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In the real world, rule makers can only restrict, not completely control the behavior of the governed, while the gov-
erned can only choose their behavior patterns under these restrictions. In this paper, we design a new control protocol
called free protocol to describe this situation. First, we calculate consensus probabilities based on the information of the
interaction networks. Then, sufficient conditions are obtained for all agents converging to a same value with probability
one. Finally, numerical simulation results are given to verify the above results.

Keywords: multi-agent systems, random protocol, consensus with probability one

PACS: 07.05.Dz, 05.10.—a

1. Introduction

In recent decades, more and more studies for multi-agent
systems have been carried out and many excellent results have
been reported.!'2* In Refs. [1-14], agents were assumed to
keep cooperative relationships with each other. However, in
Refs. [15-24], the antagonistic relation was considered. By
studying the differences between the above literature, we con-
sider the following four questions: Firstly, why should we
give agents the freedom? Secondly, how do we describe the
agents’ requirement that they want to have a standby choice to
deal with the change of the outside environment of the system?
Thirdly, what control protocols will they be able to choose if
we give agents the right to choose? Fourthly, what is the final
outcome of the system if we give agents the rights to choose
their relationship with neighbors?

As is known to all, humans cannot be controlled like a
machine. In the social network, humans have always been
controlled as agents. In order to better study the effects of
human behavior on social networks, we should give agents the
freedom as humans. That’s the answer to the first question.

For the second question, we designed a new control pro-
tocol called the free protocol to describe the agent’s require-
ment of having alternate protocols to be chosen. According to
Refs. [16,17], the weight between agents can be explained in
symbol and size. The symbol represents whether agents are
cooperative or antagonistic between each other. The size rep-
resents the strength of information that the agent responds to
its neighbors. The larger the size is, the more eager the agent
is to keep the same or opposite state with its neighbor agent.
Hence, we propose two simple control protocols for agents to
choose.

For the third question, we consider how an agent makes a
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choice. When we make a decision, we always simulate what
we are going to do at first. Listing and evaluating all the op-
tions, then we choose one of them to execute. In this paper,
based on this behavior pattern, we assume all agents randomly
select the two control protocols and count the probability dis-
tribution that the agent follows.

For the last question, we analyze all the possible patterns
when agents are free to choose. If all agents select once on
the whole time, we call it static selection. Instead, if there
is an agent changing its choice frequently, we call it dynamic
selection. When the information interaction between agents
is single-orientation, we call it single-orientation communica-
tion. Otherwise, we call it double-orientation communication.
When an agent chooses a policy independently, we call it uni-
lateral pattern. In addition, when the protocol is chosen jointly
by two communicating agents, we call it bilateral pattern.

The contributions of this paper are as follows: (i) Com-
pared with previous papers such as Refs. [1-24], we consider
the willingness of agents in a multi-agent system, which is
more reasonable and realistic. (ii) Different from the noise in
the previous works, such as Ref. [24], the method used in this
paper combines probabilistic science with control science in a
new perspective. (iii) The concept of the structurally balanced
is used to calculate the probability of bipartite agreement in
some cases firstly, then by the knowledge of probability, the
sufficient conditions for achieving agreement with probability
one are obtained.

2. Preliminaries

Suppose that all agents choose their relationship with
their neighbors based one their own willing and the relation-
ship between them is cooperative at first. Moreover, we use a
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random processes to represent the random selection of agents
to the corresponding relationships.

The signed graph G is expressed as G = {V,&,P(A)},
where V = {vy,...,0,} is a set of nodes, € CV xV is a
[a,’j] € R™", (p(A) = [Y,‘j(i)alj}, aij is the
fixed size of weight between agents. We assume that a;; > 0
if (v;,v
i can obtain the information of agent j. The neighbor set
of agent i are defined as N; = {j|(v;,v;) € €}. The de-
,dy }, where
,n. The Laplace matrix of G is de-

set of edges, A =

;) € €, otherwise a;; = 0. If (v;,v;) € &, then agent

gree matrix of Q is defined as D = diag{d,,da, ...
di =Y jen; aij, i = 1,2,.
finedas L=D— P(A )

Definition 1 A graph G(P(A)) is said to be struc-
turally balanced if it admits a bipartition of the nodes Vi,
Vo, ViUV, =V, VNV, =0, such that ¢(aij) e R™ Vv,
v; eV, (ge{1,2}) and ¢(a;;) € R- Vv, € V,, v, €V, q #
r(g,r € {1,2}). Otherwise, it is said to be structurally unbal-
anced.

Definition 2 If limy_.|x;(t) —x;(¢)| = 6 a.s. Vi,j €V,
where 6 is a random variable P(8 > 0) = 1, the system is said
to reach bipartite consensus.

Definition 3 If P{lim; ..|x;(r) —x;(z)| = 0 for all i, j €
V} = 1, the agents are said to reach consensus with probability
one.

Lemma 1171 If the graph G(®(A)) is either strongly
connected graph or connected graph. Then the system admits
a bipartite consensus solution if and only if G(P(A)) is struc-
turally balanced.

Lemma 2! If the graph G(®(A)) is structurally
balanced, then there exists Q = diag{c} with o =
[01,...,04],0; € {£1} such that 0P (A)Q = A.

Lemma 39 If the graph G(®(A)) is structurally unbal-
anced, then A; (L) > 0, i.e., —L is Hurwitz stable.

3. System model and free protocol

Since we are going to give agents freedom, the first thing
we need to analyze is the decisions they might make. From
Refs. [16,17], we know that agents respond to neighbor infor-
mation in only two ways, that is, to get closer or to move away.
This is also why the relationship between agents is divided into
cooperation and antagonism.

Consider a first order multi-agent system consisting of n
agents, suppose that the dynamic of each agent is as follows:

Xi(t) = (),

where x;(t),u;(t) € R represent the position and control input
of the agent i, respectively.

In this paper, we propose the following control protocol:

wi(t) = — Y (aijxi(t)

JEN;

—Yij(t)aijx;(t)),

where Y;;(r) is a random variable depending on the choice
made by the agent i.

Remark In social networks, we cannot control individu-
als in our society, such as robots, which does not mean we can-
not limit their behavior. In this paper, suppose that all agents
have the right to choose control protocols and we calculate the
corresponding probability distribution.

4. Static selection

In social networks, social individuals often do not change
their choices after they have identified their relationships with
others, which we call the static selection. There are three situ-
ations based on the orientation of communication and the pat-
tern they make decisions.

4.1. Single-orientation communication pattern

Single-orientation communication means that the ex-
change of information between agents is single orientation.
Therefore, an agent receiving information from its neighbors
can only unilaterally make cooperative or antagonistic deci-
sions. Thus the graph of single-orientation communication
pattern is equivalent to a special directed graph.

Suppose ajjaji =0, Vi,j = 1,...,n, Y;;j(t) =Y;; is time-
invariant and P(Y;; = 1) = p;;, P(Y;j = —1) =1 —p;;, V(i, j) €
€, where 0 < p;; < 11is the probability of agents choosing their
protocols. Then the system equation is changed into

= L ai(() = Yy (1)), )
JEN;

Theorem 1 Suppose that the directed graph G(P(A)) is
strongly connected. The probability of the system (1) reaching
the bipartite consensus is

1/2

Z ) IT0=pe) [1 Pe| >

=l I<ji<<jisn | kesl kpeS?

where S} = {ijla;j > 0,Vi€ J;, j € Gy_yori€ G,_y, jE I},
Sz = {ijla;j > 0, Vi,j € J; or i, j € G,_;}, for any choice
of jj, 1 <I<nwithl<ji<--<ji<nm and 1<g; <
-+ < gn—; < n represent the remaining integers in [1,n], J; =
s J2seeos g1} G =181, 8255 &ni}-

Proof From Lemma 1, the system with a strongly con-
nected directed graph admits a bipartite consensus solution if
and only if G is structurally balanced. It follows from Lemma
2 that the system wants to be structurally balanced, it should
be Q € U, B;, QP(A)Q = A, where B; = {Q : there are [
entries in ¢ to be [ and other n — [ entries to be —1} and
A = [a;j] € ™.

Note that Q®P(A)Q = —QP(A)(—-0),
,On}, 0; € {£1}. Hence,

Q =
diag{oy,...
1/2

P{QEUBh QP(A)Q =A}

=1

070701-2
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For any i # j, B;(\B; = 0, hence

P{Qe B, 0P(A

=1

1/2
o)

n 1/2
Y P{Q € B, 0P(A)Q :A}l :
=1

Taking B; = U< <..<j<nbi, Where b = {0:Cj, ---
C;Cq -~ Cq ,}. Hence

. 1/2
[Z P{Q e Bz,ch(A>Q=A}]
=1

£ox

1 1<j1<...<ji<n

From aijaji =0, Vi,j = 1,...,]1 and P(Yl‘j = 1) =

£ox

1 1<1<...<ji<n

The proof is completed.

4.2. Double-orientation communication and unilateral
pattern

If the communication of information between agents is
bidirectional but the choice of relations between agents is
made independently, we call it double-orientation communi-
cation and unilateral pattern. In this case, although the graph
appears to be an undirected graph, the existence of random
parameters makes the graph equivalent to a special directed
graph in nature.

Suppose that Va;; > 0, a;jaj; > 0, Y;;(t) = Y;j is time-
invariant and P(Y;; = 1) = p;;, P(Y;j = —1) =1—p;;,V(i,j) €
€, where 0 < p;; < 11is the probability of agents choosing their
protocols. Then the system equation is changed into

Z a;ij(xi(t) = Yijx;(t)). (2)

JEN;

1/2
P{Q =b;,0P(A)Q =A}] [Z )

1 1<)1<..<ji<n

pij; PYij=—-1)=1

1/2
P{Q = b, 6xaj, 0, = Yiyakr, V1 <k,r < n}]

) 12
_ [ZP{QG U boe4)0=4)
=1

I<ji<..<ji<n

For any choice of jj, g;, the events b; are different. Then

1/2
b1, QP(A)Q =A}]

n

Y Pee U

I=1 1<j1<..<ji<n
1/2

[Z Z P{Q=10,0P(A)0=A}

1 1<j1<...<ji<n

Note that QP (A)Q = A is equivalent to cja;;0; = Yj;aij,
we have

1/2
P{Q = b, 6xaj,6r = Yiyarr, V1 <k,r < n}] .

— pij, ¥(i, ) € €, we have

1/2

Z Z H l_pkl) Hpkz

=l Ishi<e.<jign | kes! kres?

Theorem 2 Suppose that the undirected graph G(P(A))
is connected. The probability of the system (2) reaching the
bipartite consensus is

1/2

:il Z H 1—Pk3)HPk4 )

Sir<e<Jisn | kzeS3 kyeS}
where Sk {ijlaij>0,VieJ;, jeGpjorie G,y, jE I},
Si = {ijla;; > 0, Vi,j € J; or i,j € G,_;}, for any choice
of j, I<I<nwithl<ji<---<jij<mand1<g <
-+ < gn—; < n represent the remaining integers in [1,n], J; =
s Jareos k> Guor =181, 825+ &t}
Proof The first part follows from Theorem 1, we have

1/2
Z Y  P{o=b, 000, =Yyar, V1 <kr<n}
=11<j1< - -<ji<n
From Va;; > 0, ajjaj; > 0 and P(Y;; = 1) = p;;, P(Y;j = —1) = 1 — p;j, V(i, j) € €, then
12 1/2
Z Y  P{o=b,0an0 =Yha,, VI<kr<n}| =Y Y IT(=pe) [] Pre

=11<j1<-<ji<n

The proof is completed.

[=1ISi<<jisn | kzes3 kyeS}

070701-3
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4.3. Double-orientation communication and bilateral pat-
tern

If the information exchange between agents is bidirec-
tional, and the relationship between agents is a decision jointly
made by both parties, we call it double-orientation commu-
nication and bilateral pattern. In this case, the graph is also
equivalent to an undirected graph.

Suppose that Va,'j > 0, ajjaji > 0, Yl'j(l‘) =1 is time-
=pij,PYij=—1)=1-pi;,V(i,j) €
€, where 0 < p;; < 11is the probability of agents choosing their

invariant and P(Y;; = 1)

protocols. Then the system equation is changed into

= ¥ aij(x(r) = Yix;()). 3)

JEN;

n
r r
=1 1Sj1<~~~<j1§n

From Va,-j >0, ajjaji > 0 and P(Y,] = Yj,' = 1)

Z >

=11<j1<-<ji<n

The proof is completed.
S. Dynamic selection

In a social network, the attitude of agents towards other
agents is always not constant in some situations. In this sec-
tion, we mainly discuss the case of dynamic selection, where
attitudes between agents change randomly over time.

According to the time point denoted by hy =0, hy, ha, ...,
at which the agent changes its attitude. We divide the time into
some nonoverlapping time slots 7o — 0, t; = hy, to =hy —hy,. . ..

Let P(¥;;(1) = 1) = pij, P(Y;j(1) = 1) = 1 - pi,. ¥(i, j) €
& Xt <t <Y1, s€{0,1,2,...}, where 0 < p; < 11is
the probability. Then the system equation is changed into

- X aijlxi(i)

JEN;

Yij(t)xj(1)). @

Theorem 4 Suppose that the directed graph G(P(A))
is strongly connected. Let a > b > 0, sup{t,} =a > 0 and
inf{t,} = b > 0 then system (4) can reach consensus with
probability one.

Proof It follows from Theorem 1 and 0 < p< < 1 that
the probability of structurally balanced is

1/2

:)i Y [T1a-m) I1r.| >0

i=1<ji<-<ji<n | kes) kpes?

where Y3, <t <Yitl4, 5 €{0,1,2,...}, for any choice of
Jo1<k<nwithl <ji<---<jr<nand1<g; <---<

P{Q = by, 61a3,6; = Yirayr, Y1 <k,r <n}

Theorem 3 Suppose that the undirected graph G(P(A))
is connected. The probability of the system (3) reaching the
bipartite consensus is

1/2

Py = i [T —pe) IT |

I=11<ji<—<ji<n | kses? ke €S}

where 8 = {ijlij = ji, a;j >0, Vi € Jj, j € Gy}, S =
{ijlij = ji, a;; >0, Vi,j € Jyor i, j € G,_;}, for any choice
of j, 1<I<nwithl<jj<--<j;<n and 1<g| <
-+ < gu—1 < n represent the remaining integers in [1,n], J; =
{ts Jaseees dits Gt =181, 825+ &1}

Proof The first part follows from Theorem 1, we have

12

P{Q = by, 61a3,6; = Yirayr, V1 < k,r <n}

— pij, V(i, j) € €, we have

1/2 1/2

:i Y ITa=pe) TT Pre

=Lsji<o<jisn |kses; ke €SS

\
gn—k < n represent the remaining integers in [1,n] J; = {Ji,
Jaseeos Jkbs Gk =181, 82,5 &nk}-

From sup{ty} = a > b = inf{t,} > 0, the attitudes be-
tween agents would change infinitely. Let B denotes the times
of G(P(A)) being structurally unbalanced. Then

P{t 5o, B— o} =1. 5)

Let Xmax () = max{|x;(¢)|} and s(¢) is agent with the
largest absolute value of state, i.e., xy(;)(f) = Xmax (). Then

sgn(xy(,) )Xmmax (1)
= - Z a;j(sgn(Xg() ) Xmax (1) — Yij () x;(2))
JEN;
then,
max Z az/ max Yij(t)sgn(xs(t)(t))xj(t))' (6)
JEN;

It is clear that Xmax (#) is non-increasing.

Next, we discuss the corresponding probability according
to the following two cases.

Case 1

There are structurally unbalanced graphs at [0,c0). Ac-
cording to Lemma 3 and Eq. (6), we have

)

P{Ve,N > 0,35 > N s.t. Xpax Z

y<er=1.

By the definition of X« (f), we can conclude that

P{lim; eo|x;(t) —xj(t)| =0} =1 Vi,jeV.

070701-4
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Case 2
There are no structurally unbalanced graphs at [0,co).
Since P{Y;;(t) =1} >0, V(i, j) € €, we have

P{VT >0,3t >T, st. P(A) =A} =1,

then

S
P{Ve,N >0, FXmax ( Y tk) =g, 5>Nsit.
k=1

s s+1 K
Y i<t <Y ti, Xmax(t) < Xmax ( Ztk> xel<ey=1.
k=1 =1

k=1
From the definition of Xyax (¢), we can conclude that
P{lim;__,o|x;(t) —x;(t)| =0} =1 Vi, j € V.
The proof is completed.
6. Simulations

Example 1 Here, we consider the case of Theorem 1.
The interaction graph is shown in Fig. 1.

Fig. 1. Single-orientation communication pattern.
The experimental results are shown in Table 1.

Table 1. Simulation parameters.

Total number of Number of Number of
trials bipartite consensus consensus
24 9 15
24 8 16
24 11 13
24 6 18
24 11 13
24 11 13
24 10 14
24 9 15
24 10 14
24 10 14

According to Theorem 1, the probability of the system
reaching the bipartite consensus is P; = 0.375. Let us do the
27 test.

Its original hypothesis Hy: there is no difference between
the probability of the system reaching the bipartite consensus
and P;.

Formn=24,n =9,np=8,n3=11,n3 =6, ns = 11,
neg=11,n7=10,n3 =9, ng = 10, njo = 10, the degree of free-
dom is m = 10 — 2 = 8 and the confidence level is a = 0.05,

we have
(nj — nP1)2

2 10
=X
x = nP

~2.78.

Inquiring the 7 table, we note the significance of 2.78 =
X < X395(8) = 15.507, which is not obvious, and we can-
not reject the original hypothesis Hy, the actual probability
distribution is not different from the probability distribution.
Therefore, our conclusion is verified.

Example 2 Here, we consider the case of Theorem 2.
The interaction graph is given in Fig. 2.

Fig. 2. Double-orientation communication and unilateral pattern.
The experimental results are listed in Table 2.

Table 2. Simulation parameters.

Total number of Number of Number of

trials bipartite consensus consensus
48 9 39
48 10 38
48 7 41
48 9 39
48 9 39
48 10 38
48 12 36
48 10 38
48 7 41
48 14 34

According to Theorem 2, the probability of the system
reaching the bipartite consensus is P, = 3/16 = 0.1875. Let
us do the x? test.

Its original hypothesis Hy: there is no difference between
the probability of the system reaching the bipartite consensus
and P».

Formn =48, n=9,n=10,n3=7,n4 =9, ns =9,
ne =10, n7 =12, n3 = 10, ng =7, njo = 14, the degree of free-
dom is m = 10 — 2 = 8 and the confidence level is a = 0.05,

we have
(ni— npby)?

2 10
=X
X i=1 P,

=5.

Through inquiring the x? table, we note the significance
of 5=yx%< x§495(8) = 15.507, which is not obvious, and can-
not reject the original hypothesis Hy, the actual probability

070701-5
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distribution is not different from the probability distribution.
Therefore, our conclusion is verified.

Example 3 Here, we consider the case of Theorem 3. The
interaction graph is shown in Fig. 3.

Fig. 3. Double-orientation communication and Bilateral pattern.

The experimental results are listed in Table 3.

Table 3. Simulation parameters.

Total number of Number of Number of

trials bipartite consensus consensus
24 4 15
24 9 16
24 8 13
24 3 18
24 5 13
24 5 13
24 4 14
24 4 15
24 8 14
24 5 14

According to Theorem 3, the probability of the system
reaches the bipartite consensus of P; = 0.25. Let us do the x>
test.

Its original hypothesis Hy: there is no difference between
the probability of the system reaching the bipartite consensus
and P;.

Fromn=24,n =4, n =9, n3=8,ng =3, n5 =35,
ng =5,n7 =4,n3 =4, ng =8, njgp =95, the degree of freedom
is m = 10 — 2 = 8 and the confidence level is o¢ = 0.05, we

have
(n; —nP;)?

10
2
=) — 27 ~6.83.
* ; nps

Inquiring the y? table, we note the significance of 6.83 =
x> < x§_95(8) = 15.507, which is not obvious, and cannot re-
ject the original hypothesis Hy, the actual probability distribu-
tion is not different from the probability distribution. There-
fore, our conclusion is verified.

Fig. 4. Dynamic selection graph.

Example 4 Here, we consider the case of Theorem 4.
The interaction graph is given in Fig. 4.
The experimental results are shown in Fig. 5.

Zq

0 1 2 3 4 5 6 7
Time (s)

Fig. 5. One result of dynamic selection.

The results of 100 trials were consistent. Hence, we ver-
ify the correctness of the theoretical results.

7. Conclusion

In this paper, we have extended the concept of consensus
to the autonomous network of agents, and the autonomy of
agents is constructed with a random parameter. In the case of
static selection, we could use the structure of the communica-
tion topology to calculate the probability of reaching consen-
sus. Under the dynamic selection mechanism, a sufficient con-
dition for consensus with probability one is given. In the fu-
ture, we will analyze the combination of dynamics and statis-
tics from another perspective. In order to make the agent in
a higher degree of freedom, it is still necessary to achieve the
consensus and to find the boundary of freedom.
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