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We present a phase- and spin-dependent manipulation of leakage of a Majorana mode into a double quantum dot. We
study the density of states (DOS) to show the effect of phase change factor on the Majorana leakage into (out) of a double
quantum dot. The DOS is derived from the Green’s function of the quantum dot by the equation of motion method, and
exhibits a formant structure when φ = 0,2π and a resonance shape when φ = 0.5π and 1.5π . Also, it changes more strongly
under the spin-polarized coefficient than the non-polarized lead. Such a theoretical model can be modified to explore the
spin-dependent effect in the hybrid Majorana quantum dot system.
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1. Introduction

Majorana bound states[1–5] are at the forefront of con-
densed matter physics in the topological quantum computa-
tion. In fact, Majorana bound state can be realized by de-
tecting the hybrid Majorana quantum dot (QD) system,[6,7]

which is used as a spectrometer of Majorana by perform-
ing the bias-dependent spectroscopy.[8] Specifically, Majorana
bound states can be realized at the ends of a one-dimensional
semiconducting wire with spin–orbit coupling.[9] The recent
focus on the Majorana bound states is the perspective of in-
terferometer characteristics in Majorana quasiparticles.[10–15]

An Aharonov–Bohm interferometer has been studied through
controlling the phase factor to achieve the perspective of
single source excitation.[15,16] The interference effects were
studied[17,18] in the hybrid Majorana QD system through
Green’s function method. These results undoubtedly give a
method to elaborate experimental realizations in the hybrid
Majorana QD system. Also, recent literature gives the spin-
dependent effect of such an interferometer to verify the corre-
lation between the Kondo–Coulomb repulsion and Majorana
bound states.[19–21] The QD-coupled Majorana wire was used
to detect the Majorana bound states under the spin-polarized
condition.[22–26] They explored the spin properties inside the
Majorana by constructing the coupling between the electrode
and the Majorana QD system.[27–29]

Studying the spin-dependent properties plays an impor-
tant role in the hybrid Majorana QD system. However, the
research is still insufficient in explaining the spin properties of
such hybrid Majorana QD system. The Majorana zero mode
can be detected in recent setup through the QD density of

states (DOS). Here, we show that the multi-QD system can
also be used to manipulate the Majorana zero mode.

2. Model and theory
As shown in Fig. 1, we consider an interferometer which

consists of double quantum dots coupled to a Majorana topo-
logical superconducting wire and a metallic (or a ferromag-
netic) lead. When the tunnel couplings between the Majorana
bound states and the QDs are fixed to a specific phase, the
DOS becomes unchangeable irrespective to the coupling be-
tween the Majorana and the double quantum dots. The de-
tection of Majorana mode in Majorana wire without electrode
coupling has been discussed.[9,15] In the ring structure, it al-
lows us to analytically explore the effect of phase change fac-
tor on the Majorana leakage into (out) of the double quantum
dots. Also, we incorporate the situation of spin dependence
into the lead, which is sensitive to the unique interaction of the
double quantum dots. We consider the noninteracting regimes
of the double quantum dots. We provide an exact retarded
Green’s function to calculate the DOS of the two dots by us-
ing the equation of motion (EOM) method.[30,31] While the
noninteracting quantum dot is enough for obtaining the exact
expression for the Green’s function, it can also show the infor-
mation about the Majorana signature co-existing together with
some related phenomena.[32,33] Hence, the Hamiltonian can be
expressed as

H = HQD +HM +HDM, (1)

where

HQD = ∑
n=1,2

εnσ d†
nσ dnσ +∑

k,σ
(Vnσ d†

nσ ckσ +V ∗nσ c†
kσ

dnσ )
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+∑
k,σ

εkσ c†
kσ

ckσ (2)

is the QD’s Hamiltonian which connects with the lead. Here,
εnσ is the energy level of dot, d†

nσ (dnσ ) denotes creating (an-
nihilating) a particle in the dot, c†

kσ
is the creation operator

of a particle with momentum 𝑘, and spin σ in the lead with
the band energy εkσ , Vnσ is described by V1σ =V1 e−iφ/4, and
V2σ = V2 e iφ/4 to represent the coupling effect depending on
the broadening parameter, which can be finally given by an
effective coupling in the form of

Γnσ = π ∑
kσ

|Vnσ |2 δ (ε− εkσ )

in the wide band limit φ = Φ/Φ0, Φ0 = h/2e is the magnetic
flux phase factor threading through the ring of the system.

HM = iεMγ1γ2 (3)

represents the Majorana Hamiltonian with γ1(2), the corre-
sponding Majorana fermion operators which fulfill

{
γi,γ j

}
=

δi j at the two ends of the Majorana wire, εM is the overlap
amplitude depending on the wire parameters: εM ∝ exp[−L/l]
with L being the length of the wire

HDM= ∑
n=1,2

(λndnσ −λ
∗
n d†

nσ )γ1 (4)

is the coupling Hamiltonian between the double QDs and the
Majorana wire λ1 = |λ1| e iφ/4,λ2 = |λ2| e−iφ/4 denote the re-
spective phase-dependent coupling strength around them. The
phase selection of V1σ(2σ) and λ1(2) depends on what case they
are in: the unitary case or antiunitary case. For example, we
consider the antiunitary case and choose the phase parame-
ters as before. We write γ1 and γ2 as a superposition of the
creation f+M operator and annihilation fM operator by defining
γ1 = ( fM+ f †

M)/
√

2 and γ2 =−i( fM− f †
M)/
√

2, where fM and

f †
M are the regular fermion operators satisfying

{
f †
M, fM

}
= 1,

which transforms the Majorana Hamiltonian into[34,35]

HMB = εM

(
f †
M fM−

1
2

)
. (5)

In this representation, the effective coupling between the Ma-
jorana wire and the quantum dots in Eq. (4) becomes

HDM = ∑
n

1√
2
(λndnσ −λ

∗
n d†

nσ )( fM + f †
M). (6)

We describe the DOS in order to describe the phase-
dependent characteristics of the system. We focus on these
quantities to explore the coexistence and interplay of phase
and spin couplings of the system. We use the EOM proce-
dure to obtain the full retarded Green’s function, which can be
written as the following form:

[Gr
σ ]
−1 =



ε− ε1σ + iΓ1σ 0 i
√

Γ1σΓ2σ exp[−iφ/2] 0 λ ∗1 /
√

2 λ ∗1 /
√

2
0 ε + ε1σ + iΓ1σ 0 i

√
Γ1σΓ2σ exp[iφ/2] −λ1/

√
2 −λ1/

√
2

i
√

Γ1σΓ2σ exp[iφ/2] 0 ε− ε2σ + iΓ2σ 0 λ ∗2 /
√

2 λ ∗2 /
√

2
0 i

√
Γ1σΓ2σ exp[−iφ/2] 0 ε + ε2σ + iΓ2σ −λ2/

√
2 −λ

/
2

√
2

λ1/
√

2 −λ ∗1 /
√

2 λ2/
√

2 −λ ∗2 /
√

2 ε− εM 0
λ1/
√

2 −λ ∗1 /
√

2 λ2/
√

2 −λ ∗2 /
√

2 0 ε + εM


. (7)

The density of states can be written as ρnσ =

−(1/π) ImGr
nσ where Gr

nσ is the matrix element of the full
retarded Green’s function Gr

σ .

γ2 γ1

λ1 V1σ

V2σ

λ2

Φ lead

QD1

QD2

Fig. 1. Schematic diagram of Majorana-double quantum dots system in
which single Majorana mode γ1 is located at the edge of a one-dimensional
Majorana topological superconducting wire which is coupled to double quan-
tum dots attached to a single metallic lead, λ1(2) is the effective coupling
strength between Majorana bound states and the quantum dot1(2), V1σ(2σ)

represents the coupling strength between quantum dot1(2) with metallic lead,
and Φ is the magnetic flux threading through the ring of the system.

3. Results and discussion

In this section, we give the numerical results under differ-
ent coupling effects on the phase. We first study the prop-
erties of DOS under different values of phase φ in Fig. 2.
We choose the same coupling strength as Γ1σ = Γ2σ = Γ and
|λ1| = |λ2| = λ for the same DOS of the two QDs. The
DOS exhibits a relatively flat region at ε = 0 and a reso-
nance around ε = ±1.0 in Fig. 2(a). The bimodal structure
gradually gathers towards ε = 0 and a more pronounced reso-
nance peak structure appears in Fig. 2(b). The bimodal struc-
ture disappears instead of a single resonance peak structure
in Fig. 2(c). The characteristics of phase dependence can be
explained by the diagonalization of the central Majorana QD
Hamiltonian. The resonance of DOS is found to be related
to the matrix of the retarded Green’s function. Namely, the
position of resonance is determined by the zero point of the
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Green’s function Gr
nσ , which has the real form as Re[Gr

nσ ] =

ε2([ε2− 2(Γ 2 + λ 2)]2−
√

4(Γ 2 +λ 2)2 +8Γ 2λ 2(1− cosφ))

and the imaginary part as Im[Gr
nσ ] = 4Γ ε3[(ε2 − 3λ 2) +

λ 2 cosφ ]. The change of phase leads to the DOS sym-
metry by taking a specific value of Γ and λ . For exam-
ple, the shape of the DOS repeats when cosφ = 1, 0, −1.
We write the analytical form for the zero energy dispersion
as ε2 = 2(Γ 2 + λ 2)]2 ±

√
4(Γ 2 +λ 2)2 +8Γ 2λ 2(1− cosφ),

which determines the peak resonance curve located at ε2 =

±2
√
(Γ 2 +λ 2)] =±1.[18] This formation and variation of the

DOS probability results from the interference process between

the two quantum dots and the lead. The energy oscillation

shows 2π periodicity.[15] Therefore, it opens up possibilities

for manipulating the Majorana bound states in a nontrivial way

by the varying phase.
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ε ε ε

Fig. 2. Densities of states under different values of phase φ threading through the ring of the system. The other parameters are chosen as follows:
εM = 0, ε1σ = ε2σ = 0, Γ1σ = Γ2σ = 0.5Γ0, λ1 = λ2 = 0.5Γ0, where Γ0 is chosen as the unit of the energy.

Next, we study the specific DOSs (e.g. ρ(0.05)) versus
variable φ under different coupling strengths in Fig. 3. Fig-
ure 3(a) shows the case of changing dot–lead coupling (Γ )
and constant Majorana QD coupling (λ ). Figure 3(b) displays
the case of changing λ and constant Γ . When Γ is small,
the DOS shows a resonance around φ = π , therefore we can
ignore the effect of the electrode on the quantum dots. How-
ever, it changes to an anti-resonance case and two symmetri-
cal peaks form when Γ increases from Γ = 0.1 to Γ = 0.5.
The DOS (Fig. 3(b)) shows a minor change when λ is var-
ied. In order to further verify this different coupling effect,
we give the DOSs under different values of λ2 in Figs. 3(c)
and 3(d). When λ2 is small, the DOSs for QD1 and QD2 are
both exhibiting anti-resonant structures at φ = 0. The periodic
characteristics are consistent with that presented in Fig. 2. If
we consider the case of uniform coupling changing of the sys-
tem, it can be described by the same rule as that described
in Fig. 2. We can then determine where the resonance will
appear by solving the retarded Green’s function denominator
from the change of λ and Γ . When considering the unequal
couplings λ and Γ , it will be reflected in different DOSs of the
two dots. The ρ1σ changes from the anti-resonance structure
to the resonance structure at φ = 0, while ρ2σ decreases with
λ2 increasing. The reason is related to the coupling between
the Majorana QDs by considering the self-adjoint character-
istics of Majorana bound states. The self-adjoint behavior of
Majorana fermions results in the characteristic of DOS, which
is a remarkable signature of the presence of the Majorana zero
mode leaking into the lead and the QD. We consider QD1 to
have the same coupling constant, but QD2 to possess a differ-
ent coupling coefficient. λ2 increases the antiresonance point

in the DOS of QD1, but it reduces the value in the DOS of
QD2. The interplay is manifested in the QD DOS, which will
destroy the symmetry property. When λ2 is increased, the in-
fluence of its interaction on QD2 is significantly greater than
that on QD2: λ2 will cause its resonance energy to increase
due to the relation ε2 =±2

√
(Γ 2 +λ 2). The DOS resonance

energy shifts toward higher energy level and it will split as
the energy level increases. Therefore, we see the result of the
transition from anti-resonance to resonance in Fig. 3(d). For
the detection of the Majorana zero mode of the system, we
readily know that in the presence of Majorana bound states,
the change of DOS is helpful for the relevant experiment. The
main cause should be attributed to the weakened transport in
the presence of Majorana QD coupling. The increase of λ en-
hances (suppresses) the amplitude of ρ1σ (ρ2σ ). The DOS is a
probe of the presence of the Majorana bound states.

It should be noted that that in addition to the values of Γ

and φ , the formant of DOS is also related to the increase of
the coupling constant. This coupling effect leads to an asym-
metric structure of the energy levels. From the perspective
of the real and imaginary parts of the specific Green’s func-
tion of the two QDs, we will find the influence of such an
asymmetric structure on Majorana bound state if λ1 6= λ2. For
comparisons, we present the DOS under different values of
the coupling strength λ2 in Fig. 4. The DOS shows different
behaviors, based on which one can see whether there are Ma-
jorana bound states in this system. A resonance structure still
exists around ε = 0 with the value of λ2 changing as shown
in Fig. 4(a). But λ2 induces the Majorana modes to change
ρ2σ around ε = 0 and shifts toward the large energy and it
finally shows a transition from antiresonance to resonance as
indicated in Fig. 4(b). The presence of the Majorana modes
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efficiently dissolves the antiresonance point in the DOS while
inducing a resonance to appear at the same energy position.
Therefore, we can conclude that such a relationship is suffi-

cient to show the importance of the coupling relationship be-
tween Majorana and QDs. We believe that this work can be
helpful in the relevant experiments.

ρ
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(2
)σ

ρ
1
σ

ρ
2
σ

0 0.5 1.0 1.5 2.0
0

0.5

1.0
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2.5

0 0.5 1.0 1.5 2.0
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0.5

1.0

1.5
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(b)  
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φ/π

φ/π φ/π
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Fig. 3. Specific DOSs varying with φ for the cases of [(a), (b)] the same coupling strength: Γ1σ = Γ2σ = Γ , λ1 = λ2 = λ ; [(c), (d)] different values of
coupling λ2. The other parameters are εM = 0.0, ε1σ = ε2σ = 0, λ1 = 0.1, Γ0, Γ1σ = Γ2σ = 0.1Γ0.

ρ
1
σ

ρ
2
σ

-1 0 1
0

0.5

1.0

1.5

-4 -2 0 2 4
0

0.2

0.4

0.6

0.8

ε

(a) DOS of QD1

ε

(b) DOS of QD2

λ2=0.3 λ2=0.5

λ2=1.0 λ2=1.5

λ2=0.3

λ2=0.5 
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Fig. 4. DOSs under different coupling strengths, with parameters being
Γ1 = Γ2 = 0.5, λ1 = 0.5, and φ = 0.

Finally, we consider the spin-dependent lead by introduc-
ing a definition of spin polarization strength p of the lead–dot
coupling (p = (Γ−nσΓnσ̄ )/(Γ

+
nσΓnσ̄ )). We then define the paral-

lel case in Figs. 5(a) and 5(b). Namely, Γ1↑↓ = Γ2↑↓ = 1± p is

the spin-up and spin-down coefficients of the lead. Each ρ1(2)↑
at ε = 0 decreases to a minimum value and the resonance
is weakened as the value of p increases (Fig. 5(a)). How-
ever, each increases with the value of p increasing (Fig. 5(b)).
The DOS at ε = 0 shows anti-resonance (resonance) structure
at small (large) p. The anti-resonance varies with resonance
transformation around ε = 0 when p increases from p = 0.6
to p = 0.9. The value for the spin-down DOS is larger than
that for the spin-up DOS as indicated in Figs. 5(a) and 5(b).
Namely, the spin-down mainly contributes to the total DOS
in the parallel configuration. Unlike the coupling between
electrodes and quantum dots, the spin-down is the main spin
coupling between Majorana bound states and quantum dots.
The Majorana mode is assumed to be provided by a fully po-
larized spin-down.[24] When we consider the spin-dependent
coupling, the quantum dot will be changed by the spin cou-
pling in the electrode. When p increases, the corresponding
spin-down coupling is strengthened. The spin-down character-
istics are significantly affected, which is beneficial to the sys-
tem to measure the spin properties of the Majorana hybridized
quantum dot system.

We further explore the DOS in the antiparallel couple
case (Γ1↑↓ = 1± p,Γ2↑↓ = 1∓ p), and the results are shown
in Figs. 5(c) and 5(d), respectively. Unlike the parallel cou-
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ple case, ρ1 increases with p increasing, the value of anti-
resonance decreases around ε = 0, and the peak structure at
other energy levels increases. The Γ1↑ increases with p in-
creasing, while Γ2↑ decreases as p increases. Meanwhile, ρ2

exhibits an inversion when p reaches a large value due to the
effects of down-spin. The original resonance transforms into
an anti-resonance structure, which can be used to explain the
origin of the major spin-down properties.
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Fig. 5. DOSs with different values of spin polarization strength p, showing [(a), (b)] parallel lead alignment, and [(c), (d)] anti-parallel coupling state
between lead and two QDs, with other parameters being εM = 0, ε1σ = ε2σ = 0, λ1 = λ2 = 0.5Γ0, and φ = 0.

4. Conclusions
In summary, we have studied the physical phase-

dependent properties of the double quantum dots coupled to
a Majorana nanowire in a controlled parameter regime. The
DOSs of the two quantum dots exhibit different resonance and
anti-resonance behaviors driven by different phases and differ-
ent coupling competitions. The DOS exhibits a formant when
φ = 2π . But the resonance structure shields and the bimodal
structure gradually gathers when φ = 0.5π and 1.5π . We also
studied the DOSs of electrons under different spin polariza-
tion intensities. A characteristic of the spin-down DOS panel
changes more strongly than that of the spin-up DOS. We be-
lieve that the model discussed presents a good way to effec-
tively verify the spin-dependent mode in the hybrid Majorana
QD device.
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[6] Deng M T, Vaitiekėnas S, Hansen E B, Danon J, Leijnse M, Flensberg
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