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We build a double quantum-dot system with Coulomb coupling and aim at studying connections among the entropy
production, free energy, and information flow. By utilizing concepts in stochastic thermodynamics and graph theory anal-
ysis, Clausius and nonequilibrium free energy inequalities are built to interpret local second law of thermodynamics for
subsystems. A fundamental set of cycle fluxes and affinities is identified to decompose two inequalities by using Schnaken-
berg’s network theory. Results show that the thermodynamic irreversibility has energy-related and information-related
contributions. A global cycle associated with the feedback-induced information flow would pump electrons against the bias
voltage, which implements a Maxwell demon.

Keywords: quantum dot, nonequilibrium free energy, information, graph theory analysis
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1. Introduction

Irreversible thermodynamics is an extension of thermo-
dynamics that studies transport phenomena such as the ex-
changes of mass, energy, and charge.[1] The Onsager reci-
procity theorem expresses the rate of entropy production as the
sum of the products of each flux and its conjugate affinity.[2–4]

This thermodynamic relation is applicable for most far-from-
equilibrium systems, even without accounting for the linear
response regime. A nonzero affinity implies that a system is
not in equilibrium and irreversible processes drive the system
towards the state of equilibrium. The criterion for the selection
of basic thermodynamic flows and forces remains a question
worth exploring. For instance, the rate of entropy production
of a thermoelectric device can be equivalently expressed in
energy and heat representations.[5] Instead of collecting flows
according to thermodynamic forces acting in the energy trans-
duction, biogeochemical systems adopt basic graph concepts
used in network analysis.[6]

Graph theory analysis indicates that some fundamental
cycles make positive contribution to the total rate of entropy
production in the ensemble.[7] Therefore, the cycles in graph
may tell us the essential driving forces from the complex net-
works in living systems. Schnakenberg expressed the macro-
scopic entropy production of stochastic processes in terms of
cycles from the network, because the products of the transition
rates along a cycle depend only on the macroscopic thermody-

namic affinities maintaining the system out of equilibrium.[8]

Horowitz et al. used a graph theoretic method to provide a
unified thermodynamic scheme describing information trans-
fers in autonomous systems.[9] Yamamoto introduced a graph
contraction method to prove that the Onsager coefficient as-
sociated with the driving of an information current satis-
fies the Onsager reciprocity.[10] Graph theory concepts have
achieved great success at learning irreversible thermodynam-
ics of the energy,[11,12] entropy, fluctuation,[13] and informa-
tion at nanoscale.[14,15] Peusner developed network thermody-
namics by combining theories of nonequilibrium thermody-
namics, circuit theory, and graph theory to broaden applicabil-
ity to biological systems.[16–22] The application of graph the-
ory and network thermodynamics to analyze cycle fluxes, edge
fluxes and energy transport processes in quantum systems may
guide to design thermal nanodevices.

On the one hand, many studies were concerned with
the formalism of free energy for irreversible thermodynam-
ics. Crooks related nonequilibrium measurements of free en-
ergy differences to the work were performed on microscop-
ically reversible Markovian systems.[23,24] The Jarzynski re-
lation, which relates the free energy differences between two
states to the irreversible work along an ensemble of trajecto-
ries joining the same states, has been often used for calcu-
lating the equilibrium free energies of classical and quantum
systems.[25–28] Esposito introduced the concept of nonequilib-
rium system free energy to understand the irreversible work
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in Hamiltonian dynamics of an open driven system.[29,30]

More recently, the investigations of free energy were gen-
eralized to systems coupled to the environment with multi-
ple heat baths.[31–34] Nonequilibrium Clausius and free en-
ergy inequalities are used to clarify the information and en-
ergy regimes in nonequilibrium systems.[35–43] Miyahara et
al. derived the Sagawa–Ueda–Jarzynski relation under a non-
isothermal system to measure the change of free energy.[34]

Ptaszyński et al. formulated a nonequilibrium free energy in-
equality for a generic open quantum system weakly coupled to
multi heat sources.[31] Despite recent developments, relatively
little attention has been paid to correlate the non-equilibrium
free energy in terms of thermodynamic affinities and flows. By
considering the great success of graph theory analysis in irre-
versible thermodynamics, a cycle decomposition may help to
establish this connection.

Considering a double-quantum-dot system, we will em-
ploy graph theory to analyze the entropy production and the
non-equilibrium free energy of an open quantum system obey-
ing continuous-time Markov jump process. The contents are
organized as follows: In Section 2, the general model of
two quantum dots coupled in parallel to four electronic reser-
voirs with different chemical potentials is briefly described.
Schnakenberg’s network theory is applied to obtain fundamen-
tal cycle fluxes and affinities. Nonequilibrium Clausius and
free energy inequalities of subsystems at steady state are de-
rived. In Section 3, thermodynamic characteristic functions
varying with the Coulomb coupling strength will be evaluated
numerically. Finally, main conclusions are drawn.

2. Model and methods
2.1. The double quantum-dot system with Coulomb cou-

pling

The considered model is a bipartite system that consists
of capacitively coupled quantum dots X and Y , as shown in
Fig. 1(a). The quantum dots X and Y with energies εX and
εY are coupled via the long-range Coulomb force U such
that they only exchange energy but no electrons. The states
of the composite system are given by a four-state basis z =
{|(x0,y0)⟩ , |(x1,y0)⟩ , |(x0,y1)⟩ , |(x1,y1)⟩}, where x0 and y0 (x1

and y1) represent that the site of X and Y is empty (filled), re-
spectively. The quantum dot X (Y ) is connected to two Fermi
reservoirs XL and XR (Y L and Y R) and admits electron trans-
ports through parallel interacting channels. Figure 1(b) is the
equivalent circuit showing the capacitive couplings between
quantum dots and reservoirs. Vν = µν/e (ν = XL,XR,Y L,Y R)
determines the voltage of reservoir ν , where µν is the chemical
potential and e is the elementary positive charge. The imbal-
ance capacitances between the quantum dot and the terminal
ν and between X and Y are defined as Cν and C, respectively;
φx and φy are the electrostatic potentials in each quantum dot

at state |(x,y)⟩. The total charges of X and Y at state |(x,y)⟩
are the sum of charges on all of capacitors connected to X and
Y ,[44,45] i.e.,

qx = CXL (φx −VXL)+CXR (φx −VXR)

+C (φx −φy) , (1)

qy = CY L (φy −VY L)+CY R (φy −VY R)

+C (φy −φx) . (2)

These two equations can be expressed more compactly in a
matrix form[

qx +CXLVXL +CXRVXR
qy +CY LVY L +CY RVY R

]
=

[
C′

X −C
−C C′

Y

][
φx
φy

]
, (3)

where C′
X =CXL+CXR+C and C′

Y =CY L+CY R+C define the
total capacitances of X and Y . The electrostatic potentials φx

and φy are then conveniently expressed using the capacitance
matrix [

φx
φy

]
=

1
C′

XC′
Y −C2

[
C′

Y C
C C′

X

]
×
[

qx +CXLVXL +CXRVXR
qy +CY LVY L +CY RVY R

]
. (4)

The electrostatic energy for a given quantum state is com-
puted by

U(x,y) =
1
2
[
qx +CXLVXL +CXRVXR,qy

+CY LVY L +CY RVY R
][ φx

φy

]
. (5)

Note that qx (qy) = 0 or e, depending on whether X (Y ) is
empty or occupied. Thus, the electrostatic energies for the
four quantum states read

U(x0,y0) =
1

2(C′
XC′

Y −C2)

×
(
C′

Y𝒬2
x +2C𝒬x𝒬y +C′

X𝒬2
y
)
,

U (x1,y0) =
1

2(C′
XC′

Y −C2)

×
[
C′

Y
(
e2 +2e𝒬x

)
+2eC𝒬y

]
+Ux0y0 ,

U (x0,y1) =
1

2(C′
XC′

Y −C2)

×
[
2eC𝒬x +C′

X
(
e2 +2e𝒬y

)]
+Ux0y0 ,

U (x1,y1) =
2e2C

2(C′
XC′

Y −C2)

+Ux1y0 +Ux0y1 −Ux0y0 , (6)

where 𝒬x = CXLVXL +CXRVXR and 𝒬y = CY LVY L +CY RVY R.
We are now capable of determining the change of energy in
the system when an electron tunnels into a quantum dot. When
the other dot is empty, the charging energies of X and Y are,
respectively, given by

UX0 =U (x1,y0)−U(x0,y0),
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UY0 =U (x0,y1)−U(x0,y0). (7)

On the other hand, when the other dot is occupied, the charg-
ing energies of X and Y are, respectively, expressed as

UX1 =U (x1,y1)−U (x0,y1) ,

UY1 =U (x1,y1)−U (x1,y0) . (8)

The differences of charging energies UX1 −UX0 =UY1 −UY0 =

U , where U = q2C/
(
C′

XC′
Y −C2

)
determines the quantized en-

ergy which can be transferred from one dot to the other.

εY

εX

fXL fXR

fYL fYR

U

Γxi

C

CXRCXL

CYL CYR

VXRVXL

VYRVYL

↼YL↽ Γxi
↼YR↽

Γyi
↼XR↽

Γyi
↼XL↽

φxqx

φyqy

(a)

(b)

Fig. 1. The schematic diagram of a Coulomb-coupled double quantum-
dot system. (b) The equivalent circuit showing the capacitive couplings
between quantum dots and reservoirs. Each dot connects to an electron
reservoir ν via the tunneling junction with junction resistance Rν and
capacitance Cν in parallel.

2.2. The master equation

Let p(z, t) be the probability of state z of the coupled
quantum dots at time t. In the regime of sequential tunnel-
ing approximation, the broadening of energy levels can be ne-
glected and the transmission through tunnel barriers is defined
by the sequential tunneling of a single electron. Thus, the
time evolution of p(z, t) is governed by a Markovian master
equation[46–48]

d
dt

p(z, t) = ∑
z′,ν

[
R(ν)

zz′ p(z′, t)−R(ν)
z′z p(z, t)

]
. (9)

The transition rate from state z′ to state z induced by reservoir
ν reads

R(ν)
zz′ =


R(ν)

xx′|y (x ̸= x′,y = y′,ν = XL,XR),

R(ν)
yy′|x (x = x′,y ̸= y′,ν = Y L,Y R),

0 (otherwise),

(10)

where x′ ∈ {x0,x1} and y′ ∈ {y0,y1}. We have assumed that
the two subsystems should not change their states simultane-
ously during a single transition process. The transition rates
follow from Fermi’s golden rule[49–51] and are given by

R(ν)
x1x0|yi

= Γ
(ν)

yi f (ν)yi ,

R(ν)
x0x1|yi

= Γ
(ν)

yi

(
1− f (ν)yi

)
,

R(ν)
y1y0|xi

= Γ
(ν)

xi f (ν)xi ,

R(ν)
y0y1|xi

= Γ
(ν)

xi

(
1− f (ν)xi

)
, (11)

where R(ν)
x1x0|yi

and R(ν)
x0x1|yi

describe electron transfers in and

out of dot X through reservoir ν , respectively. R(ν)
y1y0|xi

and

R(ν)
y0y1|xi

are the transfer rates of electron in and out of dot

Y . Here f (ν)xi =
{

1+ exp
[
βν

(
εY +UY0 + iU −µν

)]}−1 and

f (ν)yi =
{

1+ exp
[
βν

(
εX +UX0 + iU −µν

)]}−1
(i = 0,1) are

the Fermi-Dirac distribution functions of reservoir ν at tem-
perature Tν and chemical potential µν . All temperatures are
set to be equal, i.e., Tν = T . The inverse temperature parame-
ter βν = 1/(kBTν), where kB is Boltzmann’s constant and we
set kB = 1 in the discussion. Γ

(ν)
xi (Γ (ν)

yi ) is a positive constant
describing the height of the potential barrier between dot Y (X)

and reservoir ν . The potential barrier of Y , characterized by
Γ

(ν)
xi , depends on the state of X , and vice versa.

2.3. Schnakenberg’s network theory

Schnakenberg stated that nonequilibrium random pro-
cesses could be investigated and understood by carrying out
the graph analysis associated with the master equation.[8,10,13]

For purposes of relating thermodynamic properties to funda-
mental fluxes and affinities, a graph representation of the dy-
namics of the double quantum-dot system is introduced. In-
stead of using the master equations, the graph representation
in Fig. 2 identifies a fundamental set of cycles of the quan-
tum network. We will show that it is the fluxes associated
with the cycle basis that captures the mesoscopic currents for
energy and information transfers, which allows us to under-
stand the irreversible thermodynamics in a more intuitive way.
Nevertheless, one should note that because Schnakenberg de-
veloped the network theory using the method of Kirchhoff’s
circuit laws to determine the steady state solution,[13] the ex-
act time evolution of a nonequilibrium small system can only
be solved by the master equation.

According to Schnakenberg’s network theory, a vertex in
the graph G represents a state of the system z. As shown in
Fig. 2, the dark-orange circle represents the state of dot X ,
while the dark-green circle shows the state of dot Y . They are
either completely filled or completely empty, indicating that
the corresponding quantum dot is filled with one electron or
not. A red double-headed arrow stands for forward and back-
ward transitions between two states (x,y) ⇐⇒ (x′,y′). Two
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arbitrary states can be connected by several edges if several
elementary processes allow transitions between them. A di-
rected edge e :=

(
z′ ν→ z

)
(the single-headed curly arrow of a

cycle with a directed orientation) is corresponding to the tran-
sition from state z′ to state z through reservoir ν with a nonzero
transition rate R(v)

zz′ . One can arbitrarily choose the direction of
an edge, such as the directed graph in Fig. 2. For edge e, the
edge affinity and edge current are, respectively, defined by

ℱe = ln
R(ν)

zz′

R(ν)
z′z

, (12)

Je = R(ν)
zz′ p(z′, t)−R(ν)

z′z p(z, t). (13)

We next define the effective affinity of edge e as

ℱe := ℱe + ln
p(z′, t)
p(z, t)

. (14)

Because Je = 0 results in ℱe = 0, the effective affinity acts
as the conjugate of current Je. In contrast, ℱe can be regarded
as the bare thermodynamic affinity related to the detailed bal-
ance.

↼x↪ y↽ ↼x↪ y↽

XL

XR

YRYL YR

XL

XR

YLYC1

↼x↪ y↽ ↼x↪ y↽

YC2

XC2

XC1

Fig. 2. Illustration of the directed graph G and the cycle basis. The
vertices represent the four states of the two quantum dots, and a double-
headed arrow stands for forward and backward transitions between two
states induced by a reservoir. The single-headed curly arrows are the
edges of a cycle basis with a directed orientation. Note that we can
arbitrarily choose the direction of an edge.

According to Kirchhoff’s current law,[8] the stationary
Master equation [Eq. (9) with d

dt p(z, t) = 0] leads to

∑
z′,ν

Je = 0. (15)

By specifying the set ℰ as a collection of directed
edges (represented by the single-headed curly arrows) in
Fig. 2, we have (z′ → z) ∈ ℰ ⇒ (z → z′) /∈ ℰ . Un-
der the assignment in Eq. (10), each edge only de-
scribes a transition in X or Y . Therefore, one can
use the set ℰX :=

{
e =

(
(x′,y) v→ (x,y)

)
∈ ℰ
}
(x ̸= x′) to

describe transitions in X and the other set ℰY :=

{
e =

(
(x,y′) ν→ (x,y)

)
∈ ℰ
}
(y ̸= y′) to cover transitions in Y .

The set ℰ of all edges is then divided into two parts ℰX and ℰY .
The method to identify the fundamental cycles of the

graph is based on the definition of a maximal tree T (G) of
the graph G, which satisfies the following properties: Firstly,
a maximal tree T (G) is a subgraph of Fig. 2, which contains
all the vertices. All the edges of T (G) are edges of Fig. 2
and are connected. Secondly, the maximal tree T (G) contains
no cycle, i.e., no cyclic sequence of edges. Obviously, the
four state model has four type of maximal tree. We choose
one of the maximal tree T (G), as shown in Fig. 3(a). The
edges, which are the edges of the graph but do not belong to
the edges in Fig. 3(a), are called the chords of the maximal
tree. If we add a chord l (l ∈ ℰ and l /∈ T (G)) to the max-
imal tree T (G), the resulting subgraph contains exactly one
basis cycle by removing all the edges which are not part of
the circuit from T (G)+ l. By following the above description
and assigning an arbitrary orientation, the set of fundamental
circuits 𝒞0 = {C1,C2,C3,C4,C5} can be obtained, as shown in
Fig. 3(b). A maximal tree together with its associated funda-
mental set of cycles 𝒞0 provides a decomposition of the graph
G. It can be chosen arbitrarily because each cycle in 𝒞0 can
be redefined by linear combinations of the cycles of the fun-
damental set. We next introduce a directed cycle as a directed
sequence of connected edges with the same initial and termi-
nal vertex. According to the assignments of the directions of
edges in Fig. 2, the circuit C5 cannot form a directed cycle.
The circuits C4 and C5 are linearly combined to define circuit
C6. Figure 3(c) shows that C6 contains all edges of C4 and C5,
which do not simultaneously belong to C4 and C5.

Assigning orientations to the circuits C1, C2, C3, C4, and
C6, one can now define a cycle basis of the directed graph
(Fig. 2) 𝒞 =

{
CX

1 ,C
X
2 ,C

G
1 ,C

Y
1 ,C

Y
2
}

as

CX
1 :=

{
(x0,y0)

XL→ (x1,y0)
XR→ (x0,y0)

}
,

CX
2 :=

{
(x0,y1)

XL→ (x1,y1)
XR→ (x0,y1)

}
,

CY
1 :=

{
(x0,y0)

Y L→ (x0,y1)
Y R→ (x0,y0)

}
,

CY
2 :=

{
(x1,y0)

Y L→ (x1,y1)
Y R→ (x1,y0)

}
,

CG
1 :=

{
(x0,y0)

Y L→ (x0,y1)
XL→ (x1,y1)

Y L→ (x1,y0)
XL→ (x0,y0)

}
. (16)

This set of cycles is broadly classified into three groups: lo-
cal cycles of X , 𝒞X :=

{
CX

1 ,C
X
2
}

; local cycles of Y , 𝒞Y :={
CY

1 ,C
Y
2
}

; and a global cycle, 𝒞G := CG
1 . A local cycle indi-

cates that X (Y ) is fixed and Y (X) is changing, which supports
internal subsystem flows. The global cycle CG

1 links X and Y ,
so that a current flowing around a global cycle carries energy
and entropy from one subsystem to the other. Any other cycles
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are recognized as a linear combination of cycles in 𝒞.[9] It will
be useful to introduce the function

Ξ (e,Ck) :=

 1
(
e ∈Cl

k

)
,

−1
(
e† ∈Cl

k

)
,

0 (otherwise) ,
(17)

where e∈Cl
k (l = X ,Y,G;k = 1,2) means that e is one of edges

in Cl
k, and e† :=

(
z ν→ z′

)
defines the backward transition edge

of e. To each fundamental cycle, one can then assign the affin-
ity ℱ

(
Cl

k

)
as a sum of affinities along edges in Cl

k,

ℱ
(

Cl
k

)
:= ∑

e∈ℰ
Ξ

(
e,Cl

k

)
ℱe. (18)

The motive is to introduce partial affinities of cycles associated
with X and Y by

ℱX

(
Cl

k

)
= ∑

e∈ℰX

Ξ

(
e,Cl

k

)
Fe, (19)

ℱY

(
Cl

k

)
= ∑

e∈ℰY

Ξ

(
e,Cl

k

)
Fe. (20)

Note that partial affinities are found to be dissimilar to ℱ
(
Cl

k

)
,

because the sums are not taken over ℰ but over ℰX and ℰY .

XL

XL

YL

(a)

C1

XL

XR

XL

YL

XL

YR

XL

YL

XL

XL

XR YL

XL

XL

YL

X

YL

XL

YR

XL

YL

(b)

XL

YR
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YL
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YL Å YL YR/

(c)

↼x↪ y↽ ↼x↪ y↽

↼x↪ y↽ ↼x↪ y↽

C2

C3

C5C4

C4 C5 C6

Fig. 3. (a) A maximal tree T (G) of the graph G. (b) The fundamental
set of circuits 𝒞 =

{
CX

1 ,C
X
2 ,C

G
1 ,C

G
2 ,C

Y
1
}

for the maximal tree T (G).
(c) The linear combination relation C4 ⊕C5 =C6.

Using the definition in Eq. (14), one can also define the
effective affinity of Cl

k as

F
(

Cl
k

)
:= ∑

e∈ℰ
Ξ

(
e,Cl

k

)
ℱe. (21)

Partial effective affinities of cycles corresponding to X and Y
are written as

FX

(
Cl

k

)
= ∑

e∈ℰX

Ξ

(
e,Cl

k

)
ℱe, (22)

FY

(
Cl

k

)
= ∑

e∈ℰY

Ξ

(
e,Cl

k

)
ℱe. (23)

Combining Eqs. (21)–(23) with Eqs. (12) and (17), one can
obtain effective affinities of local cycles and partial effective
affinities of the global cycle in Eq. (16),

F (CX
1 ) = F (CX

2 ) :=−∆µX/T, (24)

F (CY
1 ) = F (CY

2 ) :=−∆µY/T, (25)

FX
(
CG

1
)
=−FY

(
CG

1
)
= ln

p(x0,y1) p(x1,y0)

p(x0,y0) p(x1,y1)
−U/T, (26)

where ∆µX = µXR − µXL and ∆µY = µY R − µY L. For the
global cycle CG

1 , the partial affinities ℱX
(
CG

1

)
=−ℱY

(
CG

1

)
=

−U/T . The partial effective affinities of the global cycle in
Eq. (26) is equal to the sum of the two forces, i.e.,

FX
(
CG

1
)
= ℱX

(
CG

1
)
+ℱI

(
CG

1
)
, (27)

FY
(
CG

1
)
= ℱY

(
CG

1
)
−ℱI

(
CG

1
)
, (28)

where ℱI
(
CG

1

)
= ln p(x0,y1)p(x1,y0)

p(x0,y0)p(x1,y1)
provides the driving force

for information exchanges between X and Y . The information
affinity is only contained in the partial effective affinities of
the global cycle.

Transitions around cycle Cl
k generate the net current

J
(
Cl

k

)
(cycle current), which is fundamental in irreversible

thermodynamics. At steady state, Kirchhoff’s laws govern the
conservation of energy and charge, indicating that

Je = ∑
Cl

k∈𝒞
Ξ

(
e,Cl

k

)
J
(

Cl
k

)
. (29)

Therefore, currents corresponding to basic cycles [Eq. (16)]
can be calculated as

J(CX
1 ) := R(XR)

x0x1|y0
p(x1,y0)−R(XR)

x1x0|y0
p(x0,y0) = J(XR)

x0x1|y0
,

J(CX
2 ) := R(XR)

x0x1|y1
p(x1,y1)−R(XR)

x1x0|y1
p(x0,y1) = J(XR)

x0x1|y1
,

J(CG
1 ) :=

(
R(Y L)

y1y0|x0
+R(Y R)

y1y0|x0

)
p(x0,y0)

−
(

R(Y L)
y0y1|x0

+R(Y R)
y0y1|x0

)
p(x0,y1)

= J(Y L)
y1y0|x0

+ J(Y R)
y1y0|x0

,

J(CY
1 ) := R(Y R)

y0y1|x0
p(x0,y1)−R(Y R)

y1y0|x0
p(x0,y0) = J(Y R)

y0y1|x0
,

J(CY
2 ) := R(Y R)

y0y1|x1
p(x1,y1)−R(Y R)

y1y0|x1
p(x1,y0) = J(Y R)

y0y1|x1
, (30)

where J(ν)xx′|y represents the current due to the transition

(x′,y) ν→ (x,y), and similarly for J(ν)yy′|x.
Net electronic currents from XR and XL and from Y R and

Y L are, respectively, simplified to

JX =−
(
J(CX

1 )+ J(CX
2 )
)
, (31)

JY =−
(
J(CY

1 )+ J(CY
2 )
)
. (32)
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2.4. Nonequilibrium Clausius inequalities of the two sub-
systems

Given the probability of a microstate, the entropy of the
system can be written as[25,52,53]

S (t) =−∑
z

p(z, t) ln p(z, t). (33)

For steady states, the time derivative of Eq. (33) reduces to

Ṡ = σ̇ + Ṡr = 0, (34)

where

σ̇ = ∑
ν

∑
z,z′

R(ν)
zz′ p

(
z′, t
)

ln
R(ν)

zz′ p(z′, t)

R(ν)
z′z p(z, t)

(35)

is the rate of total entropy production,[54] and

Ṡr =−∑
ν

∑
z,z′

R(ν)
zz′ p

(
z′, t
)

ln
R(ν)

zz′

R(ν)
z′z

=− ∑
e∈ℰ

Jeℱe (36)

describes the entropy flow from reservoirs.
The Logarithmic sum inequality states that for non-

negative ai and bi, ∑
n
i=1 ai ln ai

bi
≥ a ln a

b with a = ∑i ai and
b = ∑i bi. Therefore, one can prove that σ̇ ≥ 0 and the second
law of thermodynamics holds for the system. Note that the
second equality in Eq. (36) results from the definitions of edge
affinities and edge currents in Eqs. (12) and (13). In the long
time limit, the system reaches a unique non-equilibrium sta-
tionary state and Ṡ= 0. The rate of entropy production must be
balanced by entropy flows through its terminals, i.e., σ̇ =−Ṡr,
which is the sum of the affinities multiplied by the currents as
well.

Transition rates [Eq. (11)] between different states satisfy
local detailed balances, e.g.,

ln
R(XR)

x1x0|y0

R(XR)
x0x1|y0

=−
(
ε
′
X −µXR

)
/T,

ln
R(XR)

x1x0|y1

R(XR)
x0x1|y1

=−
(
ε
′
X +U −µXR

)
/T.

Thus, the entropy flow is simplified to

Ṡr =−(JX ∆µX + JY ∆µY )/T. (37)

From the first law of thermodynamics, each electron leav-
ing an electron reservoir removes energy equal to the differ-
ence between its total energy and the chemical potential of
the reservoir.[55] Therefore, for the interaction between X and
reservoir XR, ε ′X − µXR and ε ′X +U − µXR represent thermal
energies supplied by reservoir XR during a jump in the sub-
system X , which enables us to identify the heat current into X
from reservoir XR

Q̇XR = T

J(XR)
x0x1|y0

ln
R(XR)

x1x0|y0

R(XR)
x0x1|y0

+ J(XR)
x0x1|y1

ln
R(XR)

x1x0|y1

R(XR)
x0x1|y1



= −J(XR)
x0x1|y0

(
ε
′
X −µXR

)
− J(XR)

x0x1|y1

(
ε
′
X +U −µXR

)
. (38)

By following the same path, heat currents into the system from
reservoirs XL, Y R, and Y L are, respectively, given by

Q̇XL = J(XL)
x1x0|y0

(
ε
′
X −µXL

)
+ J(XL)

x1x0|y1

(
ε
′
X +U −µXL

)
, (39)

Q̇Y R =−J(Y R)
y0y1|x0

(
ε
′
Y −µY R

)
− J(Y R)

y0y1|x1

(
ε
′
Y +U −µY R

)
, (40)

Q̇Y L = J(Y L)
y1y0|x0

(
ε
′
Y −µY L

)
+ J(Y L)

y1y0|x1

(
ε
′
Y +U −µY L

)
. (41)

The rate of total entropy production can be conveniently re-
lated to heat currents by summing up Eqs. (38)–(41), i.e.,

σ̇ =−Ṡr =−∑
ν

Q̇ν/T ≥ 0. (42)

Equations (33)–(37) exclusively explain the entropy flow
between the system and the environment. To clarify how en-
ergy and information are exchanged between the two subsys-
tems, we introduce the rates of partial entropy production as-
sociated with X and Y as[9,56]

σ̇X = ∑
ν

∑
x≥x′,y

J(v)xx′|y ln
R(ν)

xx′|y p(x′,y)

R(ν)
x′x|y p(x,y)

, (43)

σ̇Y = ∑
ν

∑
x,y≥y′

J(v)yy′|x ln
R(ν)

yy′|x p(x,y′)

R(ν)
y′y|x p(x,y)

. (44)

In addition, the rate of total entropy production can then be
divided into two separate parts followed by

σ̇ = σ̇X + σ̇Y . (45)

These classification can be proved directly from the relation
∑z′ Je = ∑ν ,x′ J

(ν)
xx′|y + ∑ν ,y′ J

(ν)
yy′|x and the prescribed transition

rate [Eq. (10)]. The logarithmic sum inequality again shows
that σ̇X and σ̇Y are nonnegative individually, i.e.,

σ̇X ≥ 0, σ̇Y ≥ 0, (46)

which is a generalized second law of thermodynamics stronger
than Eq. (42). Not only the rate of total entropy production
but also the rates of partial entropy production must be non-
negative for the bipartite system. The information exchange
between X and Y enforces positive values of σ̇X and σ̇Y . The
reasons become clear when dividing Eqs. (43) and (44) into
three components,

σ̇X = σ̇µX + σ̇UX − İX , (47)

σ̇Y = σ̇µY + σ̇UY − İY , (48)

where

σ̇µX = ℱ(CX
1 )
(
J
(
CX

1
)
+ J
(
CX

2
))

,

σ̇µY = ℱ(CY
1 )
(
J
(
CY

1
)
+ J
(
CY

2
))

,
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σ̇UX = ℱX
(
CG

1
)

J
(
CG

1
)
,

σ̇UY = ℱY
(
CG

1
)

J
(
CG

1
)
,

İX =−J
(
CG

1
)
ℱI
(
CG

1
)
,

İY = J
(
CG

1
)
ℱI
(
CG

1
)
. (49)

The first term σ̇µX(Y ) indicates that the local cycle CX(Y )
k hav-

ing a local affinity ℱ(CX(Y )
k ) supports internal flows within the

subsystem. The global cycle CG
1 generates a global current

J
(
CG

1

)
to carry the energy and information from one subsys-

tem to the other. σ̇UX and σ̇UY are responsible for the direct en-
ergy transfer between X and Y due to the Coulomb coupling.
Any energy extracted by the partial affinity ℱX

(
CG

1

)
will be

deposited in Y ’s environment by ℱY
(
CG

1

)
. The information

flow İX(Y ) exclusively occurs on the global cycle CG
1 with in-

formation affinity ∓ℱI
(
CG

1

)
. When ℱX

(
CG

1

)
≪ℱI

(
CG

1

)
, the

dominant force is information for driving X . On the other
hand, when ℱX

(
CG

1

)
≫ ℱI

(
CG

1

)
, the interaction is mainly

powered by energy. The cycle graph analysis enables a better
understanding of the driving mechanisms of internal interac-
tions. It is worth pointing out that Ref. [8] provided an im-
portant and enlightening formalism describing the graph rep-
resentation of the systemic dynamics and computed the con-
tribution of the thermodynamic cycles to entropy balances and
Clausius inequalities. The present work follows the pioneer
theory of Ref. [8]. However, we are more interested in de-
riving inequalities characterizing nonequilibrium free energy
balances for the subsystems of a composite system. By corre-
lating thermodynamic functions in terms of the affinities and
flows of fundamental cycles, we identify energy-related and
information-related contributions to local nonequilibrium free
energy rates.

2.5. Nonequilibrium free energy inequalities of the two
subsystems

The work flux produced by each channel is equal to the
net electronic current along X or Y multiplied by the bias volt-
age of the corresponding circuit. Since ℱ(CX(Y )

1 ) takes the
chemical potential difference as the thermodynamic driving
force and J(CX(Y )

1 ) + J(CX(Y )
2 ) represents the net electronic

current along X(Y ), the work flux WX(Y ) performed on a sub-
system is identified to

ẆX(Y ) = Tℱ(CX(Y )
1 )

[
J
(

CX(Y )
1

)
+ J
(

CX(Y )
2

)]
= −Tℱ(CX(Y )

1 )JX(Y ). (50)

According to the first law of thermodynamics, the energy flow
ĖX(Y ) into the subsystem reads

ĖX(Y ) = Q̇X(Y )L + Q̇X(Y )R +ẆX(Y )

= −TℱX(Y )
(
CG

1
)

J
(
CG

1
)
, (51)

depending on the Coulomb force and the global current. The
steady-state internal energy of the bipartite system remains
constant,

(
dtE = ĖX + ĖY = 0

)
. Multiplying Eq. (46) by T

and applying the above derivatives, one obtains

T σ̇X(Y ) = ẆX(Y )− ḞX(Y ) ≥ 0, (52)

where the rate of partial nonequilibrium free energy ḞX(Y ) as-
sociated with X (Y ) is defined as[29,31]

ḞX(Y ) = ĖX(Y )+T İX(Y ). (53)

Equation (52) provides an extension of the second law of ther-
modynamics, which offers an upper bound for the maximum
work flux of the subsystem. The flow rate of partial nonequi-
librium free energy can be partitioned into information-related
and energy-related parts. Its definition has been generally
found appropriately, because İX(Y ) is equivalent to the flow rate
of the Shannon entropy of the system Ṡ due to the interaction
with reservoirs XL (Y L) and XR (Y R).

3. Results and discussion
Without loss of generality, we control over the tunnel rate

in the weak coupling regime. To reduce the number of param-
eters, the tunneling rates are parameterized by just two dimen-
sionless parameters ∆ and δ :

Γ
(XL)

x0 = Γ
e+δ

cosh(δ )
, Γ

(XL)
x1 = Γ

e−δ

cosh(δ )
,

Γ
(XR)

x0 = Γ
e−δ

cosh(δ )
, Γ

(XR)
x1 = Γ

e+δ

cosh(δ )
,

Γ
(Y L)

y0 = Γ
e+∆

cosh(∆)
, Γ

(Y L)
y1 = Γ

e−∆

cosh(∆)
,

Γ
(Y R)

y0 = Γ
e−∆

cosh(∆)
, Γ

(Y R)
y1 = Γ

e+∆

cosh(∆)
.

In addition, we set CXL =CXR =CY L =CY R =C0.
Figure 4(a) shows currents of fundamental cycles selected

in Eq. (30). When dot Y (X) is empty, the local cycle cur-
rent J(CX

1 ) < 0 (black dot-dot-dashed line) [J(CY
1 ) < 0 (black

dashed line)], meaning that electrons are prone to transfer from
the higher chemical potential to the lower chemical potential.
When Y is occupied, the local cycle current J(CX

2 ) (red dash-
dotted line) through X does not move in a fixed direction, but
is embodied in two situations. The first case is characterized
by J(CX

2 ) > 0 in the small-∆µX regime (∆µX < ∆µ0), where
the Coulomb coupling and information exchange between X
and Y allow electrons transfer from reservoir XL with lower
chemical potential to reservoir XR with higher chemical po-
tential. The second case is characterized by J(CX

2 ) < 0 in the
large-∆µX regime (∆µX > ∆µ0), because the thermodynamic
force −ℱ(CX

2 ) dominates the electron transport again. When
X is occupied, the local cycle current J(CY

2 ) (red dashed line)
changes from negative to positive as ∆µX increases. When
∆µX is large enough, the dot X may provide enough energy or
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information for driving the electron flow in the direction op-
posite to the chemical potential gradient −F(CY

2 ). The graph
theory offers an effective way to unearthing the fundamental
path, where the current through one dot could drag the current
through the other dot.

0.1 1 10 100
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-2

0

(a)
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-0.1
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0.1

0.2
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J↼C1 ↽

J↼C2 ↽

J↼C2 ↽
J↼C1 ↽

X

Y

X

Y

G

∆µX/HΓ

∆µX/HΓ

∆µ

∆µ

Fig. 4. The curves of (a) the cycle currents and (b) the electronic cur-
rents JX and JY in units of h̄Γ , varying with the chemical potential dif-
ference ∆µX/h̄Γ . The left vertical axis shows values for J(CX

1 ) and
J(CX

2 ), while the corresponding scales of J(CG
1 ), J(CY

1 ), and J(CY
2 ) are

on the right vertical axis. The parameters εX = 0, εY = 0, ∆µY = 5.0h̄Γ ,
µXL −µY L = 1.0h̄Γ , C = 0.5q2/h̄Γ , C0 = 1.0q2/h̄Γ , kBT = 1.0h̄Γ , and
∆ = δ = 5.0. These values are used unless otherwise mentioned specif-
ically in the following discussion.

In the regime of small ∆µX , the direction of the global
cycle current is counterclockwise J(CG

1 ) < 0. According to
Eq. (51), multiplying J(CG

1 ) by the partial affinities −ℱX
(
CG

1

)
and −ℱY

(
CG

1

)
, respectively, we know that the energy flow

is fed from X to Y (grey dot-dot-dashed lines Fig. 5). In
the latter, the direction of the global cycle current becomes
clockwise as ∆µX increases, which lies the regime suitable for
the energy flowing from Y to X . By applying Eqs. (31) and
(32), Fig. 4(b) presents the net electronic currents from XR
to XL (JX ) and from Y R to Y L (JY ). Owing to the existence
of electron–electron interaction, the local cycle current J(CX

2 )[
J(CY

2 )
]

makes a major contribution to the current JX (JY ). For
∆µX < ∆µ0, the net electronic current JX flows from reservoir
XL with lower chemical potential to reservoir XR with higher
chemical potential. The work flux ẆX < 0 (black solid line
in Fig. 5), so that dot X produces power output. As ∆µX gets
larger, the situation is exactly the opposite. The net electronic

current JY flows against the bias due to the thermodynamic
force and dot Y starts to generate positive power output.

∆µX/HΓ

∆µX/HΓ

∆µ0.1 1 10 100

-0.2

0

0.2

0.4

0.6

0.8

1.0  WY

 FY
 ↩QY

 TIY
 EY

(b)

(a).

.

.



↩.

↩.

↩.

↩.

∆µ0.1 1 10 100

 WX

 FX
 ↩QX

 TIX
 EX

Fig. 5. The work fluxes (black solid lines), rates of partial nonequi-
librium free energy (red dash-dotted lines), heat currents (blue dashed
lines), information flows (green dotted lines), and energy flows (grey
dot-dot-dashed lines) of the subsystems (a) X and (b) Y , in units of h̄Γ ,
varying with the chemical potential difference ∆µX/h̄Γ at steady state.

The currents of fundamental cycles are more important to
investigate the thermodynamics of the rates of partial nonequi-
librium free energy (red dash-dotted lines) and information
flows (green dotted lines). The nonequilibrium Clausius and
free energy inequalities [Eqs. (46) and (52)] serve the subsys-
tems with the local second law of thermodynamics, which are
demonstrated in Fig. 5. They behave equivalently and com-
plement each other for a unify treatment of temperature. For
∆µX < ∆µ0, the total heat current into X , Q̇X = Q̇XR + Q̇XL >

0. To achieve this effect, a noticeable information flowing
from Y to X guarantees that T σ̇X = −Q̇X − T İX > 0. The
information flow benefits from the current of the global cy-
cle J

(
CG

1

)
driven by the information affinity ℱI

(
CG

1

)
. At

the same time, dot X performs work ẆX < 0, which is en-
abled by the negative rate of partial nonequilibrium free en-
ergy 0 > ẆX > ḞX . Note that these effects are compensated
by the dissipation of work into heat in dot Y . For ∆µX ¿∆µ0,
the roles of X and Y are totally reversed. It should be empha-
sized that under most conditions the power output is generated
due to the feedback-induced information flow and not due to
energy flow, because ĖX(Y ) ≈ 0 and ḞX(Y ) ≈ T İX(Y ). As a re-
sult, the nonequilibrium double quantum-dot system works as
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a quantum autonomous Maxwell demon at the cost of infor-
mation without violating the second law of thermodynamics.

4. Conclusion
In summary, the present work reveals the local second

law of thermodynamics of Coulomb-coupled double quantum
dots. The graph theory has proved that the entropy production
and nonequilibrium free energy are closely related to infor-
mation flow and affinities. The information flow between the
subsystems acts as a driving force for the global cycle to pump
electrons against the bias voltage. The proposed model offers
possible schemes to design nanoelectronic devices through the
control of cycle fluxes.
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