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Magnetic stiffness determines the stability of a high-temperature superconductor (HTS) magnetic levitation system.
The quantitative properties of the physical and geometrical parameters that affect the stiffness of HTS levitation systems
should be identified for improving the stiffness by some effective methods. The magnetic stiffness is directly related to the
first-order derivative of the magnetic force with respect to the corresponding displacement, which indicates that the effects
of the parameters on the stiffness should be different from the relationships between the forces and the same parameters.
In this paper, we study the influences of some physical and geometrical parameters, including the strength of the external
magnetic field (B0) produced by a rectangular permanent magnet (PM), critical current density (Jc), the PM-to-HTS area
ratio (α), and thickness ratio (β ), on the lateral stiffness by using a numerical approach under zero-field cooling (ZFC)
and field cooling (FC) conditions. In the first and second passes of the PM, the lateral stiffness at most of lateral positions
essentially increases with B0 increasing and decreases with β increasing in ZFC and FC. The largest lateral stiffness at
every lateral position is almost produced by the minimum value of Jc, which is obviously different from the lateral force–Jc
relation. The α-dependent lateral stiffness changes with some parameters, which include the cooling conditions of the bulk
HTS, lateral displacement, and movement history of the PM. These findings can provide some suggestions for improving
the lateral stiffness of the HTS levitation system.

Keywords: high-temperature superconductor, magnetic levitation, lateral stiffness, lateral force
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1. Introduction

The contactless high-temperature superconductor (HTS)
magnetic levitation systems have inherent stability and re-
quire less complex control strategies and electronics. The
HTS levitation system can be used in a linear configuration
for transportation[1–3] or in a rotation-symmetric arrangement
as axial or radial passive bearings.[4–6] The performance of
the HTS levitation system can be improved by increasing the
vertical and lateral forces while obtaining sufficient magnetic
stiffness and low damping. In this context, there are many ex-
perimental and theoretical studies regarding the improvement
of the vertical force and lateral force between permanent mag-
net (PM) and HTS.[7–10] On the other hand, the HTS levitation
systems are limited by their low magnetic stiffness in appli-
cations when comparing with mechanical or active magnetic
bearings.[11–13] The magnetic stiffness is very important, es-
pecially in the applications where operating space is limited
and stability is the most demanding requirement.[14]

The magnetic stiffness usually can be obtained by the ver-
tical or lateral force curve (including the minor loops)[15–20] or
the dynamic properties.[21] Because in the HTS levitation sys-
tem, the vertical force and the lateral force are both hysteretic,

they after the start of vibration are the corresponding forces
acting on the minor loops.[18] Therefore, the magnetic stiffness
should be calculated from the vertical or lateral force during a
minor loop. In addition, the minor loop size has a great effect
on the magnetic stiffness.[22–25] The experimental results re-
ported by Hull and Cansiz revealed that the average magnetic
stiffness changed monotonically with the minor loop size.[22]

We also simulated the average magnetic stiffness of various
laterally or vertically sized minor loops changing from 0.1 mm
to 2 mm when the PM moved vertically or horizontally above
the HTS.[23–25] The calculation results demonstrated that most
of the average magnetic stiffness values were intensely influ-
enced by the sizes of the minor loops. In order to avoid the
errors caused by different sizes of the minor loops, the ap-
proximate value of the magnetic stiffness was obtained using
the linearly extrapolating to zero traverse method.[22–25]

Magnetic stiffness is a main parameter for taking into ac-
count the stable levitation. Many researchers devoted effort
to finding the methods to enhance the stiffness.[13,14,18,26–30]

Navau and Sanchez discussed in detail the dependence of the
vertical stiffness on different key parameters of the levitation
system, such as the superconductor aspect ratio, the relative
size of the superconductor–permanent magnet, and the crit-
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ical current of the superconductor.[18] Because they consid-
ered cylindrical symmetric configuration with only vertical
movement, their model could not describe lateral displace-
ment and lateral stiffness. Sotelo et al. investigated the po-
tential of adapting a Halbach configuration of the PMs to im-
prove the radial and axial stiffness of thrust bearings.[26] When
the height of field cooling was reduced, the radial stiffness
and the axial stiffness were both enhanced exponentially, but
the load capability decreased exponentially.[14] A multisurface
levitation structure, using three ring PMs and one HTS ring,
was adopted by Basaran and Sivrioglu to improve the radial
stiffness.[28] Kurbatova numerically investigated the sizes and
shapes of the PMs and steel elements to quantitatively evaluate
the axial and radial stiffness of the two types of HTS bearings
with disk and cylindrical superconducting stator.[30] Very re-
cently, Storey et al. investigated the geometry of a thrust mag-
netic bearing, including a conical frustum shaped permanent
magnet and matching HTS toroid and puck assembly, to pro-
duce the high vertical and lateral stiffness coupled with high
levitation force.[13]

Because the magnetic stiffness is directly related to the
firstorder derivative of the vertical or lateral force, the depen-
dence of the vertical or lateral stiffness on the physical and
geometrical parameters of HTS levitation system is different
from the effects of the same parameters on the vertical or lat-
eral force. In fact, some experimental and theoretical studies
have revealed some unexpected phenomena for the magnetic
stiffness.[25,31] The recent experimental results showed that the
radial stiffness was not influenced by the artificial holes in any
bulk HTS thickness region and the optimal thickness with the
largest radial stiffness was in a range from 6 mm to 12 mm.[31]

However, the axial stiffness was almost constant down to 6-
mm thickness of the bulk HTS, and then quickly decreased
with further thickness declining. Our latest calculations also
demonstrated some surprising results.[25] For example, the nu-
merical results showed that the sign switching phenomenon of
the vertical stiffness appeared to be related to several parame-
ters, such as the strength of external magnetic field, the critical
current density (Jc) of HTS, and the PM-to-HTS area ratio (α).
Although many studies have revealed the magnetic stiffness of
HTS levitating system, most of the researchers focus on the
stiffness properties of the stationary position that is consid-
ered as the working point. But our recent studies showed that
the vertical stiffness at different vertical distances had differ-
ent characteristics for one of the parameters.[25] In addition,
the dependence of the lateral stiffness on different important
parameters of the HTS levitation system has not been studied
comprehensively in both experimental or theoretical aspect. In
this context, the effects of the key physical and geometrical pa-
rameters of the HTS levitation system on the lateral stiffness
at different lateral displacements should be studied in detail.

In this paper, a superconducting magnetic levitation sys-
tem is composed of a cylindrical superconductor and a rectan-
gular PM, which is one of the simplest forms. The effects of
the strength of the magnetic field produced by the PM, Jc of the
bulk HTS, and the PM-to-HTS area ratio and thickness ratio
on the lateral magnetic stiffness are studied under the condi-
tions of zero-field cooling (ZFC) and field cooling (FC). The
rest of this paper is organized as follows. The system geome-
try and the calculation method of the lateral magnetic stiffness
are discussed in Section 2, The results of the lateral stiffness
under different parameters (such as the external magnetic field
strength, Jc of HTS, and the PM-to-HTS area ratio and thick-
ness ratio) are presented and discussed in Section 3. Finally,
the conclusions are drawn from the present study in Section 4.

2. Geometry and calculation models
2.1. Geometry model and moving patterns of PM

We consider a cylindrical bulk HTS with radius R and
height HSC, and a rectangular PM with length a, width b, and
thickness hPM with uniform magnetization along the axis of
its thickness direction. B0 is the strength of the magnetic flux
density at the top surface of the rectangular PM. In the paper,
we use the size of B0 to describe the magnetic field strength
of the PM. The scheme of the levitation system in ZFC and
FC are shown in Figs. 1(a) and 1(b), respectively. We will use
rectangular Cartesian coordinates with the coordinate origin
located at the top surface center of the bulk HTS. We consider
that the bulk HTS is fixed and the PM above the HTS can be
moved in the vertical or lateral direction. In the ZFC case,
the bulk HTS is cooled from the normal state to the supercon-
ducting state when the PM is located at the vertical position of
z1 = 30 mm. Then the PM vertically moves towards the bulk
HTS until z = z0 = 1 mm. After that, the PM moves in the
lateral direction. In the FC case, the bulk HTS is cooled from
the normal state to the superconducting state when the PM is
located at the vertical position of z1= z0 = 1 mm. After that,
the PM traverses in the lateral direction.

The PM moves horizontally from x = 0 to a positive max-
imum lateral displacement xmax = 20 mm, and then reversing
to a negative maximum lateral displacement xmax = −xmax =

−20 mm, and finally returning to the original position x = 0.
The general movement process is called the lateral major loop.
To calculate the lateral stiffness, a series of minor loop tra-
verses (∆x) varying from 0.1 mm to 2 mm is performed. A mi-
nor loop can be produced by a PM moving pattern as follows:
as the PM moves to a certain horizontal location, it traverses
by a small increment along the opposite lateral direction of the
major loop, and then returns to its original position. The ver-
tical distance between the PM and the bulk HTS, z0, remains
constant as the PM laterally moves under ZFC and FC.
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Fig. 1. Geometry and dimensions of considered HTS levitation system under (a) ZFC and (b) FC conditions.

2.2. Calculation method of the lateral stiffness

The shielding current density (𝐽 ) in the bulk HTS can be
analyzed by the current vector potential (𝑇 ) method.[32] If the
displacement current is ignored and 𝐵 = µ0𝐻 is used, then
Ampere’s law can be written as

∇×𝐵 = µ0𝐽 , (1)

where µ0 is the magnetic permeability in vacuum, and 𝐵 and
𝐻 are the magnetic flux density and magnetic field in HTS,
respectively. 𝐵 can be written as

𝐵 =𝐵e +𝐵SC, (2)

where 𝐵e and 𝐵SC are the magnetic flux densities generated
by the PM and the shielding current in HTS, respectively.

∇ ·𝐽 = 0 can be obtained by the operation of divergence
on Eq. (1). Accordingly, the current vector potential 𝑇 can be
introduced and defined as 𝐽 = ∇×T . The Faraday’s law of
induction is

∇×𝐸 =−∂𝐵

∂ t
, (3)

where 𝐸 is electric field strength in HTS. Using Eqs. (2) and
(3) and 𝐽 = σ𝐸, we obtain

∇× 1
σ

∇×𝑇 =
∂ (𝐵e +𝐵SC)

∂ t
, (4)

where σ is the conductivity of HTS.
According to the Helmholtz theorem, the current vector

potential 𝑇 can be written as[25]

𝑇 (𝑟, t) =
1

4π

∫∫∫ {[
∇
′×𝑇 (𝑟′, t)

]
×∇

′
(

1
R

)}
dV ′

− 1
4π

∫∫
©
{[

𝑛 ·T (𝑟′, t)
]

∇
′
(

1
R

)}
dS′, (5)

where 𝑟 and 𝑟′ respectively denote the vector of field point and
the vector of source point, R is the distance from the source
point to the field point, 𝑛 is the surface’s unit normal vector.
𝐵SC in HTS can be obtained by Biot–Savart’s law

𝐵SC =
µ0

4π

∫∫∫
𝐽(𝑟′, t)×∇

′
(

1
R

)
dV ′. (6)

Substituting Eqs. (5) and (6) into Eq. (4), the governing equa-
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tion of 𝑇 method is written as[32,33]

∇× 1
σ

∇×𝑇 (𝑟, t)+µ0
∂𝑇 (𝑟, t)

∂ t

+
µ0

4π

∫∫
©

S

[
∂ (𝑇 (𝑟′, t) ·n)

∂ t
∇
′
(

1
R

)]
dS′ =−∂𝐵e

∂ t
, (7)

where S is the boundary of the bulk HTS. The analytic expres-
sion of the magnetic flux density for a rectangular PM can be
found in Ref. [34].

A bulk HTS has an obvious layer structure. Previous
study also demonstrated that the Jc of the bulk, parallel to
the a–b plane, is three times bigger than that parallel to the
c axis.[35] On this basis, it can be reasonably considered that
the bulk HTS consists of some thin plates along the c axis.
The shielding current density 𝐽 parallel to the thin plates (a–b
plane) is taken into account, while the 𝐽 parallel to the c axis is
neglected for each thin layer. Therefore, the three-dimensional
equation (7) can be simplified into a two-dimensional (2D)
equation. To solve the 2D equation, the Galerkin finite ele-
ment method (FEM) and the critical state Bean model are used
to obtain the distribution of the shielding current density in the
HTS thin layers. Then the lateral force acting on the levitating
PM can be evaluated from the Lorentz force expression.

In this study, the lateral stiffness at different lateral posi-
tions xwk, which is called the lateral working point, is inves-
tigated, and xwk is selected as 3, 6, 9, 12, −3, −6, −9, and
−12 mm. Due to the hysteresis behavior of the bulk HTS,
the lateral stiffness at the same xwk has different values for the
first and second passes of the PM. As the PM moves to a given
lateral position xwk, an average lateral stiffness (k̃xx) is deter-
mined by producing a minor loop at the point on the lateral
force major curve. The k̃xx equals the negative slope of the
minor loop. So we have

k̃xx =−
∆Fml

x

∆x
, (8)

where the superscript ml indicates the lateral force on the mi-
nor loop.

For each xwk, a series of minor loops with different lateral
sizes is performed. The lateral sizes of the minor loop (∆x) are
selected as 0.1, 0.2, 0.4, 0.6, 0.8,1.0, 1.2, 1.4, 1.6, 1.8, and
2.0 mm, respectively. Different sizes of the minor loop can
deduce different values of k̃xx. The approximate value with
zero traverse for the lateral stiffness is obtained by linear ex-
trapolation. The approximate value is considered as the accu-
rately lateral stiffness (kxx). Numerical data are recorded every
0.01 mm of lateral displacement.

The lateral force without minor loop, obtained by the
same calculation method adopted in this paper, is quantita-
tively compared with the experimental data[22] in our previous
paper,[33] showing that the theoretical calculations accord well
with the experimental data for all lateral displacements in ZFC

and FC, which means that the calculations of the lateral forces
with the minor loops in the paper are reliable too. Then, the
calculation results of the average and approximate magnetic
stiffness are also credible because those values are derived
from the minor loops by the simply linear fitting method. In
fact, the magnetic stiffness cannot be directly measured. The
lateral stiffness can be generally gained in experimental mea-
surements by the following method. The lateral forces on the
minor loops with different values of ∆x can be measured by
the force sensor. All points of a minor loop are fitted with a
straight line to find the slope of each minor loop, which in turn
provides the average lateral stiffness k̃xx for a particular ∆x.
The lateral stiffness kxx is gained by the linear extrapolation
by using all average k̃xx values with different values of ∆x.

3. Results and discussion
B0 is an essential parameter of the PM for the HTS levi-

tation system and describes the magnetization feature and the
magnetic field strength produced by the PM. The value of Jc

indicates the flux pinning property of HTS and reflects its elec-
tric conductivity. Jc limits 𝐽 in the bulk HTS and affects the
levitation ability because the Lorentz force between PM and
HTS is produced by 𝐽 in the bulk HTS and 𝐵e of the PM.
In addition, the relation between the relative size of the PM–
HTS and the levitation characteristics can provide the meth-
ods to optimize the HTS levitation machines such as super-
conducting magnetic bearings and maglev trains. In this con-
text, at different values of xwk, we have systematically studied
the dependence of the lateral stiffness kxx on different physi-
cal and geometrical parameters of the HTS levitation system
such as the external magnetic field strength of the PM, the
Jc of bulk HTS and the PM-to-HTS area ratio and thickness
ratio. Unless otherwise stated, we adopt the following pa-
rameters: R = 15 mm, HSC = 18 mm, Jc = 10.0×107 A/m2,
a = b = hpm = 26.58 mm, and B0 = 0.4 T. The values of
these parameters are generally similar to the ones employed
in the previous experimental study.[22] In addition, the values
of R = 15 mm and a = b = 26.58 mm leads the surface area
of the bulk HTS to equal that of the PM. The cylindrical bulk
superconductor is divided into nine thin plates along the c axis
with each plate being 2-mm thick.

3.1. The B0 dependence

In order to determine the dependence of kxx on B0, the
other parameters of the HTS levitation system are kept con-
stant as B0 changes. In ZFC, figures 2(a) and 2(b) show the
relationships between kxx and B0 in the first and second passes
of the PM, respectively. The kxx at large lateral displacements
(such as xwk = ±9 mm and ±12 mm) increases with B0 in-
creasing from 0.1 T to 0.8 T. Furthermore, at these lateral po-
sitions, the kxx increases more rapidly as B0 increases from
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0.4 T to 0.8 T than as B0 from 0.1 T to 0.4 T. At small lat-
eral displacements (such as xwk = ±3 and ±6 mm), the kxx

first decreases and then increases as B0 increases from 0.1 T
to 0.8 T. Moreover, in the first pass of the PM, the sign of
kxx at some small lateral displacements (such as xwk =−3 and
±6 mm) changes from negative to positive value with B0 in-
creasing from 0.4 T to 0.8 T (Fig. 2(a)). This means that the
lateral stability positioned at the lateral displacements changes
from unstable state to stable state as the PM magnetic field
becomes strong enough. The phenomenon of sign switching
for the kxx also appears at some lateral displacements (such as
xwk = ±6 mm) with B0 increasing from 0.4 T to 0.8 T in the
second pass of the PM (Fig. 2(b)).
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Fig. 2. Relationships between kxx and B0 at different lateral displacements
under the ZFC condition in (a) the first pass and (b) the second pass.

In order to understand the results of kxx with different pa-
rameters at different lateral positions, we have plotted the lat-
eral force curves with some minor loops under different values
of the parameters. Figure 3 shows the lateral force curves with
some minor loops at three different B0 values in the ZFC case.
The lateral size of the minor loop is chosen to be ∆x = 0.2 mm
in Fig. 3 because the average lateral stiffness k̃xx produced by
a small minor loop (such as ∆x = 0.1 or 0.2 mm) is usually
close to the approximate lateral stiffness kxx based on our pre-
vious study.[23] Moreover, the minor loop with ∆x = 0.2 mm
is shown more clearly than that with ∆x = 0.1 mm. In Fig. 3,
we observe that all minor loops coincide with the major loops
with B0 of 0.1 T and 0.4 T. However, the minor loops are sep-
arate from the large loop with a B0 of 0.8 T due to the strong
magnetic hysteresis effect. The k̃xx with ∆x = 0.2 mm equals

the negative value of the slope of the minor loop at a certain
xwk if the minor loop is separate from the major loop, or equals
the negative value of the derivative at the same xwk when the
minor loop coincides with the corresponding major loop. Ac-
cordingly, at xwk = 6 mm, the k̃xx with B0 = 0.1 T is close to
zero, while has a negative value with B0 = 0.4 T and has a
positive value with B0 = 0.8 T. Therefore, the k̃xx (or kxx) at
xwk = 6 mm first decreases and then increases as B0 increases
from 0.1 T to 0.8 T. In addition, the sign of kxx switches at
xwk = 6 mm as B0 increases from 0.4 T to 0.8 T. This means
that since the shape of the lateral force curve varies or the mi-
nor loops are separate from the corresponding major loops, the
lateral stability at some lateral positions changes from unstable
state to stable state when the applied magnetic field becomes
strong. At the other lateral positions, the characteristics of kxx

can also be understood by the similar analysis about the lateral
force curves with the minor loops.
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Fig. 3. Lateral forces under different B0 values with minor loops laterally
sized at 0.2 mm under the ZFC condition.

Figures 4(a) and 4(b) show the B0-dependent kxx values
at different lateral positions under FC condition in the first and
second passes of the PM, respectively. The kxx at all lateral
positions increases with B0 increasing from 0.1 T to 0.8 T.
Furthermore, at each xwk, the kxx increases faster as B0 in-
creases from 0.4 T to 0.8 T than B0 increasing from 0.1 T to
0.4 T. The kxx at each xwk value has a positive value under any
B0, which implies that the HTS levitation system is always
laterally stable in the FC case with B0 increasing from 0.1 T
to 0.8 T. Figure 5 displays the lateral force curves with some
minor loops under three different B0 values in the FC case.
As the external magnetic field produced by the PM becomes
strong, the minor loops start to be separate from the major loop
with B0 = 0.8 T because of the strong magnetic hysteresis ef-
fect. The derivative values of the major lateral force curve at
some lateral displacements (generally ranging from −7.5 mm
to 7.5 mm) with B0 = 0.8 T become positive values in the sec-
ond pass of the PM due to the remarkable flux pinning effect.
However, the slops of the minor loops have negative values at
these lateral positions in the same displacement range. Thus,
if the lateral stiffness is deduced from the derivative of the ma-
jor lateral force curve in the region where the strong magnetic
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hysteresis effect appears, the sign of the lateral stiffness may
be opposite to that obtained from the slop of the minor loop.
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3.2. The Jc dependence

In ZFC, the Jc-dependent kxx values in the first and second
passes of the PM are shown in Figs. 6(a) and 6(b), respectively.
Figure 7 shows the lateral force curves with some minor loops
at three different Jc values in the ZFC case. At each lateral
position, the kxx decreases almost linearly as Jc increases from
1.0×107 A/m2 to 10.0×107 A/m2 no matter whether it hap-
pens in the first pass or the second pass of the PM. The results
of kxx are considerably distinguished from the lateral forces at
different Jc values, because the lateral force can be generally
enhanced as Jc increases (Fig. 7). The reason is that the minor
loops easily deviate from the major loops as Jc decreases from

10.0×107 A/m2 to 1.0×107 A/m2 due to the enhancement of
the magnetic hysteresis effect. This means that when the initial
cooling height is large (or in the ZFC case), the lateral stabil-
ity of the levitation system will be significantly enhanced if
Jc of the bulk HTS decreases. As shown in Fig. 6, the sign
of kxx at small lateral displacements (such as xwk = ±3 mm
and ±6 mm) changes from plus to minus as Jc increases from
1.0×107 A/m2 to 10.0×107 A/m2. The reason is that the mi-
nor loops tend to coincide with the major loops as Jc increases
and the lateral levitation is unstable for a large enough Jc in the
ZFC case. In addition, the kxx values at some lateral positions
of xwk = 3, 6, 9, and 12 mm almost equal those at correspond-
ing symmetrical positions of xwk =−3,−6,−9, and−12 mm,
respectively. It implies that the kxx has symmetrical character-
istic about the axis of x = 0 in the ZFC case, where Jc is kept
identical.
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In the FC condition, the Jc-dependent kxx values in the
first and second passes of the PM are shown in Figs. 8(a) and
8(b), respectively. Figure 9 shows the lateral force curves with
some minor loops at three different Jc values in the FC case.
In the first pass of the PM, the kxx at xwk = 3 mm or 6 mm
slightly changes with Jc increasing from 1.0×107 A/m2 to
10.0×107 A/m2, but the kxx at xwk = −3 mm first decreases
and then increases for the same change of Jc. The behaviors
of kxx can be explained from Fig. 9. Although the derivative
increases at xwk = 3 mm or 6 mm on the major loop as Jc

increases from 1.0×107 A/m2 to 10.0×107 A/m2, the mi-
nor loops deviate more evidently from the major loops under

077404-6



Chin. Phys. B Vol. 30, No. 7 (2021) 077404

Jc = 1.0×107 A/m2 and 5.0×107 A/m2 than that under Jc =

10.0×107 A/m2. These changes of the minor loops at the two
lateral positions cause the value of kxx to have a small change
under the three Jc values in the first pass of the PM. At xwk =

−3 mm, very minor loop under different Jc values deviates
from the corresponding major loop due to the sensitiveness of
the bulk HTS to the PM movement history. The largest slope
of the minor loops is produced when Jc= 1.0×107 A/m2,
followed by Jc= 10.0×107 A/m2, and the smallest one is
produced when Jc = 5.0× 107 A/m2. Therefore, the kxx at
xwk = −3 mm first decreases and then increases with Jc in-
creasing from 1.0×107 A/m2 to 10.0×107 A/m2 in the first
pass of the PM. At the other lateral positions (such as xwk = 9,
12,−6,−9, and−12 mm), the kxx decreases monotonically as
Jc increases from 1.0×107 A/m2 to 10.0×107 A/m2.

As shown in Fig. 8(b), in the second pass of the PM,
at small lateral displacements (such as xwk = ±3 mm and
±6 mm), the kxx significantly decreases as Jc increases from
1.0×107 A/m2 to 5.0×107 A/m2, but it slightly increases
or decreases with Jc further increasing. At large lateral dis-
placements (such as xwk = ±9 mm and ±12 mm), the kxx al-
most decreases linearly as Jc increases from 1.0×107 A/m2 to
10.0×107 A/m2. Like the case in the first pass of the PM, the
reasons for the kxx results under different Jc values can also
be understood by analyzing the slopes of the minor loops in
Fig. 9. In addition, as shown in Figs. 8(a) and 8(b), all lateral
stiffness values are positive in the two passes of the PM. This
means that the lateral levitation of the system is always stable
under different Jc values in the FC case.
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Although none of the lateral stiffness values at all lateral
positions always exhibits the absolute decreasing tendency in
the FC case (Fig. 8), the largest lateral stiffness is almost pro-
duced by Jc= 1.0×107 A/m2 at each xwk whether in the first
or in the second pass of the PM when comparing the results
of kxx under different Jc values in ZFC (Fig. 6). The calcu-
lated results in Figs. 6 and 8 show that as Jc of the bulk HTS
becomes large, the kxx at each xwk generally decreases under
both the ZFC condition and the FC condition although the lat-
eral force roughly increases (Figs. 7 and 9). This extraordinary

phenomenon originates from the case that the minor loops de-
viate from the major loops, which is caused by the strong mag-
netic hysteresis effect as Jc decreases.

L
a
te

ra
l 
st

if
fn

e
ss

 (
N

/
m

m
)

L
a
te

ra
l 
st

if
fn

e
ss

 (
N

/
m

m
)

Jc (107 A/m2)

Jc (107 A/m2)

0 2 4 6 8 10 12
1

2

3

4

5

6
first pass (a)FC

0 2 4 6 8 10 12
0

1

2

3

4

5

6

second pass
(b)

FC

xwk=3 mm

xwk=6 mm
xwk=9 mm

xwk=12 mm

xwk=-3 mm

xwk=-6 mm

xwk=-9 mm

xwk=-12 mm

xwk=3 mm

xwk=6 mm
xwk=9 mm

xwk=12 mm

xwk=-3 mm

xwk=-6 mm

xwk=-9 mm

xwk=-12 mm

Fig. 8. Values of kxx as a function of Jc at different lateral displacements
under the FC condition in (a) the first pass and (b) the second pass.

Jc=5.0T107 A/m2

L
a
te

ra
l 
fo

rc
e
 (

N
)

Lateral displacement (mm)

Jc=1.0T107 A/m2

-20 -10 0 10 20

-30

-20

-10

0

10

20 FCJc=10.0T107 A/m2

Fig. 9. Lateral forces under different Jc values with minor loops laterally
sized at 0.2 mm in the FC case.

3.3. Effect of PM-to-HTS area ratio

Figures 10(a) and 10(b) show the relationships between
the calculated kxx and the PMtoHTS area ratio α at different
lateral positions under the ZFC condition in the first and sec-
ond passes of the PM, respectively. The different α values
are produced by changing the PM cross-sectional area. As α

changes from 0.5 to 2.0, the magnetic pole face of the PM re-
mains square in shape and the dimensions of the bulk HTS
remain constant. As α increases from 0.5 to 1.0, the kxx val-
ues at different lateral positions display different characteris-
tics. At small lateral displacements (such as xwk = ±3 mm),
the kxx decreases quickly with α increasing from 0.5 to 1.0.
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At medium lateral displacements, the kxx slightly decreases (at
xwk =±6 mm) or increases (at xwk =±9 mm) with α increas-
ing from 0.5 to 1.0. However, at large lateral displacements
(such as xwk = ±12 mm), the kxx increases significantly with
α increasing from 0.5 to 1.0. The results of kxx can be under-
stood from Fig. 11, where the lateral force curves with some
minor loops at three different α values in the ZFC case are
plotted. Because all minor loops almost coincide with the cor-
responding major loops for three different α values, the lateral
stiffness at any xwk is generally equal to the negative derivative
at the same point on the corresponding major loop. As shown
in Fig. 11, since the lateral force curve for α = 1.0 is steeper
at xwk = 3 mm than that for α = 0.5, the derivative of the cor-
responding major loop for α = 1.0 is larger than for α = 0.5
at the same point whether in the first or in the second pass
of the PM. But the lateral stiffness values at xwk = 3 mm for
α = 0.5 and 1.0 are negative. Therefore, the lateral stiffness
at the point decreases with α increasing from 0.5 to 1.0. For
the other lateral positions, the characteristics of kxx can also be
explained by analyzing the shapes of the lateral force curves.
As seen from Fig. 10, the kxx at each lateral position decreases
with α increasing from 1.0 to 2.0 in the two passes of the PM.
Therefore, the kxx value for α = 1.0 is the largest in the three α

values at xwk =±12 mm, but the kxx decreases monotonically
at xwk = ±3 mm as α increases from 0.5 to 2.0. This means
that the kxx values with α at different xwk values exhibit the
absolutely different features.
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Under the FC condition, the kxx values as a function of
α at different lateral positions are shown in Fig. 12. In the
first pass of the PM (Fig. 12(a)), the kxx for α = 1.0 is gener-
ally the largest in the three α values at small lateral displace-
ments (such as xwk = ±3 mm and ±6 mm), but the kxx in-
creases monotonically at large lateral displacements (such as
xwk =±9 mm and±12 mm) as α increases from 0.5 to 2.0. In
the second pass of the PM (Fig. 12(b)), the kxx for α = 1.0 is
generally the largest in the three α values at xwk =±6 mm and
±9 mm, but the kxx decreases monotonically at xwk =±3 mm
and increases monotonically at xwk =±12 mm as α increases
from 0.5 to 2.0. The different characteristics of kxx in the FC
condition can be understood from Fig. 13, which displays the
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lateral force curves with some minor loops under different α

values. Although all minor loops almost coincide with the cor-
responding major loops for three different α values, the shapes
of the lateral force curves are significantly influenced by α .
Like the analysis method under the ZFC case in this section,
the above-mentioned features of the lateral stiffness in the FC
case can be understood by studying the derivatives at these lat-
eral positions on the major loops for different α values.
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Fig. 13. Lateral forces under different PM-to-HTS area ratio (α) values with
minor loops laterally sized at 0.2 mm in FC.

3.4. Effect of PM-to-HTS thickness ratio

In Figs. 14(a) and 14(b), the dependence of kxx on the
PMtoHTS thickness ratio (β = hPM/HSC) under the ZFC con-
dition, in the first and second passes of the PM, is plotted,
respectively. The different values of β are obtained by chang-
ing the PM thickness, while the dimensions of the bulk HTS
remain constant. In addition, the PM surface dimensions and
B0 also remain constant. Whether in the first or in the sec-
ond pass of the PM, the kxx at each lateral position decreases
with β increasing from 0.5 to 2.0. The sign of kxx is always
minus at small lateral displacements (such as xwk = ±3 mm)
for different β values, which means that the lateral levitation
of the system is unstable at these working points in the ZFC
case. However, the sign of kxx always is plus at large lateral
displacements (such as xwk =±9 mm and±12 mm) for any β

value. Thus, the system is laterally stable at these positions. At
xwk =±6 mm, the sign of kxx changes from plus to minus as β

increases from 0.5 to 2.0. These phenomena can be understood
from Fig. 15, which shows the lateral force curves with some
minor loops under different β values in the ZFC case. Owing
to the large magnetic hysteresis effect, most of the minor loops
are separate from the major loop for β = 0.5. Although the
derivatives of the major loop at xwk =±6 mm for β = 0.5 have
positive values, the slopes of the minor loops have negative
values because the orientations of the minor loops are differ-
ent from the tangent lines of the major loop at the same points.

Therefore, the lateral stiffness is positive when xwk =±6 mm
and β = 0.5. Because the minor loops coincide with the cor-
responding major loop at xwk = ±6 mm for β = 2.0, the lat-
eral stiffness values are deduced from the derivatives of the
major loop and have negative values. This leads to the phe-
nomenon of sign switching for the kxx at xwk = ±6 mm as β

increases from 0.5 to 2.0. Obviously, the lateral force curve
for β = 0.5 is the steepest in the three lateral force curves and
the minor loops evidently deviate from the large loop for the
same β . Thus, the kxx for β = 0.5 at large displacements (such
as xwk = ±9 mm and ±12 mm) has the largest values in the
three β values.
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Fig. 14. Values of kxx as a function of PM-to-HTS thickness ratio at different
lateral displacements under the ZFC condition in (a) the first pass and (b) the
second pass.

Figures 16(a) and 16(b) show the dependence of kxx on
β under the FC condition in the first and second passes of the
PM, respectively. Like the ZFC case in this section, the kxx

at each lateral position also decreases with β increasing from
0.5 to 2.0 whether in the first or in the second pass of the PM.
All lateral stiffness values are positive no matter how β and
xwk change in the two passes of the PM. This means that the
lateral levitation of the system is stable at each xwk for any β

value in the FC case. Figure 17 shows the lateral force curves
with some minor loops under different β values in the FC case.
We observe that the steepest lateral force curve is produced for
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β = 0.5, followed by β = 1.0, and the last one is produced for
β = 2.0. In addition, the minor loops clearly deviate from the
major loop for β = 0.5. These characteristics of the lateral
force curves with the minor loops cause the kxx at each xwk to
decrease as β increases from 0.5 to 2.0.
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Fig. 15. Lateral forces under different PM-to-HTS thickness ratio (β ) values
with minor loops laterally sized at 0.2 mm in the ZFC case.

As seen from Figs. 15 and 17, the shape change of the
lateral force curve is more obvious as β varies from 0.5 to 1.0
than that as β increases from 1.0 to 2.0. Therefore, the kxx at
each lateral position decreases more rapidly when β changes
from 0.5 to 1.0 than when β increases from 1.0 to 2.0 (Figs. 14
and 16).
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Fig. 17. Lateral forces under different PM-to-HTS thickness ratio (β ) values
with minor loops laterally sized at 0.2 mm in FC.

4. Conclusions
By using the 𝑇 method, Bean model, and analytic expres-

sions of the magnetic field produced by a rectangular PM,[34]

the lateral force is obtained from an FEM. The average lateral
stiffness of a certain minor loop is equal to its negative slope
value. The lateral size of the minor loop (∆x) changes from
0.1 mm to 2 mm. By using the linear extrapolation and at
the same time by applying all average lateral stiffness values
produced by the minor loops with different lateral sizes, the
approximate value with a zero traverse for the lateral stiffness
is gained. We also study the effects of the B0 of the PM, Jc,
α , and β on the lateral stiffness at different lateral positions in
the first and second passes of the PM under ZFC and FC condi-
tions. The conclusions and unexpected results are summarized
as follows:

(i) At most lateral positions (except xwk = ±3 mm and
±6 mm in the ZFC case), the lateral stiffness increases with
the increase of B0 in the two passes of the PM under the ZFC
and FC conditions. In the ZFC case or at relatively high cool-
ing height, the lateral stability at some lateral positions (such
as xwk =±6 mm) can be changed from unstable state to stable
state as the PM magnetic field (in other words, B0) becomes
strong enough.

(ii) In the ZFC case, the lateral stiffness almost de-
creases linearly with Jc increasing from 1.0×107 A/m2 to
10.0×107 A/m2 at each lateral position whether in the first
or in the second pass of the PM. In the FC case, although the
lateral stiffness at each lateral position does not always exhibit
the absolute decreasing features with Jc increasing, the largest
lateral stiffness is generally produced by the minimum value
of Jc. The unexpected results indicate that although the lateral
force essentially increases, the lateral stiffness decreases as Jc

improves.
(iii) The α-dependent lateral stiffness changes with some

parameters, which includes cooling conditions of the bulk
HTS, lateral displacement, and movement history of the PM.

(iv) In ZFC and FC conditions, the lateral stiffness at each
lateral position decreases with β increasing from 0.5 to 2.0
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whether in the first or in the second pass of the PM. Moreover,
the lateral stiffness decreases more rapidly with β increasing
from 0.5 to 1.0 than from 1.0 to 2.0.
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