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A feasibility study∗
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The feasibility of using the nonlinear effect of primary circumferential guided wave (CGW) propagation for char-
acterizing the change of inner layer thickness of a composite circular tube (CCT) has been investigated. An appropriate
mode pair of the fundamental and double-frequency CGWs (DFCGWs) has been selected to enable the second harmonics
of primary wave mode in the given CCT to accumulate along the circumferential direction. When changes in the inner layer
thickness (described as the equivalent inner layer thickness) take place, the corresponding nonlinear CGW measurements
are conducted. It is found that there is a direct correlation between change of equivalent inner layer thickness of the CCT
and the relative acoustic nonlinearity parameter (∆β ) measured with CGWs propagating through one full circumference,
and that the effect of second-harmonic generation (SHG) is very sensitive to change in the inner layer thickness. The
experimental result obtained demonstrates the feasibility for quantitatively assessing the change of equivalent inner layer
thickness in CCTs using the effect of SHG by primary CGW propagation.

Keywords: circumferential guided wave (CGW), second-harmonic generation (SHG), inner layer thickness,
composite circular tube
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1. Introduction

The composite circular tubes (CCTs), widely used in en-
gineering industries, generally serve in complicated stress and
corrosive environments of transporting substances, resulting
in damage occurrence or minor thickness change in their inner
layers.[1,2] In order to ensure the safe operation of the CCT
structures, it is of great significance to study how to accurately
monitor a minor change in its inner layer thickness.

Ultrasonic guided wave technique provides an effective
means for detecting and inspecting structural components, but
are invalid in characterizing material degradation or monitor-
ing minor changes prior to crack initiation.[3,4] In contrast, the
nonlinear ultrasonic technique has been proven to be more sen-
sitive and efficient than the linear one for quantitatively char-
acterizing material degradation or minor change. For accu-
rately assessing the changing aspects of material microstruc-
tures (e.g., damage or degradation), the investigations of non-
linear ultrasonic guided waves have been drawn much atten-
tion in the recent two decades.[5] Deng et al. conducted the
investigations of second-harmonic generation (SHG) of pri-
mary (fundamental frequency) guided wave propagation in
solid plates, and found that the second harmonics may have a
cumulative growth effect along propagation distance.[6,7] Sub-
sequently, a series of theoretical and experimental investiga-

tions of nonlinear ultrasonic guided waves have been con-
ducted, which revealed the physical mechanism of SHG of
primary guided wave propagation, and meanwhile provided
some effective techniques for analyzing and measuring second
harmonics.[8–13] It has been experimentally verified that a mi-
nor change in material (e.g., degradation or fatigue) could be
quantitatively assessed using the relative acoustic nonlinearity
parameter as measured with second harmonics.

As a kind of elementary guided wave mode that propa-
gates along the circumference of the circular tubes, the path
of circumferential guided wave (CGW) propagation is closed,
which has provided an efficient means for detecting radial
cracks, pitting corrosion, and longitudinal defects in the CCT
structures. The investigations of nonlinear effect of CGW
propagation have been drawn much attention recently.[14–19]

Considering the fact that the nonlinear effect of CGWs has
been successfully used to evaluate accumulated damage in a
single layer circular tube,[18] it is necessary to confirm whether
the cumulative SHG effect of CGWs can be used to quantita-
tively characterize a minor change in the inner layer thickness
of a given CCT. For this purpose, this study reports an inves-
tigation focusing on the feasibility of using the nonlinear ef-
fect of primary CGW propagation for characterizing the minor
change in the inner layer thickness of a CCT.
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2. Theoretical considerations
The two-dimensional model with Lagrangian cylindrical

coordinates (r, θ ) for analyzing nonlinear CGW propagation
in a CCT is illustrated in Fig. 1, where the materials of the
inner layer (layer 1) and outer layer (layer 2) are assumed to
be isotropic, homogeneous and dispersionless with no attenu-
ation.
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Fig. 1. Two-dimensional model with Lagrangian cylindrical coordi-
nates (r, θ ) for nonlinear CGW propagation in a CCT.

For the case of the CCT with a perfect interface, the me-
chanical conditions at the interface r = R2 can be expressed
as[16,19]

P(1)rr = P(2)rr, P(1)θr = P(2)θr,

U(1)r =U(2)r, U(1)θ =U(2)θ , (1)

where P(i)rr = 𝑟̄ ·𝑃(i) · 𝑟̄ and P(i)θr = 𝜃̄ ·𝑃(i) · 𝑟̂ are, respectively,
the normal (radial) and shear (circumferential) components of
the stress tensor 𝑃(i) (i= 1, 2); U(i)r and U(i)θ are the compo-
nents of the displacement field 𝑈(i); 𝑟̄ and 𝜃̄ are, respectively,
the unit vectors along the radial and circumferential directions;
the subscript number i = 1 or 2 corresponds to layer 1 or 2 in
Fig. 1. The free stress boundary conditions at the inner and
outer surfaces r = R1 and r = R3 are formally written as[16,19]

P(1)rr = P(1)θr = 0
∣∣
r=R1

, P(2)rr = P(2)θr = 0
∣∣
r=R3

. (2)

When a primary CGW mode (with the angular fre-
quency ω and the order l) propagating clockwise along
the circumference of the CCT is considered, the solution of
the corresponding displacement field in each layer can be
written as U (l)

(i)q(r)exp[jn(ω,l)θ − jωt] (q = r or θ ), where

n(ω,l) = ωR3/c(ω,l)
p is the dimensionless angular wave number

of the lth CGW mode, and c(ω,l)
p is the corresponding phase ve-

locity. The dispersion equation of the primary lth CGW mode
can be obtained from the mechanical boundary conditions, and
can formally be given as[14,20]∣∣∣𝑀 [ρ(i),λ(i),µ(i),c

(ω,l)
p ,ω,R( j)]

∣∣∣= 0, (3)

where ρ(i), λ (i), and µ(i) (i = 1, 2) are the mass density and
second-order elastic constants of material of the ith circu-
lar layer, and R( j) ( j = 1, 2, or 3) denote the radius of the
CCT; 𝑀 [. . .] is the coefficient matrix of the boundary con-
dition equations. Similar to the process for solving the dis-
persion equation of primary CGW, the dispersion equation of
double-frequency CGW (DFCGW) mode can readily be ob-
tained through Eq. (3) just using 2ω instead of ω and c(2ω,m)

p

instead of c(ω,l)
p .[14–19] Here c(2ω,m)

p is the phase velocity of the
mth DFCGW mode, and the corresponding dimensionless an-
gular wave number is given by n(2ω,m) = 2ωR3/c(2ω,m)

p . Obvi-
ously, when the materials of the CCT are given, the dispersion
relations of primary CGWs, as well as DFCGWs, are depen-
dent of the radius R( j).

When the primary lth CGW mode propagates along the
circumference of the CCT shown in Fig. 1, within the second-
order perturbation, the bulk driving force of twice the funda-
mental frequency 𝐹

(2ω)
b = 𝐹 [𝑈 (l)] inside the CCT, as well as

the traction stress tensor of twice the fundamental frequency
𝑃

(2ω)
s = 𝑃 [𝑈 (l)] on the interfaces/surfaces of the CCT, can

be generated due to the convective nonlinearity and the inher-
ent elastic nonlinearity of solid.[7,8,14] According to a modal
analysis approach,[7,8,14] 𝐹

(2ω)
b and 𝑃

(2ω)
s are, respectively,

assumed to be the bulk and surface sources for generation of
a series of DFCGW modes within a second-order perturbation
approximation. The sum of these DFCGW modes constitutes
the second-harmonic field [denoted by 𝑈 (2ω)(r,θ)] of the lth
CGW mode, namely,

𝑈 (2ω)(r,θ) = ∑
m

Am(θ)𝑈
(2ω,m)(r), (4)

where Am(θ) is the expansion coefficient of the field function
of the mth DFCGW mode [denoted by 𝑈 (2ω,m)(r)].[14]

On the basis of the reciprocity relation and the orthogo-
nality of guided wave modes, the equation governing the ex-
pansion coefficient Am(θ) can be expressed as[14](

∂

∂θ
− jn(2ω,m)

)
Am(θ) =

1
4Pmm

[ f s
m(θ)+ f v

m(θ)] , (5)

where Pmm is the average power flow (per unit width, perpen-
dicular to the tube section) of the mth DFCGW mode. Here

f s
m(θ) = 2jω

2

∑
i=1

{
𝑈̃

(2ω,m)
(i) (r) ·𝑃 (2ω)

s

}
· 𝑟̄

∣∣∣∣∣
r=Ri+1

r=Ri

, (6)

f v
m(θ) = 2jω

2

∑
i=1

∫ Ri+1

Ri

𝑈̃
(2ω,m)
(i) (r) ·𝐹 (2ω)

b dr (7)

are the excitation functions due to the surface stress and bulk
driving force, respectively.[14] The symbol ∼ in Eqs. (6) and
(7) denotes the complex conjugate operation for the corre-
sponding physical quantities.
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For simplicity, the position of excitation source for the
primary CGW is assumed to be at θ = 0. The initial condition
for generation of the mth DFCGW mode requires that Am(θ)

be zero when θ = 0. Am(θ) can formally be derived from
Eq. (5) as follows:[14]

Am(θ) = Amsin(∆nθ)/∆n

× exp(j∆nθ)× exp[jn(2ω,m)
θ ],

Am = [ f s
m(θ)+ f v

m(θ)]/4Pmm, (8)

where ∆n = [n(ω,l) − n(2ω,m)/2] is used to describe the dis-
persion degree between the primary wave mode and the mth
DFCGW component. When ∆n 6= 0, there is a beat effect
for the magnitude of the mth DFCGW component with the
propagation circumference angle θ .[14] It is found that Am(θ)

in Eq. (8) can grow linearly with the circumferential angle θ

when Am 6= 0 and ∆n = 0 (i.e., both the nonzero energy flux
and the phase velocity matching are simultaneously satisfied).
For this case, the second-harmonic field 𝑈 (2ω)(r,θ) is mainly
dependent on the mth double-frequency CGW mode, the mag-
nitude of the mth DFCGW component will grow linearly along
the tube circumference and it has the following form:

Am(θ) =
[ f s

m(θ)+ f v
m(θ)]

4Pmm
θ exp[jn(2ω,m)

θ ]. (9)

For a given CCT, the mode pair of CGW can be selected
to ensure ∆n = 0 or ∆n→ 0. Thus, the mth DFCGW com-
ponent will grow along the circumference of the CCT, and an
obvious second-harmonic signal by the primary CGW prop-
agation (mainly determined by the mth DFCGW component
due to its cumulative growth with θ ) can be observed.[14–16]

When a minor change in the inner layer thickness of the CCT
takes place (e.g., induced by corrosion), it is expected that the
second-harmonic signals of the primary CGW mode will be
influenced by the following aspects. First, the dispersion re-
lation of CGWs in Eq. (3) will be affected. For the mode
pair selected, the phase velocity matching condition ∆n = 0
or ∆n→ 0 may not be satisfied exactly when a change in inner

layer thickness takes place. This will remarkably influence the
efficiency of SHG by lth primary CGW propagation (reflected
through the factor sin(∆nθ)/∆n in Eq. (8). Second, change
in the inner layer thickness of the CCT can provide different
acoustic field features for the primary CGW mode. This will
also influence the magnitude of Am(θ) since f s

m(θ) and f v
m(θ)

in Eqs. (8) and (9) are proportional to the square of the ampli-
tude of the primary CGW mode.[14–16]

The above analyses demonstrate the feasibility that a mi-
nor change in the inner layer thickness of the given CCT may
be quantitatively characterized by means of the effect of SHG
of primary CGW propagation, specifically, by using the rel-
ative acoustic nonlinearity parameter β as measured with the
second harmonic generated by primary guided wave propaga-
tion.

3. Experimental examinations
As analyzed in Section 2, for a given CCT with initial

status, an appropriate mode pair of the primary and double-
frequency CGW modes can be selected to enable that the sec-
ond harmonics of primary CGW accumulates along the cir-
cumference of the CCT.[14] Thus, the magnitude of second
harmonic generated by the primary CGW propagation, closely
associated with the radius R( j) of the CCT, can be effectively
determined and used to define the acoustic nonlinearity pa-
rameter β .[16] Theoretically, β is an intrinsic material param-
eter that describes the degree of nonlinearity of and the minor
change in material. It can be expected that a minor change
in the inner layer thickness of the CCT may be quantitatively
assessed with β as measured with the second harmonics gen-
erated by primary CGW propagation. The experimental exam-
inations shown below will positively confirm this expectation.

The initial radii of the examined CCT in Fig. 1 are R1 =

95.5 mm, R2 = 98.5 mm, R3 = 106.5 mm, and its materi-
als from inner layer to outer one in order are 316L stainless
steel and X65 pipeline steel, where the material parameters
are listed in Table 1.

Table 1. The material parameters of the CCT.

Material
Mass density ρ Longitudinal Shear wave 3rd order elastic constants (GPa)

(103 kg/m3) wave velocity cL (km/s) velocity cT (km/s) A B C
316L stainless steel 7.980 5.660 3.080 –720 –230 180
X65 pipeline steel 7.850 6.010 3.210 18 –266 –712

For simplicity, the CCT materials are assumed to be
isotropic and homogeneous with no attenuation and no dis-
persion. The dispersion curves for the primary and double-
frequency CGWs in the CCT with initial radii are shown
in Fig. 2. For observation of cumulative SHG by primary
CGW propagation, the specific mode pair (denoted by point
P in Fig. 2) is selected, where the driving frequency is f =

0.62 MHz (see vertical dotted line V in Fig. 2). The contribu-
tion of the other DFCGW modes to the second harmonic field
generated is negligible due to the mismatching of their phase
velocities with c(ω,l)

P of point P in Fig. 2.

The schematic diagram of the experimental setup is il-
lustrated in Fig. 3. The wedge transducer Tx, consisting of
the plexiglas wedge (with an oblique angle α) and the longi-
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tudinal wave transducer (V401, Panametrics Inc.), is used to
generate the primary CGW mode desired (point P in Fig. 2),
and the wedge transducer Rx, consisting of the same plexiglas
wedge and the longitudinal wave transducer (V403, Panamet-
rics Inc.), is used to receive the primary CGW mode (point
P) and its second-harmonic signals.[18] The oblique angle α is
determined by α = sin−1(cL/cP), where cP is the linear phase
velocity of the circumferential guided wave (point P) and cL is
the longitudinal wave velocity of the wedge material, which is
measured to be cL = 2.688 km/s. The two wedges of Tx and Rx
are face-to-face positioned with a separation of L = 140 mm
and permanently glued onto the outer surface of the CCT with
the room-temperature epoxy resin adhesive (JC-311), where
the longitudinal wave transducer V401 or V403 can readily
be assembled onto or removed from the plexiglas wedge with
bolts (see Fig. 3).
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Fig. 2. Phase velocity curves of CGWs in the CCT.
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Fig. 3. Schematic diagram of experimental setup.

In the experimental measurements, the transducer Tx is
always driven by a 40-cycle Hanning windowed sinusoidal

tone-burst voltage (provided by the Ritec SNAP system, Ritec
Inc.), whose carrier frequency is set to be 0.62 MHz (corre-
sponding to the vertical line V in Fig. 2). The wedge trans-
ducer Rx successively receives two clear original time-domain
signals [i.e., A and B in Fig. 4(a)] propagating in the CCT with
the initial status. The group delay of the primary CGW mode
(point P in Fig. 2; c(P)g = 2.398 km/s) along one full circum-
ference of the examined CCT is theoretically calculated to be
2πR3/c(P)g = 279.05 µs, which is very close to the group delay
∆t = 276.63 µs between the signals A and B (RE 0.867%). It
is convinced that the signals A and B are certainly the CGW
modes (point P) desired, and their corresponding propagation
paths along the CCT shown in Fig. 3 are, respectively, L and
L+2πR3. For enhancing signal-to-noise ratio, a Hanning win-
dow with an appropriate width is, respectively, used to mod-
ulate the signal A or B, and then the corresponding signal C
or signal D is obtained [see the blue waveform in Figs. 4(b) or
4(c)]. Through a band-pass digital filtering processing for the
signal C or D, the corresponding second-harmonic signal of
the primary CGW mode (point P) is clearly shown in Fig. 4(c).
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Fig. 4. Time-domain signals received by Rx: (a) oscilloscope dis-
play diagram, (b) original and Hanning windowed signals, (c) second-
harmonic signals obtained by digital filtering processing.

The amplitude-frequency curves of the signals C and

084301-4



Chin. Phys. B Vol. 30, No. 8 (2021) 084301

D are shown in Fig. 5, through which the corresponding
fundamental-frequency ( f = 0.62 MHz) and second-harmonic
( f = 1.24 MHz) amplitudes of the primary CGW (point P)
propagation, denoted by A f and A2 f , can readily be deter-
mined. Considering the fact that β = A2 f /A2

f is a measure of
the acoustic nonlinearity parameter relative to its initial value
and is proportional to the absolute acoustic nonlinearity pa-
rameter, for simplicity, β can directly be used as the acoustic
nonlinearity parameter for material/structure evaluation.[7–10]

The specified CGW mode pair (see point P in Fig. 2) is se-
lected on this investigation, thus A f is the value of the mea-
sured amplitude of the primary CGW mode at the fundamen-
tal frequency 0.62 MHz, while A2 f is the value of the mea-
sured amplitude of the DFCGW mode at the double frequency
1.24 MHz.
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Fig. 5. Amplitude-frequency curves of the signals C and D in Fig. 4:
(a) signal C, and (b) signal D.

Based on the values of A f and A2 f given in Figs. 5(a)
and 5(b), the acoustic nonlinearity parameter of the signals C
and D are, respectively, calculated to be βC = 4.712 (arb.unit),
βD = 15.343 (arb.unit). Generally, the origin of βC includes
the three aspects: the nonlinear contributions from the wedge
transducers Tx and Rx, and the nonlinearity of the primary
CGW (point P) propagation through the path L,[21] while the
origin of β D is the same as that of β C except the nonlinear
contribution through different path (i.e., L+ 2πR2). The fact

of βD > βC confirms that the second harmonic of the primary
CGW mode (point P) grows along the tube circumference.
Thus, the acoustic nonlinearity parameter for CGW propaga-
tion can be defined as ∆β = βD− βC, which can completely
removes the nonlinear influences arising from the wedge trans-
ducers themselves, the coupling interface between the wedge
transducers and the specimen, and the ultrasonic instrument
used. Clearly, the parameter ∆β characterizes the nonlinearity
of the primary CGW mode (point P) propagating through one
full circumference (i.e., 2πR3) of the given CCT.

Next we will focus on investigating the relationship of ∆β

versus the change in the equivalent inner layer thickness of the
given CCT. The inner surface of the CCT is covered by the
copper foil tapes (40 mm width and 250 mm length) repeatedly
at the same position of the inner layer, where the signal layer
tape thickness is about 53 µm. The copper foil tapes on in-
ner will modify the geometric parameters of the CCT, and are
considered as the changes of equivalent inner layer thickness,
where the change in the equivalent inner layer thickness in the
CCT is denoted by the layer number of the copper foil tape,
denoted by M. The CCT with the initial status is represented
by M = 0. After pasted copper foil tape on the inner layer,
the specimen examined is taken onto the measurement system
shown in Fig. 3 for ultrasonic measurements of amplitude- fre-
quency curves similar to that shown in Figs. 4 and 5. Based on
the amplitude-frequency curves measured, the acoustic non-
linearity parameter for CGW propagation (i.e., ∆β = βD–βC)
for the given layer number M of the copper foil tape can read-
ily be calculated.

Table 2. Values of βC, βD as well as ∆β and its normalized values
versus initial status (M = 0) with different M.

M
βC βD ∆β = βD−βC Normalized

(arb. units) (arb. units) (arb. units) ∆β

0 4.712 15.343 10.631 1.000
1 4.751 15.171 10.420 0.980
2 4.894 15.020 10.126 0.952
3 5.016 14.756 9.740 0.916
4 5.058 14.434 9.376 0.882
5 4.855 14.567 9.712 0.914
6 4.733 13.818 9.085 0.855
7 4.801 13.521 8.720 0.820
8 4.603 12.417 7.814 0.735
9 4.671 12.050 7.378 0.694

By pasting the copper foil tapes on the inner surface of
the CCT and taking ultrasonic measurements repeatedly un-
til M = 9, the ∆β for CGW propagation versus different lay-
ers of copper foil tape M can be obtained. Table 2 presents
βC = A2 f /A2

f

∣∣∣
signal C

and βD = A2 f /A2
f

∣∣∣
signal D

for the signals

C and D similar to that shown in Fig. 5, as well as ∆β and its
normalized values versus initial status (M = 0). Data of the
normalized amplitudes A f−C and A f−D of signal C and D ver-
sus M are shown in Fig. 6. The amplitudes A f−C and A f−D
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of the lth primary CGW mode almost keep unchanged, and
its relative change rates are within 3%. Obviously, the lin-
ear property of primary CGW propagation is not suitable for
accurately monitoring the changes of equivalent inner layer
thickness in the CCT.
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Fig. 6. Data of the normalized amplitudes A f−C and A f−D of signals C
and D versus M.

According to Table 2, under different M, the data of nor-
malized ∆β for CGW propagation through one full circumfer-
ence are shown in Fig. 7. Clearly, the effect of SHG of primary
CGW propagation is sensitive to the changes in the equivalent
inner layer thickness (characterized by the layers of copper
foil tape M) in the given CCT. It should be noted that the cu-
mulative second harmonic, generated by closed propagation
features of CGWs, has a remarkable advantage compared to
other guided waves for accurately characterizing the change
of inner layer thickness.[22]
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Fig. 7. Data of normalized ∆β versus M.

The above experimental examinations show that the ef-
fect of SHG by primary CGW propagation is very sensitive
to change in the equivalent inner layer thickness in the given
CCT. The experimental results validate the feasibility that the
equivalent inner layer thickness of the CCT can be accurately
evaluated with ∆β .

4. Conclusions
This study has demonstrated the feasibility that the quan-

titative assessment of the change of equivalent inner layer
thickness can be conducted by the acoustic nonlinearity pa-
rameter of primary CGW propagation through one full cir-
cumference. With the selection of appropriate mode pair
of fundamental and double frequency CGWs in the given
CCT, the second harmonics by primary CGW can accumu-
late along circumferential direction. When the equivalent in-
ner layer thickness changes, the corresponding ultrasonic mea-
surements are conducted where a pair of wedge transducers
are used to generate the primary wave desired and to receive
its fundamental-frequency and second-harmonic amplitudes
on the outside surface of the CCT. Based on the values of
the fundamental-frequency and second-harmonic amplitudes
measured, the acoustic nonlinearity parameter for CGW prop-
agation through one full circumference of the examined CCT
can be determined. The experimental results show that the
acoustic nonlinearity parameter for CGW propagation is very
sensitive to the changes of equivalent inner layer thickness.
The relationship between the acoustic nonlinearity parameter
∆β measured via the closed propagation features of CGWs
and the layer of copper foil tape M provides a promising po-
tential for accurately characterizing the change of inner layer
thickness of the tested CCT.
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