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Thermodynamic properties of massless Dirac—Weyl fermions under
the generalized uncertainty principle”
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The Dirac—Weyl equation characterized quasi-particles in the T3 lattice are studied under external magnetic field using
the generalized uncertainty principle (GUP). The energy spectrum of the quasi-particles is found by the Nikiforov—Uvarov
method. Based on the energy spectrum obtained, the thermodynamic properties are given, and the influence of the GUP on
the statistical properties of systems is discussed. The results show that the energy and thermodynamic functions of massless
Dirac—-Weyl fermions in the T3 lattice depend on the variation of the GUP parameter.

Keywords: T3 lattice, massless Dirac—Weyl fermions, generalized uncertainty principle, thermodynamic

property
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1. Introduction

It is well known that in well-known Heisenberg uncer-
tainty principle, we can separately measure the position or
momentum of a test particle with arbitrary accuracy in prin-
ciple. However, various approaches to unifying quantum the-
ory with gravity support the idea that near the Planck scale,
the standard Heisenberg uncertainty principle should be re-
placed by the so-called generalized uncertainty principle that
implies the existence of a minimal length.!'*! Since Kempf
and co-workers developed the theoretical framework of quan-
tum mechanics based on a generalized uncertainty princi-
ple, the studies of Schrodinger equation, the Dirac equa-
tion and the DKP equation under the minimal length uncer-

[1,2,4,6,10

tainty have received much attention. | Some phenom-

ena in black hole remnants,['!! the trans-Planckian problem of
inflation,'>14! and the cosmological constant problem!!>-!7]
can be explained by generalized uncertainty relations. On
the other hand, in recent years, many fields of physics
have been influenced by the rapid development of topology,
and a variety of lattices can be designed for utilizing.!!8-23!
In particular, research of the Kagome,[?*2°! the Lieb and
Perovskite lattices,>”) the honeycomb,[?8! the square,!?%-30]
the checkerboard,*! the pyrochlore,3?! the diamond,**! the

23.35.30] have become one

square-octogon3#! and the T3 latticel
of the most active fields in condensed-matter physics. In such
lattices, quasi-particles are characterized by the Dirac—Weyl
equation. However, for Dirac-like particles with pseudo spin
in these lattices, we have s = 1, rather than as s = 1/2 for
graphene!?*36-37] and the algebraic properties of matrix in the
Dirac—Weyl equation are different from Dirac matrix in the

usual Dirac equation. The main purpose of this work is to ob-

DOI: 10.1088/1674-1056/abelaa

tain the exact energy levels of the Dirac-like particles under
external magnetic field and the generalized uncertainty princi-
ple and to study the corresponding thermal properties includ-
ing the partition function and mean internal energy, etc. This
paper is organized as follows: In Section 2, we first use the
Nikiforov—Uvarov (NU) method to solve the energy spectrum
and the wave function of T3 lattice under the generalized un-
certainty principle (GUP). Based on the energy spectrum, the
partition function of T3 lattice is obtained and other thermody-
namic functions of the system are further obtained. The varia-
tion curves of energy spectrum and thermodynamic functions
of T3 lattice under the GUP are drawn and analyzed briefly.
Section 3 is our summary.

2. Thermodynamic properties of the T3 lattice
under the GUP

Considering the effect of the gravitation, in more than
one dimension, the minimal measurable distance emerges in-
evitably, which can be encoded in the following form of the
Gup: -8l

AXAP; > 25, (1+ B((APY + (P)?)], (1

where f is the GUP parameter. The above inequality follows
from the modified Heisenberg algebra

[X;,Pj] = in&;;(1+ BP?). 2)

In the absence of the second term on the right-hand side, the
commutation relation (2) reduces to the usual Heisenberg’ al-
gebra. However, the above algebra does not admit a simple
representation in position space. In momentum space repre-
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sentation, if we define 1 0 —i 0
5 a Sy = ﬁ 1 O —l y
P, =pi, Xi=in(1+Bp )ap-’ 3) 0 i 0
1
1 1 O 0
where p* = Z pipi» and [x;, p;j| = ih&;j, [pi, pj] = [xi,xj] =0, =75 o 0 0 |. 5
0o 0 -1

itis easy to show that Eq. (2) can be satisfied up to linear-order
B if we substitute Eq. (3) into Eq. (2). Thus, under the gen-

. . . . These matrices satisfy angular momentum commutation
eralized uncertainty principle, for arbitrary quantum systems

. . . . relations. The corresponding eigenvalue equation of Hamilto-
the coordinates X; and momentum P; in the Hamiltonian must P gcie q

be replaced by X; = is(1+ p?) 3%,- and P, = p;, respectively.
Now let us consider the T3 lattice under the GUP with the
minimal length. The T3 lattice, illustrated in Fig. 1, has a unit Hy =Ly, ©)
cell with three different lattice sites, one six-fold coordinated

site H, called hub, and two three-fold coordinated sites A and where v = (ya(x,y), Wa (x,y), ya(x a)’))T is three-component
B, called rims. All nearest-neighbor pairs are formed by arim  eigenvectors of Eq. (6) and T denotes the transpose. Letting
and a hub.!?33] The corresponding low-energy Hamiltonian — E’ = v/2E /g then Eq. (6) becomes

nian in Eq. (4) reads

can be obtained by a long-wavelength approximation to the

tight-binding Hamiltonian. [( _ %A ) i ( Py — ¢ Ayﬂ Yy =E'yy,
C C
(a) B H A Y (b) N e
¢ ) )} Wy = E'yg,
Ve (pe= ) i (= Can) = E'v
\ ! e e
KOG (r ) 410 2)]
(\ 4(( \) c c
’_ Ca) _¢ _p
QR 7 A i)l m)mere o
4
7 \
’ }F‘— —‘(71 z‘_c< \ Using of Eq. (7) and considering magnetic field B = Bye,
’ I l_ _q . ‘
VALY \0 whose magnetic vector potential is chosen as the symmetric
Fig. 1. (a) The T3 lattice, characterized by translation vectors, v; = gauge A = (—BoY /2, BoX /2, 0), we can obtain the follow-

(3/2,—v/3/2)lo and vy = (3/2,/3/2){y, with lattice constant £y. Rim
sites A and B have a lower connectivity of 3 compared to 6 of the hub
site. (b) In the reciprocal space of T3 lattice, inverse lattice base vector

ing equation satisfied by yy:

b = 327’;(\53)( +ey), by = 3277(’)(\@6,( — ey), where /) is the distance B 2 B2
between two adjacent lattice points. Moreover the two non-equivalent px + p} + 72)( 2 + 20 Y2
Dirac points K and K’ are located at K = \/5 e and K' = 3\4}%’0 e,. 4c 4c
) 2 BZ E/2
As in graphene, in the T3 lattice, there are two inequiva- Y (X P, —YP)|lyy = — V- (8)

lent Dirac points, labeled K and K’, for a given Dirac point the

Hamiltonian reads!?336-37] It is well known that in polar coordinates of momentum space
H:UFS'<p_iA>, @) we have
(in units where ¢ = 7 = 1), the vg is the Fermi velocity, the px=pcosB, p,=psiné, — cosei _ ﬂi’
= —i(dy,dy) is the momentum operator in the lattice xy- Ipx dp.p 96
plane, while A(x,y) is the vector potential related to the mag- i —sin gi + cos@ i 9)
netic field. S in Eq. (4) are 3 x 3 matrices and has the follow- Ip y Ip p 96
ing form: )
0o 1 o Using the relationship (9) and setting Wy = @y (p)e'™®, where
5, = b 0o 1|, m represents the magnetic quantum number, with the help of
V2 0O 1 0 in(1 —|—[3p) (X1 X, X, =7Y), we can obtain

|
[ d? < 2Bp 1> d | —(m*B*+4Bj—2mB*)p* +2(m+ BGE" —m*B?)p* —m*
dp>  \1+pp? dp p*(1+Bp*)?
Next our task is to solve Eq. (10). Now, setting s = p?, Eq. (10) becomes

[dz o —ops d &P +Es— &

o =0. (10)

il — =0 11
ds2+s(1—a3s) s s2(1 — as)? O =5 an
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where

011—2\/ﬁ§2+ﬁ2§3+§1+ -BVE-B),

£ - m?B* mp? J o =/ &,
Ty T
2 0613—* \/ﬁéz-ﬁ-ﬁ §3+§1+*—ﬁ\/ (12)
m
& = 5 (m+BGE? —m’B?), &= R
38 It can be easily found that Eq. (11) is of the form basic equa-
=1, o= 5 B, ou=0 tion of the NU method. 381 Thus, we can straight-forwardly
B [32 obtain the corresponding energy and wave function using the
=" G +§1a o =-&, og=2s, NU method (also see Appendix). Then the corresponding
i mathematical expression satisfied by energy spectra can be ex-
%:ﬁ§2+ﬁ2§3+€1+ﬁ, ajp = 1+2/&, pressed as
|
B . Bim?  BPm?  BPm B> Bm (2n+1)B
- +BJE"? — B?m? - Bi+=— ———|(2n+1)——=—n(n—1
n+[\/ B2m?) + 1 T2 > tBt e~ (2n+1) ) n(n—1)p
1 2 4,2 212 2 2
5 m+BYE™ — Bm?) — B% +m\/§(m+B(2)E’2 gy P :’ P f - Bzm + B+ ?—6 =0, (13)

since B is a very small parameter, we only consider the first order term of 8 in Eq. (13). Hence, we find that the expression of

energy reads

E=vg

2m+ B (4n? —|—4mn—|—2m—|—4n—|—1)

\/430(211—1- 14+m)—

From Eq. (14), it is not difficult to find that in the case of B =0,
the Dirac particles in the T3 lattice still show a limited energy
value even if n = m = 0, which is consistent with the conclu-
sion in the T3 optical lattice under the condition of external
magnetic field.”>! Now let us focus on the characteristic wave
functions of the T3 lattice under the GUP. According to the
NU method,?8%3] we can obtain the wave functions of any
state of the T3 lattice:

vn(p) = Nup?VE (14 Bp2)P BEVER3 (1 L2p,p2) (15)

where

VBE+BE+ &+ 5

4B}

(14)

\
(e,B)

N, is the normalization constant and P, stands for Ja-

cobi polynomials. Next, we use the relationship between

the Jacobian polynomials and the hypergeometric functions
o F [38-40.42]

@p),, _ Tn+1+a)
B = ST e

1—
><2F1<—n n+a+p+La+1; 5 ) (16)

Further, the characteristic wave function y,(p) of any state of

o = 1~ B the T3 lattice in Eq. (15) is expressed as!38-44]
|
F(n+2y/&+1) 5 /e 248 ( 1 2>
(p) = Ny VST D) 28 (1 4 Bp2)0F [ —nont20/E 428 + =2/ & + 1:—Bp? ), 17
v (Pp) F2E s D (1+Bp°)°2F & 281+ 5.2V Bp

where I' is the Gamma function. Using Eq. (15) in Ref. [38], we obtain the analytic expression of normalized constant N, as

follows:

(A& —Dnl(n+/E&+6 +1)

n+2\/7+251+ )

N, = (18)
! (n+8)C(n+2y/&+ 3T (n+28)
In particular, when n = 0, the corresponding ground state wave function of the T3 lattice is
1
Vo(p) = Nop?V5 (14 Bp?)2F1(0,20/& +281 + 53:2v/& + ;- BP?), (19)

070302-3
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there

4V& - D(VE&E+8 + HI2/E+28 + 1)
51 2f+ 25]

Now we focus on the thermodynamic properties of the

No .(20)

massless Dirac—Weyl Fermions in the T3 lattice. First of all,
we know that the partition function Z expressed in Eq. (21) is

the basis for obtaining all thermodynamic quantities, (43461

z=Y e 9 (1)

where O = T T, kg is the Boltzmann constant. For the T3 lat-
tice, the corresponding partition function reads

Z = Z e*QE",

E, = Anz+un+1

2B
X \/4Bo(1 +m) —2m+ B(2m+1), (22)

where
_ 4B
" 4By(14+m) —2m+B(2m+1)’
4(Bm+ B +2By)
4By(1+m) —2m+B(2m+1)"

‘LLZ

Further, Eq. (21) can be rewritten as
7 — Z ef%\/lnzﬂmﬂ
n

2Byt

= , T=kpT. (23)
viy/4Bo(1+m) —2m+ B(2m+1)
Now setting y = %\ /An?+un+1 and using the following
relation; (4649

1 —s
= 57 L5260, (24)

the partition function (23) can be expressed as

7 — Ze—%w/ln2+un+l

n

1 1
— — [ ds(=

2m/c s(5)

_ i /C ds%)*sg(sm(s), (25)

Y (An*+un+1)"1G(s)

where G(s) and Q(s) are the Euler and Epstein zeta functions,

respectively, [47:48]
1
Qs =Y —— 26
O-Lri a0
with
F(1,n) = An*+un+1. 27

Setting x = % andy = ~ M =l , then Eq. (26) can be rewritten

as

Then, the partition function (25) becomes

2 5o [os(3) 260

1 1\ 243y
+2m/cds<r) = YT(s—1)

_s (l_;) s
XWH<S)G<S). (29)

Now let us apply the remainder theorem, we obtain

2nY?

2
Z=2C(0)+ﬁ(5(1)+C(0))T+ Ty (30)

It is worth noting that the last integral in Eq. (29) approaches
zero because of the following relation:

1 s T X\ -2
o) ° nzo{(”n)e } Gl

where r is Euler’s constant written as

r=lim ( i % 1og(n)>. (32)

k=1

Finally, the partition function of the massless Dirac—Weyl
Fermions in the T3 lattice under the GUP is obtained as fol-

lows:

2
— = 7? —r 1.
AVA—1 * N (33)

Based on the above partition function (33), we have other ther-

Z(r,A) =

modynamic functions of the massless Dirac—Weyl Fermions:

27 1
F=-TInZ)=-T1 T2+ —T-1), (34
S o R
U - Tzaln(Z)
ar
B ARY3VA+ AT — 1 35)
C2A2VAHAYVA— T —AVAZ =

070302-4
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dln(Z 27 1 4rY’ A+ ATVA -1
S=InZ)+T a;):ln<me2+ﬁT—l) N Y N/ s BN ey (36)
e @) 29%In(Z) _ 8AY VA +2AVA — 1
ar ar? Y2nVA+AY VA —1—AVAZ =4
+T24n(2nT27L FAYVAZ =4 —AVA3 —A2) —167°T2A — 8aY AVAZ — A —A2(A —1) . 37

QAY2VA+ATYVA —1—AVAZ—1)2

Before drawing the curves of energy spectrum and thermody-
namic functions of the T3 lattice under the GUP, we first make
a brief numerical analysis of the analytical expression of the
thermodynamic functions. For the asymptotic behavior, we
consider two special cases, namely high temperature and low
temperature: 09?1

(1) For a very high temperature range, the modified

canonical partition function in Eq. (33) is approximately

(38)

2By
vE/4Bo (14m)—2m-+B (2m-+1)
tain the average energy U and the specific heat C of the T3

where K = . Now we can easily ob-

lattice for a very high temperature,

dIn(Z)

U=1""220 ~ 24gT, 39
P B (39)

U
C~ — ~2kg. 40
o7 B (40)

(2) For a very low temperature range, we have

Z~—1, (41)

and consequently both average energy U and specific heat C
tend to zero:

U—0, C—0. 42)

Next, we draw a curve in Fig. 2, which is the variation of the
energy spectrum E of the T3 lattice under the GUP with the
principal quantum number n at different values of 3. The
variation curves of thermodynamic functions with variable 7
(kgT) under different values of § and m are plotted from
Figs. 3-7.

Figure 2 presents the reduced spectrum of energy E and
quantum number n of the T3 lattice under different values of
B. The results show that the energy of T3 lattice increases with
the increasing . In addition, the GUP parameter has a signifi-
cant influence on the energy spectrum, which is mainly shown
as the energy spectrum increases with the increase of . When
the GUP is absent (8 = 0), even if n = m = 0, the particles still
display a limited energy value, which is similar to the energy
spectrum of T3 optical lattice under the condition of external
magnetic field in Ref. [23].

0 10 20 30 40
n

Fig. 2. The energy E of the T3 lattice in the context of the GUP as a

function of the principal quantum number n for different values of 8

(Bo=vp=m=c=h=1).

It can be seen from Figs. 3 and 4 that the partition func-

tion Z and free energy F are negatively correlated with 7, 3
and m. Furthermore, at extremely low temperature, the parti-
tion function satisfies the asymptotic behavior Z ~ —1.

0
—10+
—20+
730,
N —m =1, 5=0.01
501~ m =2, 5=0.01
=501~ ;=2 3=0.05
_ m:2’6:01
—60 fmr m:371820.01
,,,,,,,, m=3, 8=0.05
70 ........ m:37.18:01 N N
~10, 100 200 300 400

-
Fig. 3. The partition function Z of the T3 lattice in the context of the
GUP as a function of 7 (kg7T') for different values of  and m (By =0.1,
vE=c=h=1).

According to Fig. 5, we can know that there is a posi-
tive correlation between the average energy U and 7. When
T remains constant, the larger the m becomes, the smaller the
average energy is. On the other hand, when f is different,
the average energy variation curve tends to be almost the same
straight line, which shows that the influence of 8 on the av-
erage energy is very small. In addition, the average energy
tends to U = 2kgT in a very high temperature range and to
zero U — 0 in a very low temperature range.
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0
—20}
—40}
—60¢+F
N m=1,8=001 SO
~80f—m =1, 3=0.05 3
—m=1,8=0.1
Cool-m=2,3=001
1001~ 7 =2, 3=0.05
_m=2,8=01
—120}—m =3, =001
,,,,,,,, m=3, 3=0.05
PP — m=3,8=0.1 . .
1405 100 200 300 400

T

Fig. 4. The free energy F of the T3 lattice in the context of the GUP
as a function of 7 (kp7') for different values of ff and m (By = 0.1,
ve=c=h=1).

700 " "
—m =1, =0.01
—m=1,3=0.05
600 __m=1,8=0.1
--m=2,6=0.01
L -~ m=2,8=0.05
500 —~ m=2,3=0.1
....... m=3,3=0.01
400 m=3, 3=0.05
> | m=3, =0.1 o;‘“
3001 Sl
L
2001 ’;’:‘;&
100t S
0
0 100 200 300 400

T

Fig. 5. The average energy U of the T3 lattice in the context of
the GUP as a function of 7 (kg7) for different values of B and m
(Bo=vp=c=h=1).

2.0

1.5

c
=
o
Ut =

WWWNNN =
TLLHTDHH®

0.5 -

(S

$33333333

0 o e e T 1

cooocooooo

HOORROOROO
Ut =

w
oF
o

0 100 200

T

400

Fig. 6. The specific heat C of the T3 lattice in the context of the GUP

28 :1 ?;nction of 7 (kgT) for different values of f andm (By =vg =c=
Figures 6 and 7 show the relationship between specific
heat C and entropy S with 7, respectively. It is not difficult
to see that they all increase with the increase of 7. We find
that the specific heat and entropy vary unobviously when f3
changes. It is worth mentioning that in Fig. 6, when the tem-
perature is extremely high, all the specific heat curves coin-
cide with each other and reach a fixed value C = 2kg, which is

completely consistent with the asymptotic expression of spe-
cific heat in the extremely high temperature range. However,
the heat capacity tends to zero C — 0 in the extremely low
temperature range, which satisfies the asymptotic behavior of
specific heat at low temperature.

14

127

10

8. 4
" m=1, 8=0.01
m=1, 8=0.05

61 m=1,5=0.1 ]
m=2, 3=0.01
4 H m =2, 3=0.05
.'5 m=2,3=0.1
1 m=3, 3=0.01

2 L m:3,,8:005'
! -m=3, =0.1

00 100 200 300 400

T

Fig. 7. The entropy S of the T3 lattice in the context of the GUP
as a function of 7 (kgT') for different values of B and m (By = 0.1,
ve=c=h=1).

3. Conclusion

In the framework of the modified version of quantum me-
chanics due to the generalized uncertainty principle (GUP),
the Dirac—Weyl equation characterized quasi-particles in the
T3 lattice are studied under external magnetic field using
the GUP. The corresponding eigenvalue equation is analyti-
cally solved by the Nikiforov—Uvarov (NU) method, then the
corresponding energy spectrum is extracted. By computing
the modified canonical partition function, the thermodynamic
properties of the system have been investigated. The influence
of GUP parameter on thermodynamic properties of the T3 lat-
tice is analyzed theoretically and numerically.

Appendix A

We briefly review the NU method which has been widely
used to solve various differential equations. 384433361 [ et us

consider the following differential equation

d? a—os d —&5?+Es—&
a2
)

-—+ }l// =0. (Al)
The corresponding eigenfunctions are

s(1—oss) ds s2(1 — o3s)?

%3 (ago—1, %L —ago—1)

y(s) =s"2(1 *a35)*0‘12’73Pn } (1-203s),

(A2)

and the energy spectrum of a system can be obtained from

on— (2n+1)os + (2n+1)(y/ 0 + a31/0g)

+nn—1)oz+ a7 +20308 +2+/0g09 =0, (A3)
where

o *l(lfa) o *l((x —203)

4= 5 1) s =50 3),

070302-6
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plob)

as =05 +&1, 0 =20u05—&,
o5 = 05 + &3,
oo =0 +204 +24/as,

o1 = 0 — 205 +2(1/0g + 03/05),

i = 04 ++/0g, Q13 = 05— (/0o + 031/0),

@By Llatntl) & (n
B (x)_n!r‘(a+ﬁ+n+1)mzo(m)

Mo+p+n+m+1) (x 1)’"
IMa+m+1) 2 '

ot = 03067 + 03 0l + Ot

(A4)

are Jacobi polynomials.
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