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Proton transfer plays a key role in the applications of advanced energy materials as well as in the functionalities of
biological systems. In this work, based on the transfer matrix method, we study the quantum effects of proton transfer
in a series of one-dimensional (1D) model potentials and numerically calculate the quantum probability of transferring
across single and double barriers (wells). In the case of single barriers, when the incident energies of protons are above the
barrier height, the quantum oscillations in the transmission coefficients depend on the geometric shape of the barriers. It is
found that atomic resonant tunneling (ART) not only presents in the rectangular single well and rectangular double barriers
as expected, but also exists in the other types of potential wells and double barriers. For hetero-structured double barriers,
there is no resonant tunneling in the classical forbidden zone, i.e., in the case when the incident energy (Ei) is lower than the
barrier height (Eb). Furthermore, we have provided generalized analysis on the characteristics of transmission coefficients
of hetero-structured rectangular double barriers.

Keywords: proton transfer, nuclear quantum effects, atomic resonant tunneling, double barriers
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1. Introduction
Proton transfer plays an important role in many fields of

physics, chemistry, and biological systems. A typical system
is the mixed atomic and molecular phase of solid hydrogen
and deuterium.[1] Based on in-situ optical spectroscopy mea-
surements, Howie et al. have investigated the spectral features
of the phase IV–III transition and shown that the large differ-
ences in the peak widths of the isotopes Raman spectra indi-
cate the presence of proton tunneling in phase IV.[1] Ab initio
variable-cell molecular dynamics (MD) simulations have been
carried out to study the dynamical properties of phase IV of
solid hydrogen and deuterium at high pressures and a temper-
ature range of 300–500 K,[2] aiming to identify the intralayer
proton or deuteron transfer and the simultaneous rotation of
three-molecule rings in layer II of phase IV. It is found that
proton transfer has a direct relation to the unique elongation of
molecules in layer II, as well as the lifetime and anharmonic
vibrations of the hydrogen molecules.[2]

In biochemistry, the mechanism of proton transfer reveals
the light-driven process of biological chromophores. Excited
state intramolecular proton transfer is a photochemical pro-
cess that produces a tautomer with a different electronic struc-
ture from the original excited form.[3–8] Using state-of-the-art
experimental techniques, such as time-resolved photoelectron
imaging measurements, it is possible to see how the addition
of a single hydrogen bond and the opening of an excited state

proton transfer channel would change the product of a pho-
tochemical reaction, and to explore the mechanism of excited
state proton transfer process within a single hydrogen bond in
simple systems like ammonia dimer.[9]

The proton transfer process in the aqueous-phase reac-
tions has also attracted attention. In a recent study which
uses ab initio molecular dynamics to simulate the diffusion
of protons between the Brønsted acid site (BAS) and the water
molecules in the zeolite pores, it is shown that water clusters
of different sizes will greatly affect the competition of pro-
ton hopping between the O atoms of BAS sites and within the
water clusters.[10] In addition, proton transfer in liquid water
is intimately connected to the reorganization of the hydrogen-
bonded network of the water solvent. Sofronov and Bakker
reported that nanoconfinement leads to very strong slow-down
effects on the rate of aqueous proton transfer.[11]

With the recent development of machine learning, new
theoretical approaches such as neural networks have been in-
troduced to explore the process of proton transfer. Based on
the combination of the computationally efficient neural net-
work potential with enhanced sampling techniques, Andrade
et al. have constructed the free energy surface for water
and proton transport at the TiO2–liquid water interface and
performed MD simulations to study the dynamics of inter-
facial water at time scales well beyond traditional ab initio
MD.[12] Their simulation results support a picture of predom-
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inantly molecular adsorption on the defect-free anatase TiO2

(101) surface in contact with liquid water at ambient condi-
tions, with a tiny fraction (∼ 5.6%) of water dissociation at the
interface.[12] This work not only solves the longstanding prob-
lem of whether or not water would dissociate spontaneously on
defect-free anatase TiO2 (101), but also demonstrates the vi-
tal role of proton transfer in the adsorption form of interfacial
water.

In the process of proton transport, the nuclear quantum
effects (NQEs),[13–16] that is, the quantum motion of hydro-
gen atoms, play an important role. Accurate measurement and
analysis of the nuclear quantum effects of hydrogen atoms
are challenging both theoretically and experimentally. Re-
cent progress in experimental techniques of measurements
includes deep inelastic neutron scattering[17,18] and inelastic
electron tunneling spectroscopy.[19] For precise theoretical re-
search, path integral molecular dynamics (PIMD) using inter-
action potentials from first-principles, i.e., ab initio PIMD,[20]

is mainly employed. Due to the huge amounts of computa-
tional resources required in ab initio PIMD calculations, it
is extremely difficult to apply this method to deal with the
NQEs of hydrogen atoms during their transport processes. Ap-
parently, alternative approaches are prerequisites to treat the
NQEs of proton transfer.

Recently, based on the method of transfer matrix (TM)
in combination with first-principles calculations,[21] we have
studied the NQEs of H diffusion on the Pt(111) surface, and
predicted the existence of atomic-scale resonance transmis-
sion phenomenon, i.e., atomic resonant tunneling (ART). For
one-dimensional rectangular double barriers, the mathemati-
cal relation between the incident energy (Ei), the barrier height
(Eb), and the energy and geometric parameters describing the
double barriers has been established[22] for the resonant tun-
neling of quantum particles, in which 100% transmission takes
place when Ei <Eb. Then, what about the transmission behav-
ior of quantum particles (electrons, protons, . . .) in the other
types of potential fields? Additionally, a natural problem that
follows is: For one-dimensional arbitrarily shaped double bar-
riers of give heights, is it possible to realize the resonant tun-
neling of quantum particles when the barrier spacing can be
tuned? In this work, based on the TM method, we have sys-
tematically investigated the NQEs of proton transfer in the
fields of one-dimensional model potentials. The transport of
protons across a series of model potential fields has been stud-
ied. The quantum probabilities of crossing rectangular, tri-
angular, sine, parabolic single barriers, and single potential
wells, and the corresponding double barriers are calculated. It
is found that atomic resonant tunneling presents not only in the
rectangular single potential wells and rectangular double bar-
riers as expected, but also in the other shapes of potential wells
and double barriers. In contrast, for hetero-structured double

barriers, resonance transmission phenomenon, or ART is not
seen in the classical forbidden zone when the incident energy
is lower than the barrier height (Ei < Eb). Based on analytical
calculations, we have analyzed the transmission coefficients of
the hetero-structured double barriers in the rectangular case.

2. Results & discussion
2.1. Numerical calculations based on the TM method

We employ the transfer matrix method to calculate the
quantum probabilities of protons transferring cross the model
potentials. For a given potential filed V (x), the incident and
outgoing amplitudes (AL, BL; AR, BR) of the particle wave
functions may be related by the transfer matrix 𝑀 as follows:(

AR
BR

)
=𝑀

(
AL
BL

)
≡
(

m11 m12
m21 m22

)(
AL
BL

)
. (1)

For the systems which preserve the time-reversal symmetry,
the determinant |𝑀 | = 1, and the transmission coefficient is
given by Tr(E) = 1/|m22|2. More details of this method can
be found in our recent work.[21]

We begin with investigating the transmission probability
of individual H atoms passing through some model potentials
of simple forms, as shown in Fig. 1. Four different types of
single barriers (rectangle, triangle, parabola, and sine) with a
width of 3 Å and a height of 0.5 eV are considered and com-
pared. The single barrier width, 3 Å, is approximately the lat-
tice spacing between the same type of adjoining surface sites
(top-top, hcp-hcp, fcc-fcc) on Pt(111) surface.[21] As schemat-
ically shown in Fig. 1, the incident H atoms are from the left
side of the barriers in the form of plane waves. The right panels
of Fig. 1 display the transmission probabilities obtained from
the TM method and the semi-classical method, the Wentzel–
Kramers–Brillouin (WKB) approximation,[23] to make a com-
parison. For a given energy barrier V (x), the latter computes
the transmission probability as follows:

Tr (E) = exp
(
−2
}

∫ b

a

√
2m(V (x)−E)dx

)
, (2)

for V (x) > E within the interval a ≤ x≤b, with m being the
particle mass; and Tr (E) = 1 when V (x)≤ E.

From Fig. 1, one sees that for all types of barriers the val-
ues of Tr (E) increase sharply when the incident energy is close
to the barrier height (Eb = 0.5 eV). Moreover, for the energy
range of E < Eb, it can be seen that the transmission proba-
bilities calculated by TM method (black lines) and WKB (red
lines) are quantitatively comparable. The coincidence is fur-
ther demonstrated by the corresponding logarithmic values of
Tr (E), as shown in the insets of the right panels of Fig. 1.
The results indicate that in the range of E < Eb, WKB ap-
proximation can well predict the tunneling probability of par-
ticles across a single barrier. In contrast, when the incident
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energy exceeds the barrier height (Eb), WKB fails to properly
describe the transmission behavior, especially for the single
rectangular barrier.
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Fig. 1. Schematic diagram of H atoms crossing different types of single
barriers (left panels), and the comparison of transmission probability
calculated by the TM and WKB method (right panels), as a function of
the incident energy E.

As shown in Fig. 1, when the incident energy is greater
than 0.5 eV, the transmission probability calculated by TM
method shows significant oscillation, while WKB can only
give the result of complete transmission. This is another im-
portant feature that distinguishes quantum particles from clas-
sical ones. The reason why the quantum oscillations obtained
by TM method are washed out in WKB approximation lies in
the fact that the role of phase factors of particle wave func-

tions which would induce quantum interference is explicitly
included in TM method[21] while is absent in WKB. In ad-
dition, it can be found that the transmission behavior of the
triangular, parabolic, and sine barriers with relatively similar
barrier shapes is also similar. In particular, the transmission
probabilities of the parabolic and sine barriers are almost the
same. Compared with the rectangular single barrier, the po-
tential fields change much more smoothly in the triangular,
parabolic, and sine barriers; and the probabilities of barrier-
crossing increase monotonically with the particle energy and
finally approach 1. When the incident energies are higher than
the barrier height, there is no quantum oscillation behavior as
observed when crossing the rectangular barrier. This implies
that the rate of change of the barrier in real space, dV/dx,
may have nontrivial effects on the transmission behavior when
passing through a given potential filed. For the situation where
the potential changes drastically, such as the rectangular bar-
rier, there will be significant quantum oscillations in the trans-
mission probability. In the following, one can see that for
single potential wells and double barriers, such a qualitative
trend of variation still holds. Using the TM method, the trans-
mission coefficient across a single rectangular barrier (barrier
height: V0; barrier width: a) may be expressed as follows:

Tr(E) =
[

1+
1

E
V0

(
1− E

V0

) sh2 (βa)
]−1

, (3)

where β =
√

2m(V0−E)/}2. In the case of E > V0, β is a
complex number and Eq. (3) changes to

Tr(E) =
[

1− 1
E
V0

(
1− E

V0

) sin2 (
β
′a
)]−1

, (4)

where β ′ =
√

2m(E−V0)/}2. The term sin2 (β ′a) explains
the long-range quantum oscillations of transferring across a
single rectangular barrier (Fig. 1). In the case of E � V0,
E/V0 � 1, to the first order of Taylor series, Eq. (4) may be
further simplified to

Tr(E)≈

[
1+
(

V0

E

)2

sin2 (
β
′a
)]−1

≈ 1−
(

V0

E

)2

sin2 (
β
′a
)
.

It is clear that the long-range oscillations originate from the
second term which oscillates as a sine function of the incident
energy, to large distances well above the barrier width.

We next study the transmission behavior of H atoms
across a single potential well, which is geometrically the op-
posite of a potential barrier in real space. For a classical parti-
cle, the transmission probability is 1. For a quantum particle,
the situation is much more different. Similar to the study of
single barrier, four single potential wells of different shapes
(rectangle, triangle, parabola, sine) with the width of 3 Å
and the depth of 0.5 eV are considered. The right panels of
Fig. 2 show the transmission probability calculated by the TM
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method, with the incident energy ranging from 0 to 0.8 eV.
For all types of potential wells, the most remarkable common
feature is the phenomenon of resonant tunneling of H atoms,
which shows ∼ 100% transmission and takes place at discrete
energy points.
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Fig. 2. Similar to Fig. 1 but for H passing through different types of
single potential wells, which are studied using the TM method only.

Meanwhile, it can be seen that for the rectangular sin-
gle potential well, there are significant oscillations for the in-
cident energies well above the first energy point of resonant
tunneling. For the other types of potential wells, however, af-
ter reaching the first peak of resonant tunneling, the variations
of the tunneling probability are relatively flat and converge
quickly to full transmission. This is similar to the situation of
a single barrier, for which sharp changes present at boundaries
of the potential field, and significant quantum oscillation oc-

curs in the transmission probability; while transmission across
the other three types of potentials wells shows much smaller
magnitude of oscillations and converges quickly to 1.

The next model potentials we pay attention to are double
barriers, which are the prototype of some important semicon-
ducting devices. On both experimental and theoretical sides,
extensive efforts have been devoted to the studies of resonance
transmission of electrons across double barriers.[22,24–27] What
about the much heavier H atoms/protons? As shown in Fig. 3,
for different types of double barriers, resonant tunneling of
H atoms can occur when appropriate physical conditions are
chosen. Similar to the studies of single barriers and wells,
four double barriers of different shapes (rectangle, triangle,
parabola, sine) are considered: Each single barrier has a width
b = 1 Å, a height of 0.2 eV, and a spacing w = 1.4 Å between
each other. The right panels of Fig. 3 show the transmission
probability calculated by the TM method for an energy inter-
val of 0–0.4 eV. Intense peaks appear when the incident en-
ergy is close to the barrier height (0.2 eV), for all the dou-
ble barriers with the tunneling probabilities close or equal to
1 (resonant tunneling). One can also see that, similar to the
case of single barriers and single potential wells, for the rect-
angular double barriers with sharply varying potential fields
at the boundaries, the energy range of the quantum oscilla-
tion of transmission probability is significantly larger than the
other three situations when E > Eb. Further analysis shows
that when the oscillation amplitude of the transmission proba-
bility converges to the level of ∼ 1% (the corresponding en-
ergy point may be called the convergence radius), different
types of barriers are quantitatively recognized using the con-
vergence radius. For single barriers, the convergence radius of
the rectangular, triangular, parabolic, and sinusoidal forms is
2.6460 eV, 0.5966 eV, 0.5326 eV, and 0.5374 eV, respectively.
Their corresponding potential wells have a convergence radius
of 2.2343 eV, 0.0969 eV, 0.1374 eV, and 0.2370 eV, respec-
tively. Finally, the convergence radius of their correspond-
ing double barriers is 1.4288 eV, 0.3528 eV, 0.3041 eV, and
0.2784 eV, respectively. In all cases it is clear that the poten-
tial fields consisting of rectangular barriers/wells show much
larger convergence radii of quantum oscillation in the trans-
mission probability than other types of model potentials. To
show the role of inter-barrier spacing, we have also calculated
the transmission coefficients for the double barriers configu-
rations where the barrier-barrier spacing w = 2 Å. The results
are displayed in Fig. 4. For the rectangular double barriers, a
significant change is the disappearance of resonant tunneling
at E < Eb in the case of w = 2 Å. This is a demonstration of
the role of phase factor difference which is related to the dis-
tance travelled by the particle.[22] Another notable change is
the number of peaks appearing at E < Eb: For rectangle, tri-
angle, parabola, and sine type double barriers, the number is
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respectively 1, 3, 4, and 3 in Fig. 3 (w = 1.4 Å), while it is 1,
4, 3, and 5 in Fig. 4 (w = 2 Å), respectively.
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Fig. 3. Transmission properties of protons across homo-structured dou-
ble barriers, calculated using the TM method.

The double barriers studied in Fig. 3 are homo-structured,
i.e., the double barriers consist of the single barriers of iden-
tical geometric shapes. In the following, we go on to study
the tunneling behavior of H atoms across hetero-structured
double barriers, i.e., each of the component single barriers
is different in geometry but with the same barrier height Eb.
Figure 5 shows hetero-structured double barriers in which
the pairs of single barriers have different types of geomet-
ric shapes but with the same barrier widths. From the top to
bottom panels of Fig. 5, the combination of single barriers
is rectangular–triangular, rectangular–parabolic, rectangular–
sine, and triangular–sine, respectively. In all cases, the barrier–

barrier spacing is 1.4 Å and the width of each single barrier is
1 Å with a barrier height of 0.2 eV. The corresponding trans-
mission coefficients (Tr (E)) are plotted in the right panels, as a
function of the incident energy of protons. To make a compar-
ison, the hetero-structured double barriers in which the com-
ponent single barriers belong to the same types of geometric
shapes but with different barrier widths are also investigated,
as schematically shown in Fig. 6. For each pair of single barri-
ers constituting the double barriers, the barrier–barrier spacing
is 1.4 Å, and the width is 1 Å for the narrower barrier and is
2 Å for the wider one. Like the ones studied in Fig. 5, the
height of each single barrier is 0.2 eV. Similar to Fig. 5, the
calculated transmission coefficients using the TM method are
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Fig. 4. Similar to Fig. 3 but for the situation where the inter-barrier
spacing is 2 Å.
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Fig. 5. Similar to Fig. 3 but for protons across hetero-structured double barriers which consist of single barriers of the same width but different types.
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Fig. 6. Similar to Fig. 3 but for protons across hetero-structured double barriers which consist of single barriers of different widths but the same type.

displayed in the right panels of Fig. 6. From both Figs. 5 and
6, one can find that in all cases the transmission coefficients
are always smaller than 1, i.e., Tr (E) < 1 when the incident
energy is lower than the barrier height (Ei < Eb). This indi-
cates the absence of atomic resonant tunneling (ART) when
protons transfer across hetero-structured double barriers.

2.2. Theoretical analysis on hetero-structured rectangular
double barriers

In this section, we perform theoretical analysis on the
general transmission properties of quantum particles across

hetero-structured double barriers, based on the analytic cal-
culations using the TM method.

We firstly consider rectangular barriers. As illustrated in
Fig. 7(a), for a single rectangular barrier, the wave functions
on the left and right sides upon transmission across the barrier
may be expressed in the following form:{

ψL (x) = AL e iqx +BL e−iqx, (x < 0) ,
ψR (x) = AR e iqx +BR e−iqx, (x > b) ,

(5)

where q = (2mE/}2)
1/2, with m being the particle mass,

E the incident energy, and } the reduced Planck’s con-
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stant; and the parameters AL, AR, BL, and BR are related
by the transfer matrix 𝑀 as shown in Eq. (1), which gives{

AR = m11AL +m12BL
BR = m21AL +m22BL

. When the single barrier is shifted

along x-direction by a distance of d = b+w, as schematically
shown in Fig. 7(b), the updated transfer matrix is[28]

𝑀 (d) =

(
m11 m12 e−i2qd

m21 e i2qd m22

)
=

(
m11 m12 e−i2q(b+w)

m21 e i2q(b+w) m22

)
. (6)

For double barriers which consist of single rectangular barri-

ers with the same height (V0) but different widths (a and b,
respectively), and with a barrier-barrier spacing of w, the total
transfer matrix is given by

𝑀tot =𝑀 (d)𝑀 ′

=

(
m11 m12 e−i2q(b+w)

m21 e i2q(b+w) m22

)(
m′11 m′12
m′21 m′22

)
, (7)

where the transfer matrix 𝑀 ′ corresponds to the transmission
process across the first rectangular barrier with a width of a,
which differs from 𝑀 mentioned above due to different width.
The detailed form of 𝑀tot is

𝑀tot =

(
m11m′11 +m12m′21 e−i2q(b+w) m11m′12 +m12m′22 e−i2q(b+w)

m21m′11 e i2q(b+w)+m22m′21 m21m′12 e i2q(b+w)+m22m′22

)
≡
(

M11 M12
M21 M22

)
. (8)

V↼x↽

V0
ψL↼x↽ ψR↼x↽

0 b x x

(a)
V↼x↽

V0

0 b b⇁w b⇁w

(b)

Fig. 7. (a) Schematics of scattering and transmission of a quantum particle by a potential barrier V (x). (b) Translation of V (x) by a distance.

The total transmission coefficient is given by

Ttotal = 1/|M11|2. (9)

Based on the results for single rectangular barriers,[21] each
component of the matrix element M11 may be explicitly writ-
ten as below:

m′11 =
e−ika

4ikβ

[
i2kβ +

(
β

2− k2)] eβa

+[i2kβ −
(
β

2− k2)]e−βa, (10a)

m11 =
e−ikb

4ikβ

[
i2kβ +

(
β

2− k2)] eβb

+[i2kβ −
(
β

2− k2)]e−βb, (10b)

m12 =
e−ikb

4ikβ

{(
β

2 + k2) eβb−
(
β

2 + k2) e−βb
}

=
e−ikb

2ikβ

(
β

2 + k2)sinh(βb), (10c)

m′21 = − e ika

4ikβ

{(
β

2 + k2) eβa−
(
β

2 + k2) e−βa
}

= − e ika

2ikβ

(
β

2 + k2)sinh(βa), (10d)

where k =
√

2mE/}2, β =
√

2m(V0−E)/}2, and the width
of the first and second rectangular barriers is a and b (a 6= b),

respectively. The square of modulus M11 is therefore given by

|M11|2 =
(

m∗11m′∗11 +m∗12m′∗21 e i2q(b+w)
)

×
(

m11m′11 +m12m′21 e−i2q(b+w)
)
,

= |m11|2
∣∣m′11

∣∣2 + |m12|2
∣∣m′21

∣∣2
+m11m′11m∗12m′∗21 e i2q(b+w)

+m∗11m′∗11m12m′21 e−i2q(b+w). (11)

After substitution with the expressions presented in
Eqs. (10a)–(10b), straightforward calculations give

|M11|2 = 1+

(
β 2 + k2

)2

4β 2k2

[
sinh2 (βb)+ sinh2 (βa)

]
+2

[(
β 2 + k2

)2

4β 2k2

]2

sinh2 (βb)sinh2 (βa)

− 1

16k4β
4

(
β

2 + k2)2
sinh(βb)sinh(βa)

×
{[
[
(
β

2 + k2)2−8k2
β

2
]coshβ (a+b)

−
(
β

2 + k2)2
coshβ (a−b)

]
× cos2 [q(b+w)− ka]−4kβ

(
β

2− k2)
× sinhβ (a+b)sin2 [q(b+w)− ka]

}
. (12)
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Consequently, the total transmission coefficient of a quantum
particle passing across the hetero-structured rectangular dou-
ble barriers is readily obtained using Eq. (9).

To further demonstrate the key difference that dis-
tinguishes hetero-structured double barriers from homo-
structured double barriers, i.e., the existence or absence of res-
onant transmission, we have calculated the transmission coef-
ficient of proton as a function of the ratio of the barrier width,
b/a, for a given incident energy E = 0.184 eV, which gives
ART for homo-structured rectangular double barriers shown
in Fig. 3. During the calculations, the barrier height is kept
at 0.2 eV with a barrier–barrier spacing of w = 1.4 Å, and the
width of the first barrier is kept at a = 1 Å while the width of
the second barrier varies from b = 0.05 Å to 10 Å. The results
are shown in Fig. 8. Within the range of variation under con-
sideration (0.05 ≤ b/a ≤ 10), it can be seen that if and only
if b/a = 1, i.e., when the double barriers are homo-structured,
the phenomenon of ART can happen.
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T
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Fig. 8. Calculated transmission coefficients of protons transferring
across hetero-structured rectangular double barriers, as a function of
barrier width ratio.

3. Conclusions
We have studied the nuclear quantum effects (NQEs) on

the processes of protons transferring across one-dimensional
potentials fields (potential barriers and potential wells) by us-
ing the method of transfer matrix (TM), which is numerically
accurate for the description of quantum particles transport in
one-dimensional (1D) or quasi-1D systems. For the transfer of
protons across single barriers, the transmission coefficients de-
pend critically on the geometries of the barriers, where strong
quantum oscillations are found in the case of rectangular bar-
riers. The phenomenon of resonant transmission, i.e., atomic
resonant tunneling (ART) of protons is demonstrated in var-

ious types of model potentials (single potential wells, homo-
structured double barriers). By contrast, our calculations show
that, ART is absent in hetero-structured double barriers which
consist of single barriers of the same height but of different
geometries. As an example of typical model potentials, rect-
angular hetero-structured double barriers are studied analyti-
cally and the mathematical expressions have been derived for
the transmission coefficients of quantum particles in general.
The absence of ART is again demonstrated by numerical cal-
culations for rectangular hetero-structured double barriers.
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