0)[1)g =2 1)y, (29)

that is, 7;;11(6) only acts on the subspace spanned by |0),,
and |1), but does nothing on other subspace. But if % and

%+1 belong to different cells, such as p» = —i <l//L — 1//{) and
% = YR + Y, then

6 .. 6
T33(8) = cos - +isin (llfL— w{) (l//ﬁ%i) , (30)
753(0) |00) = cosg |00) —ising [11),
T23(9)|11>:cosg|11)—ising|00), 31)
0 .0
T23(6)|10>:cos§|10>—1sm§|01),

0 0
T»3(0)]01) :cos§|01>fisin§|10>. (32)

Apparently, the partial exchange operation T;;y1(6)
keeps the fermion parity of the quantum state, so we define the
computational basis of the single qubit with an even fermion
parity, |0) = |00),|1) = |11). Under the single-qubit basis
(|0y,]1)), the matrix form of the partial exchange operator is

efig 0
s T 6 — . )
P [ 12( )] < 0 elg>
0 . 0
_( cos5 —ising
ps [123(0)] <—isin2 cos$ )’

P [T34(8)] = (e_iz 0 ) (33)

523

0 ei%
Since B; i1 = Tji+1(7/2), here comes the matrix form of the
braiding operator

2 (10 1L/ =i
ps[Bi2] = ¢ 4<Oi>’pS[B23]:\/§<—i 11>,
ps[Bs] = e '3 (B ?) : (34)

Now we construct the T quantum gate performed on the
single qubit composed of four chiral Majorana fermions. The
T quantum gate can not be realized by the braiding of MZMs.
As shown in Fig. 3(a), a gate voltage is applied to the electric
gate in the convex QAHI region along the right edge of the
elementary cell B1. Tune the gate voltage to achieve the par-
tial exchange operation of chiral Majorana fermions y; and p»
with & = 7 /4, so that one half of the incoming chiral Majorana
fermion y; () stays in the original path while the other half
of 71 (7») crosses over and merges into the opposite side [see
the dashed crossing curves in Fig. 3(b)]. Follow the defini-
tion of the operator T12(7/4) in Eq. (20), four chiral Majorana
fermions transform as follows:

T . T . T T
(,)/17,}/%’)/3774) _>(COS ZYH-SIH 27/27_81111,)/1_'_(:05 ZyZ; }/3”}/4) .
(35)
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Correspondingly, the single-qubit state basis evolves

0) = 10), 1) = e’ 1), (36)
based on the matrix form of the partial exchange operator in
Eq. (33). Compared with the definition in Eq. (16), the gate-
induced partial exchange operation does realize the T quan-
tum gate of chiral Majorana fermions up to a negligible overall
phase, since only the relative phase & of a qubit [0) + e'9 |1)
is meaningful.l””]

Then we construct the H quantum gate. Via combining
the braiding operations in Eq. (34), the H gate could be de-
composed into three braiding operations Bj2, B»3, and B, in
series, up to an overall phase.[*>”8] We introduce two elec-
tric gates to braid chiral Majorana fermions within the elemen-
tary cell Bl and one quantum-dot structure to braid between
cells B1 and B2, as shown in Fig. 4(a), that is,

7. 72.7,%) = (B =7, 1, %) = (B, 1311, 4)

= (B —1N,%). (37
Correpondingly, the single-qubit state basis evolves
1 1
0)——(0)+11), [1)—>—(0)—11)), 38
10) ﬂ(|>|>) 1) ﬁ(|>|>) (38)

which is indeed the unitary transformation under the H gate
with the definition in Eq. (16).

3.2. The two-qubit CNOT gate

For the two-qubit state, the minimal number of Majo-
rana fermions is six. Thus, we align three columns of ele-
mentary cells as shown in Fig. 5(a). By means of the trans-
fer box to convey the input and output states, we focus on
the core cells performing the two-qubit quantum gate, labeled
as B1, B2, and B3. Six chiral Majorana fermions move up-
wards with labels y;,i = 1,...,6 and the corresponding Dirac
fermions are denoted as Y, = %(Yl +ip), ym = %(73 +iv),

(a) (b)

3
7
N
14
AN
7

[
¢
{
L

K

g |
lon)
—
[on)
N

\‘_ _)'wr ‘V‘L

—-— — —

€ ) (=3
Al A2

and yr = %(7’5 +i%). Then we write four basis states with an
even fermion parity as follows: (76

100) = [0);_[0)y [0)g = vac), (39)
101) = [0),_[1)y [1)g = Wiyt Ivac) , (40)
110) = 1), |1y [0) = v i [vac), @1
[11) = [1) [0)p; [1)g = ‘VE‘I’]; |[vac) (42)

where the central qubit labeled by M serves as the ancillary
qubit to balance the fermion parity.

Under the two-qubit basis (]00),|01),]10),[11)), we
derive the matrix form p¢[B; ;1] of the braiding operator
Biir1,i=1,...,5,

iz (10 1 1 —i
pe[Bio] =e'4 (O i)®12’ Pt[Bzﬂzﬁ(i 11>®12,
(43)
1/ 1 —i 210
Pt[345]=12®\@(_i 11>7 p[Bse) =L ®e 4<0i>’
(44

where I, is a 2-by-2 identity matrix. These four matrices are
not entangled since they can be decomposed into the direct
product of single-qubit matrices.!!! However, considering the
braiding operator of 3 and 74, the matrix form is derived as
follows:

Bay = \% (1+3p) = % [+ (2vfwm-1)], @)

then B34]00) = e 1% [00), B34[01) = ei% |01), B3;|10) =
¢i%[10), and B34 |11) = e ~'% |11). So we can have

e’ 0 0 0

0 i 0 0
B = T . 46
Pt [B34] 0 0 % o (46)
0 0 0 e'd
H
)
Y1 Y2Ys Va Ys Ye

Fig. 5. Construction of the CNOT gate. (a) The two-qubit device contains three columns of elementary cells supporting six chiral Majorana
fermions. The dashed rectangle emphasizes the core region which performs the CNOT gate with five electric gates and two quantum-dot
structures. (b) Braiding diagram of operations in (a). The central cross lines represent the braiding operations of B3g, Bys, Bse, Bl’z1 , B34, Bys,

B34 in series, leading to the transformation of chiral Majorana fermions in Eq. (48). Note here the Bl’zl is the inverse braiding of ¥, and 7,

realized by an opposite value of the gate voltage corresponding to Bj.
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Noticeably, the braiding operator B34 is an entangled operator
since the matrix p;[B34] cannot be decomposed in the direct
product form.

The entangled operator is vital in the quantum compu-
tation since it introduces the entanglement into the quantum
state. One of the famous entangled quantum gates is the CNOT
gate (the controlled-NOT gate) performing a conditional oper-
ation on the two-qubit state [see the matrix form of CNOT
gate in Eq. (16)]. After a CNOT gate, the control qubit re-
mains while the target qubit transforms according to the state
of the control qubit: if the control qubit is 1, the target qubit
reverses its state; if the control qubit is O, the target qubit keeps
its state.

Combining the basic braiding operators in two-qubit ba-
sis, the CNOT gate is decomposed into seven braiding opera-
tions up to an overall phase as follows: %]

CNOT 2 p, [B34BasB34B), BsoBasB3a) . 47)

We construct a device to realize the CNOT gate via
five electric gates and two quantum-dot structures, as shown
in Fig. 5(a). The effect of seven braiding operations from
Eq. (47) in series on the six chiral Majorana fermions of
cells B1, B2, and B3 is

(Y1, %2: 13, V85 V55 ¥6)

= (1,721 =% %:%) = (71,12, 155,13, %)

= (V72,195 %, —13) = (=127, 18,15, %, —13)

(a) (b)
C1 C2 C3
& ) &I
o= 3 (£

B4 | [>=<| B5 B 1
= & == & )
3 (f ) (&3
[ BT B2 I B3
kD e kD
C ) (=3 (£

Al A2 A3

— (_7/27’)/1)}/57_7/47’)/67_’)/3) — (—72771775»}’677’47_73)
- (_7/277/1)}/6’_7/57’)/47_’)/3)’ (48)

with the braiding diagram shown in Fig. 5(b). Note that the
different crossing direction of y; and 7 denotes the inverse
braiding operation szl. Since B‘l‘2 =1, szl = B?z, the in-
verse braiding of y; and 7, can be realized through three By,
operations. Besides, considering the physical realization of
the braiding operator in Eq. (1), inversing the gate voltage of
the electric gate on B1 can also inverse the braiding. Thus, in
Fig. 5(a), we just use one gate to achieve the operator szl .

3.3. The T and H gates in the two-qubit basis

In the former subsections, we have constructed the single-
qubit T gate and H gate and the two-qubit CNOT gate. In order
to complete the set of quantum gates acting on the two-qubit
state, we also figure out the T and H gates in the two-qubit
basis. In the Hilbert space spanned by six chiral Majorana
fermions, the two-qubit basis denoted in Egs. (39)—(42) can
be viewed as the direct product of the computational qubit ba-
sis |); and |)g, so we can well define the single-qubit oper-
ation in the two-qubit basis, i.e., HL = H® L, HR = L ® H,
TL=T®RhL, TRr=5LXT.

To realize the H gate on the left qubit Hy, we construct
the device as shown in Fig. 6(a). Two cells, B4 and BS,
are crucial to perform the Hy, gate. Two electric gates and

Y1Y2Y3VYa Ys Ye

Fig. 6. H gate acting on the left qubit in the two-qubit basis. (a) The two-qubit device contains three columns of elementary cells supporting six
chiral Majorana fermions. The colorful electric gates and quantum dots are enabled while the gray ones are disabled. The H gate acting on the left
qubit is realized when opening electric gates and quantum dots of cells B4 and BS. Besides, other single-qubit gates or CNOT gate can be realized
when enabling other cells in the same was as core regions in Figs. 3-5. (b) Braiding diagram of operations in (a). The central cross lines represent
the braiding operations of Bz, B>3 and B in series, leading to the same transformation of chiral Majorana fermions in Eq. (37).
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one quantum-dot structure achieve the braiding operations
B2, B3, and By;. Multiplying the matrices of these opera-
tors in Eq. (43) gives the Hy, gate up to an overall phase,

pi[B12B23B12) = Hy. (49)

Correspondingly, Fig. 6(b) depicts the braiding of y; and p», p»
and 3, 71 and P in series.

In addition, quantum gates Hg, Tr, and Tr can also
be realized via the device in Fig. 6(a). To realize Hr =
Pt [BasBseBys), first disable the electric gates and quantum dots
of cells B4 and B5, and then tune the electric gates and quan-
tum dots of cells B2 and B3 in the same way as the dashed
rectangular core region plotted in Fig. 4(a). Express the partial

exchange operations in the two-qubit basis, such as, 715 (§) =
i

iz
(608 e?g)@h andT56(%) :]2®(eo : e(‘)% ) With
the electric gates and quantum dots of cells B4 and B5 dis-
abled, tuning the electric gate of cell B1 (B6) can partially
exchange v and 7 (95 and ) so as to realize the gate T
(Tr).

Based on quantum gates Hy,, Hgr, Tr, and Tg, all non-
entangled single-qubit gates could be achieved. Easily to see,
the CNOT gate is compatible with the device in Fig. 6(a).
Combined with Hy,, Hg, Tr, Tr, and CNOT, arbitrary two-
qubit gate can be constructed. Thus, the device plotted in
Fig. 6(a) can perform arbitrary two-qubit quantum gate based
on six chiral Majorana fermions.

4. The quantum circuit of the quantum Fourier
transform

After the realization of quantum gates T, H, and CNOT,
as an example, we state that the algorithm of quantum Fourier
transform (QFT) can be realized via the two-qubit device of
chiral Majorana fermions shown in Fig. 6(a).

Suppose the input state is [Wi) = |x2) @ |x1), with
The circuit of two-qubit QFT is plotted in
Fig. 7(a).l””1 Apply one H gate on the first qubit so as to
obtain ¥} = Hy W) = [x2) © L= (10) + (1) [1)). De-

x1,x = 0,1.

1 0
fine the single-qubit gate S = ( 0 et > and the controlled-
L O
OS
control bit and the first qubit as the target bit, after the CS
gate, the quantum state becomes |¥,) = CS|¥) = |x) ®
+ einx|+i7rx2/2 |1>)

S gate is CS = . If we set the second qubit as the

% |0) Then by applying one H gate
on the first qubit, the output state is |Pou) = Hr [¥2) =
L (0)+(-1)2 ) e L (|o>+ eiﬂX1+iﬂxz/2|1>). Labeling
the output state in the form of [Wou) = [y2) ® |y1), the relative
phase of the second qubit is twice that of the first qubit, which
meets with the function of QFT.

As for the realization of quantum gates in the QFT cir-
cuit, the single-qubit H gate acting on either qubit has been

discussed in Subsection 3.3. The two-qubit CS gate can be de-
composed as CS = CNOT - (I®T~!)-CNOT- (T®T) [see the
equivalent circuit in Fig. 7(b)].[!l Similarly, the T~! can be re-
alized by inversing the sign of the gate voltage corresponding
to the T quantum gate.

(@) |20) : l
o) (P

ly2) = J5(10) +ei0=2)[1))

1) = 50+ 0o 1))

T
T

Fig. 7. (a) A two-qubit quantum circuit realizes the quantum Fourier trans-
form. (b) The controlled-S gate is decomposed into the quantum gates
CNOT and T. T~! denotes the inverse of T gate, realizable by an opposite
gate voltage of T gate.

Appealingly, the QFT algorithm with several quantum
gates can be realized within the device shown Fig. 6(a). When
the quantum state |¥;,) is initialized from three leads of the
cells A1, A2, and A3, open the transfer boxes in the lowest row
to convey the six chiral Majorana fermions to the cells B1, B2,
and B3, and then close the transfer boxes. Tune the electric
gates and quantum dots to apply the first H gate in cells Bl
to B6 to produce the state |¥;). Keep the transfer boxes in
the highest row closed, so the state |¥) is carried back to
the bottom of cells B1, B2, and B3, when the chiral Majorana
fermions turn back and travel downward. Renew the electric
gates and quantum dots of cells B1 to B6 to perform a new
quantum gate. Repeat the above process until the last quantum
gate is executed. Open the transfer boxes in the highest row to
output the final state and finish the QFT computation. Based
on the braiding of MZMs, the QFT algorithm is difficult to re-
alize because the T quantum gate can not be realized. Here,
the device in Fig. 6(a) based on chiral Majorana fermion can
perform any two-qubit quantum algorithm under the control
of the electric gate, the quantum-dot structure, and the transfer
box.

5. Discussion on initialization and readout of
qubits

Besides the quantum gates proposed above to realize
quantum operations on qubits, here we briefly discuss the ini-
tialization and measurement of qubits based on chiral Majo-
rana fermions.

Considering the conventional physical qubits, informa-
tion is encoded in the degree of freedom such as photons, spin,
or the electric charge. For the photon qubit,*®! the initializa-
tion is to create single photon states by attenuating laser light
and drive them into certain polarization through optical polar-
izers and the measurement is to detect single photons, e.g., by

040303-10



Chin. Phys. B Vol. 30, No. 4 (2021) 040303

a photomultipler tube. For qubits realized by nuclear magnetic
resonance, "] the initial state is prepared in a strong magnetic
field to polarize the spins and the readout process is to measure
the voltage signal induced by precessing magnetic moment.
As to the charge qubit based on the superconducting Joseph-

U151 or the singly charged quantum dot pair,!'"!

son junctions
the electron number is used as the basis state of qubit. These
charge qubits can be initialized by electron injection via a cur-
rent pulse or voltage pulse and the electronic charge state is
straightforward to be measured by the quantum point contact
or another quantum dots due to their high sensitivity to the
conductance response to the applied gate voltage.[!>30-81]

Recalling our definition of qubit basis states [see the def-
inition at the paragraph before Eq. (33)], four chiral Majo-
rana fermions form a single qubit in the basis of (|0), |1)),
where |0) stands for the left and right Dirac fermions be-
ing both empty and |1) stands for those being both occupied.
Since the encoded information via chiral Majorana femions
is the electric charge, the initial state can be prepared by the
electron injection via single-electron sources. With the re-
cent decade development of the experimental technique of
single-electron sources,®?! a single electron can be emitted
by the AC single-electron source based on mesoscopic ca-
pacitor, pumped by dynamic semiconductor quantum dots, in-
jected by voltage pulses, and so on. Levitov and collaborators
predicted a special voltage pulse, a Lorentzian pulse, which
injects an integer number of charge without other neutral exci-
tation, named as a “leviton”.!33-85 The Lorentzian pulse gives
excellent control of electron numbers and has the advantage of
injecting electrons at the Fermi energy with less decoherence
from electron—hole relaxation processes. Dubois et al. ex-
perimentally demonstrated that Lorentzian pulses with integer
charge give no noise except a weak thermal noise contribution
so this kind of electron injection is suitable for charge qubits
propagating in quantum conductors. (86!

Thus, our proposed qubit based on chiral Majorana
fermions can be initialized when single-electron sources are
connected to leads of the lower cells A1 and A2 [see the black
squares labeled by 1 and 2 in Fig. 3(a)] to produce the basis
state |0) or |1). Once the basis state is prepared, other quantum
states are producible by applying the T gate and H gate, i.e.,
the initialization of qubit for further computation.

Based on our proposed qubit basis states (|0) and |1)) be-
ing the empty and double occupied states, the readout way can
be the single shot detection!®”! or monitoring the charge by
the quantum point contact at the upper cells C1 and C2 [see
the black squares labeled by 3 and 4 in Fig. 3(a)].

Here it is worth mentioning that the partial exchange
operation of the chiral Majorana fermions via these electric
gates is not topologically protected. But it can be well con-
trolled within the time scale ps, presenting the faster speed

of information processing than physically moving or measur-
ing Majorana zero modes. Except the gate operating region,
the propagation of chiral Majorana fermions is topologically
protected with no backscattering and no additional complex
phase. Thus, our proposal owns the advantage of quantum
computations based on chiral Majorana fermions: the fast
speed of quantum computation well preserves and it partially
displays the topological protection.

6. Conclusion

We have constructed the realization of arbitrary two-qubit
quantum gates based on chiral Majorana fermions. The ele-
mentary cell which consists of a quantum anomalous Hall in-
sulator surrounded by a topological superconductor with some
electric gates and quantum-dot structures realizes the braiding
operation and the partial exchange operation. Single-qubit op-
erations, T and H quantum gates, are completed via one partial
exchange and three braiding operations among four chiral Ma-
jorana fermions. An entangled two-qubit gate, the CNOT gate,
is achieved via braiding six chiral Majorana fermions. We also
show a design which can perform several quantum gate oper-
ations in series. These two-qubit quantum gates are used to
the quantum circuit model of a simple quantum Fourier trans-
form. This proposed device could be used for more interesting
algorithm.
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