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We consider the superconducting properties of Lieb lattice, which produces a flat-band energy spectrum in the normal
state under the strong electron—electron correlation. Firstly, we show the hole-doping dependent superconducting order
amplitude with various electron—electron interaction strengths in the zero-temperature limit. Secondly, we obtain the su-
perfluid weight and Berezinskii—Kosterlitz—Thouless (BKT) transition temperature with a lightly doping level. The large
ratio between the gap-opening temperature and BKT transition temperature shows similar behavior to the pseudogap state
in high-T; superconductors. The BKT transition temperature versus doping level exhibits a dome-like shape in resemblance
to the superconducting dome observed in the high-7;. superconductors. However, unlike the exponential dependence of T¢
on the electron—electron interaction strength in the conventional high-7; superconductors, the BKT transition temperature
for a flat band system depends linearly on the electron—electron interaction strength. We also show the doping-dependent
superconductivity on a lattice with the staggered hoping parameter in the end. Our predictions are amenable to verification
in the ultracold atoms experiment and promote the understanding of the anomalous behavior of the superfluid weight in the
high-7;. superconductors.

Keywords: flat-band superconductivity, strong electron—electron interaction, superfluid weight, Berezinskii—

Kosterlitz—Thouless (BKT) transition temperature

PACS: 74.20.—z, 74.20.Mn, 74.25.Bt

1. Introduction

Flat-band superconductivity has attracted much attention
in the condensed matter physics, especially since the recent
discovery of superconductivity in flat bands of twisted bi-
layer graphene.!!~®! A flat band is an energy band without en-
ergy dispersion in the quasimomentum k space and is com-
posed of localized eigenstates. In the conventional Bardeen—
Cooper—Schrieffer (BCS) theory, the critical temperature of
the superconducting transition 7 o< exp (—m), where g
is the coupling constant of attractive interaction and ng(Eg)
is the density of states at the Fermi energy. It is natural to
increase the critical temperature by enhancing the density of
states which is maximum for the flat band system, because of
vanishing the energy dispersion. This might provide a con-
ceivable way to reach the grand goal of room-temperature
superconductivity.”l As the electronic energy band is flat, the
momentum uncertainty of the electronic state reaches the max-
imum, which implies that electrons are more localized in real
space according to the uncertainty principle. As a result, the
on-site Coulomb interaction is enhanced, so it is necessary
to study the flat-band superconductivity that emerges in the
strong correlation limit.

Flat bands can be realized in the bipartite lattice, and a
simple bipartite lattice featuring a strictly flat band is the Lieb
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lattice (Fig. 1(a)).
sisting of three atoms (A, B, C) which tight-binding disper-

It is a line-centered square lattice con-

sion is characterized by three band branches, and the mid-
dle energy band is a strictly flat band E; = 0.!8) Some theo-
retical works on the Lieb lattice focus on the ferromagnetic
properties; the celebrated flat-band ferromagnetism was first
studied by Lieb.®-!1l The studies about superconductivity on
the Lieb model show that the high density of states enhances
the superconducting critical temperature for fixed interaction
strength,!71>-16] while its topological properties are another

17-20

interesting topic.!'72%1 On the experimental side, the Lieb lat-

tice has been realized using ultracold atoms, photonic lattices
and also electronically. 223!

Another interesting flat band system is the twisted bilayer
graphene. The surprising superconducting state in the twisted
bilayer graphene is relevant to flat bands, which arouses new
interest in flat-band superconductivity.!!'=>?* There is another
simple way to get flat-band superconductivity in graphene
by including periodic strain.[>>=>71 As these systems are two-
dimensional, they cannot undergo a conventional phase tran-
sition to a superconducting state owing to thermal fluctuation.
The superconducting critical temperature is determined by the
Berezinskii—Kosterlitz—Thouless temperature rather than the
vanishing of the superfluid weight.[?8-30361 Therefore, it is
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crucial to examine the BKT transition on the Lieb model with
a strong correlation to understand superfluid in the ultracold
atoms or the superconductivity in the high-7;. superconductors.

(a)

X4 -4,
X B X; A Ay Ay

—A,

(14+kK)t

-3 — -
_

4 2 0 2 4
k k,

Yy
Fig. 1. (a) The Lieb lattice and its unit cell, The sublattice in the unit
cell are labeled by T = A, B, C. The thick lines represent internal bonds
hopping energy (1 + k)¢, while the thin lines represent external bonds
hopping energy (1 — k)t. The mean field parameters ¥ and A used in
this paper are set as shown, Y is related to the bond order, A is related
to the superconducting order, and the d-wave symmetry of the super-
conducting order is used. (b)—(c) The energy dispersion as a function
of quasimomentum for k = 0 (b) and x = 0.2 (c). The middle band is
strictly flat Ej, o = O for any k while the upper and lower band has a gap

Eqap = V8K,

In this paper, we investigate the superconducting proper-
ties of Lieb lattice in the strong electron—electron correlation
limit based on the —J model using the Gutzwiller renormal-
ization mean-field method. The hole-doping and temperature-
dependent superconductivity has been shown. Similar to high-
temperature superconductivity in the CuO; planes, the super-
conducting region can be divided into the under-doped region

and the over-doped region. The superconducting order ampli-
tude increases linearly with doping level in the lightly doped
region in the zero-temperature limit, showing almost irrelevant
to electron—electron interaction strength because of the main
dependence on the hole-doping level. We obtain the superfluid
weight and BKT transition temperature for the d-wave super-
conducting state on this system. It is shown that the BKT tran-
sition temperature is much lower than the gap-opening tem-
perature in the lightly doping level. This phenomenon charac-
terizes the pseudogap state in high-temperature superconduc-
tors. As a comparison, the superfluid weight and BKT tran-
sition temperature in the optimal hole-doping level have been
given. The BKT transition temperature has the same order as
the energy gap and superfluid weight disappeared temperature.
The BKT transformation temperature versus hole-doping level
shows a similar tendency as the doping-dependent supercon-
ducting order in the zero-temperature limit. The prominent
characteristic in flat-band superconductivity is the linearly in-
creasing relation between superconducting critical tempera-
ture and the coupling strength, and we show the BKT transi-
tion temperature linearly increases with the electron—electron
interaction strength. The effect of the staggered hoping param-
eter is discussed in the end. It remarkably reduces the super-
conducting region and the superconducting order in the zero-
temperature limit. This paper is organized as follows. In Sec-
tion 2, we describe the basic theoretical model and Gutzwiller
renormalization mean-field method along with the formulation
for computing the superfluid weight and the BKT transition
temperature. In Section 3, we present our numerical results
and discuss their physical meanings. Finally, some conclu-
sions are drawn in Section 4.

2. Model and methodology

We study the extended #—J model on the Lieb lattice (see
Fig. 1(a)), governed by the following Hamiltonian:

H = — Z (1+x)t (E;mﬁca\,,,mm,a +h.C.)
T'nm,0
~ o~ 1
+Jl Sbrnm Sarnm+ai - an"nm narner‘”:

(i 100)
Tnm,0

~ o~ 1
+JZ Sbrnm Sa,nm,ai - anrnm na’nm*a”:

— Y (14w (E;mﬁamwo + h.c.)
Tnm,O

~ o 1

+J1 S

Tnm™ Crpm+aj o 4nhrnm+a’incrnm+llj:|
~y N )

~ Y (- (b,nm,oc,m,am +h.c.)

T'nm,0

~ 1

+JZ Sbrnm Scrnm*aj o anrnm ncrnmaj:| ’ (1)
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where @y, (@, ) annihilates (creates) an electron with spin
o =T, on sublattice B of the unit cells located in 7., (an
equivalent definition is used for sublattice A and C). The hop-
ing energy of internal bonds in one cell is (1 + k)z, as well

as (1 — x)t for external bonds between different cells, the an-
tiferromagnetic coupling J; = <1+K> and J, = “T;)z with
Uy, describes the Hubbard mteractlon between electrons. The
eigenvalues of the noninteracting Hamiltonian of Lieb lattice
(with lattice constant a) has three energy bands, and the upper

and lower energy band have dispersions

Ep+= :|:2t\/1 + K2+ (1 — k2)(coskya+coskya) /2, (2)

while the middle energy band is strictly flat with Exo =0
and isolated from other energy bands with an energy gap
Egyp = V/8xt. Unlike the partial loose flat band found in the
twisted bilayer graphene, the flat band in this system is strictly
Ey.0 = 0 in the full Brillouin zone.

In the strong interaction limit when U is large, to exclude
the doubly occupied state, the effective 7—J model is given by
Heff = PGHPG, where PG = Hi (l —
projection operator. Following the idea in previous works, we

nipn; i) is the Gutzwiller

replace the projection operator with the Gutzwiller renormal-
ization factors.3!32] The hopping amplitude ¢ and the anti-
ferromagnetic coupling J are replaced by g ;t and g},J with
25; R __2

8ij = 88 8 = \/ 135 8ij = &i&) & = [Ti5)’
the average value of hole- doping level on site i.

where 6; is
The anti-

ferromagnetic interaction term S; S 4n n; has been decou-

pled as —3 (linij+Aiinj)’ where xl.j = ZG .
~Het
=G -
the mean-field Hamiltonian is given by

Hur= Y —

(i.j),0

jc and

CA’IG;LT Taking the mean-field approximation,

3 3
(gljtlj+ gUle) SgUA A++hC (3)

The chemical potential term — ,uﬁ (N is the particle number
operator) is added to get the full Hamiltonian. We defined pair
mean field A; , and bond mean field y; , as follows:

1 ~ ~

AY = — Z(bi(rnm)c%(rnm +ai) — by (rum)a@) (rum +at)),
Tnm
1 ~ - "~ ~ .
Ay = N Z<b¢("nm)a¢("nm —at) — by (rpm) @y (ram — at)),
Ynm
= Z o (Fum)as (rum +at)),
ran'
X -~ Z bc rnm)ao(’"nm ai)),
r,,mo‘
1 o~
Or—apc=1— I Z (T4 T6). 4

'nmO

The d-wave superconducting state has been considered in our
work, so the mean-field order on the y-direction is considered
as shown in Fig. 1(a), and the superscript v indicates that these
quantities are related to the physical order parameters. The su-

perconducting order parameter is given by A = g/ ]Alj, and the
bond order is also be rescaled. This project is similar to the
slave-boson method, where A" equivalents to the average of
spinon pairing operators. We perform a discrete Fourier trans-

formation to the mean-field Hamiltonian with

1
NZ’E‘kgexp(ik-r). 3)
k

fic =
The mean field Hamiltonian can be then expressed as

Hyr =Y v (k)he(k)w(k), (6)
k
where y = (ﬁ;gT,bZT,cA'zT,ﬁ,k¢,b,k¢,E,k¢). Then the
mean-field values got by the self-consistent and the
temperature-dependence of a mean-field order O is obtained
by the following equation

O(T) = ~ Y (0) = - ¥yl Ol vik)
N k N k

)

1

Enk ’
1 +exp ( kBT)
where ;. and E,, are the eigenfunction and eigenvalue of the
mean-field Hamiltonian, kg is the Boltzmann constant, and 7'

is temperature.

To obtain the superfluid weight, we examine the cur-
rent response to a vector potential with linear response

[33,34]

theory. In the presence of the vector potential A,(r,¢) =

A,(q)exp (igr — imr), the linear current is given by

(Je(q, ) = =€ [(—Ky) — Au(q, )] Ar(q, @), (8)

where J,(q,
current correlation function for the paramagnetic current den-

®) is the total current and A,, is the current—

sity. Ay, is determined by

. 1 (B .
Nulasion) = [ (g0 (=q.0). O

where ®,, = 2nm*kgT is the Matsubara frequency and is set
to i@, — @+ iJ in the usual analytic continuation. The para-
magnetic current density (x component) at the position r is
defined as

P =it Y. (€], ,6Cr0 — CloCrixo), (10)
[}

and the kinetic energy density associated with the x-oriented
link at position 7 is given by

K(r) =~} (€l 16Cro + CloCrivo)- (11)
(o)
The current—current correlation function is then given by
. 1B
Nularion) = 53 [" ™ (F(q. )78 (~0,0)
1
= BN Z-Ix(ka q)Je(—k,—q)
k
xTrGo(k+ q,i0n +12)Go(k,12)(—1)

= 5% Y UT(k)EU(k+q)UT (k+q)EU (k)

k.nm
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Xf(En (k+Q))_f(Em (k))
E (k+q) —En(k)+im,’

where U (k) = (Wi, Yo, -, Wnk)» Wnk 1s the eigenstate of the
mean-field Hamiltonian, & is the matrix form of J,, f(E,)

(12)

is the Fermi—Dirac distribution function, and & is the hole-
doping level. The superfluid weight Dy is then obtained by
setting

D(T T
5 ):(—Kx)—Axx(qx:O,qy—m,ia)m:O)Ens( )

., (13)
m

me?
with the restricted condition (—K(x)) — Aw(qx — 0,9y =
0,im, = 0) = 0 as required by gauge invariance. Here the
superfluid density ng(T) is determined through the superfluid
weight as ng(T) = m* ;1“2
the Cooper pair. The doping effect has been included similar

with m* being the effective mass for

to the superfluid weight formula in the slave-boson mean field
theory introduced in the previous work.[>>] As the system is
two-dimensional, the critical temperature transition to super-
conductivity is determined by the BKT transition temperature
as

kg TgkT = %FIZLT(T) (14)

m
Since the superfluid density ng(T') is obtained by numerical
calculating, it is equivalent to the definition in terms of the
stiffness of the superconducting order parameter in the ther-

modynamic potential.

3. Results and discussion

As mentioned above, we can achieve the strong constraint
of forbidding double occupancy of two electrons on the same
site using Gutzwiller factors, then study the superconducting
properties of Lieb-Lattice on the mean field level. In our work,
the pair field A represents the local electron pairing order, and
bond order )V is the kinetic hopping term. We first show the
superconducting order amplitude versus hole-doping level in
the zero-temperature limit with various electron—electron cou-
pling strengths in Fig. 2. Here we choose k = 0, which shows
no energy gap between the upper and lower energy band in
the normal state and the mean field values AY =AY, x{ = x)
according to the symmetry. There are two distinct regions for
different hole-doping levels analogous to hole-doped depen-
dent in the high-temperature superconductivity in the CuO,
planes. The physical superconducting order linearly increases
with the hole-doping level 0 for various electron—electron cou-
pling strengths in the under-doped region. The doping level §
is defined as § = 84 + Og + 8¢c; when 8 = 0, the flat band is
half filled, and when & = 1, the flat band is empty. The su-
perconducting order amplitude mainly depends on the hole-
doping level, so there is almost no difference with various
electron—electron coupling strengths. The optimum doping
level increases with the effective attraction strength between
electrons and the maximum value of superconducting order.

The superconducting region conspicuously reduces with the
enhancement of the Hubbard interaction U, and the super-
conducting order rapidly declines with the doping level in the
over-doped region. In particular, it should be noted that the su-
perconducting order includes the contributions from all energy
bands; however, the middle flat energy band plays an essential

role.
0.025 : e
‘ —— U=5t
| —— U=6t
0.020| | --- §=0.038
0.015}
9 ‘
0.010} '
0.005f !
0 1 1 1 1
0 0.025 0.050 0.075 0.100 0.125
§

Fig. 2. The superconducting order near-zero temperature varies with
the hole-doping level 8, and k¥ = 0 shows no energy gap between the
upper and lower energy band in the normal state. The superconducting
order is dominated by the hole-doping level when 6 < 0.038, and they
linearly increase with & with various Hubbard interaction U. Up to a
maximum value, the superconducting order increases with the doping
level, after that, rapidly decreases with it. The superconducting region
decreases with the effective attraction strength J = 412 /U between pair
electrons.

The enigmatic pseudogap state in high-temperature su-
perconductors has long been recognized as a central puzzle in
the research of cuprate superconductivity. It is widely proved
that the pseudogap opens below a temperature much above
the superconducting transition temperature in the under-doped
region. We obtain the superfluid weight and BKT transi-
tion temperature with the help of linear response theory. The
temperature-dependent physical orders in the lightly doping
level 6 = 0.03 with ¥ = 0,U = 4r are shown in Fig. 3(a), and
the superconducting order A decreases with temperature in-
creasing. In Fig. 3(b), we show the superfluid weight as a func-
tion of temperature and get the BKT transition temperature. It
is found that the superfluid weight decreases almost linearly
with temperature due to the quasi-particles energy spectrum
being gapless. The BKT transition temperature is determined
by the intersection of i2ng(T)/m* with 8kgT /m. The BKT
transition is noteworthy lower than the temperature of the su-
perfluid weight disappearance. As shown in Fig. 3, the gap
opening temperature 7 is much higher than the superconduct-
ing critical temperature Tkt with ratio 7*/(Tgkr) ~ 10. The
considerable disparity between T* and Tgkr is similar to the
pseudogap state in the high-temperature cuprate superconduc-
tors and may be used to understand the anomalous behavior of
the superfluid weight in the high-7; superconductors. The sta-
tus for the optimum doping level § = 0.086 with U =4¢,x =0

067401-4



Chin. Phys. B  Vol. 30, No. 6 (2021) 067401

has been shown in Fig. 4 as a comparison. The critical tem-
perature of the superconducting order is almost equal to the
temperature of the superfluid weight disappearance.

J is a characteristic of the flat-band superconductivity in con-
trast to the relation for the critical temperature T, ~ e~ !/¢ in
the conventional superconductors. Even in the presence of the
strong and repulsive correlation effect, the flat-band supercon-
ductivity is a potential route to high-temperature superconduc-

0.01042) —A N
- X —
0.008 74 Txpr
— 3
=
< 0.006 =
= e,
< 0.004 %
0.002 1
0 0
0 0.005 0.010 0.015 0 2 4 6

kTt

kgT/t (1073)

Fig. 3. (a) The superconducting order and the bond order evolution as a func-

tivity.

tion of temperature at the lightly hole-doping level 6 = 0.03,U = 4z,x = 0.
(b) The superfluid weight decreases with the temperature and the BKT tran-
sition temperature point.

0.012 : 0.018
(a) (b)
0.010 FE 0.017 )
- + v
< 0.008 ¢ | 3 0.016 .
@ ] ¢| @ 0.015 o
£ 0.006 , o8
& i & 0.014 -
£ 0.004 ‘ g o
g i< o013) e
0.002; : 0.012f
.," H v
% 0.05  0.10 005758 09 1.0
5 J/t

0.025
(a) :A 0.04L(P)
0.020———_ X
= 0015 \ 0.03 Txnr
~ 1% 0.02
5 0.010 20
0.005 0.01
0 0
0 0.0l 0.02 0.03 0 0.0l 0.02 0.03
kpT/t kpT/t

Fig. 4. (a) The superconducting order and the bond order evolution as a func-
tion of temperature at the optimal hole-doping level § =0.086,U = 4,k =0.
(b) The superfluid weight decreases with the temperature and the BKT tran-
sition temperature point.

The BKT transition temperature versus the hole-doping
level 8 is shown in Fig. 5(a). Clearly, it exhibits a dome-like
shape in resemblance to the superconducting dome observed
in the high-7; cuprate superconductors and a recent similar
situation discovered in the twisted bilayer graphene. The su-
perconductivity emerges from & = 0.01, the BKT transition
temperature near zero under this doping level, and there is no
physical realistic superconducting state under this condition.
It is in accord with the consensus that there is no supercon-
ductivity in a strong correlation system near the half-filled.
The superconducting critical temperature Tgkt increases with
the doping level in the under-doped region, while it decreases
The flat-
band superconductivity in this system is very different from
other flat band systems; its superconducting region with hole-
doping level is much smaller than twisted bilayer graphene
and strained graphene. This significant difference is caused

with the doping level in the over-doped region.

by the strong ferromagnetic fluctuation on the Lieb lattice
even under hole doping; however, the magnetic fluctuation
in the twisted bilayer graphene and strained graphene is sup-
pressed rapidly with the increase of the hole-doping level.
As shown in Fig. 5(b), The BKT transition temperature lin-
early increases with the effective electron—electron attractive
interaction J = 4¢> /U for the strong Hubbard interaction from
U =4t to U = 6t. The linear relationship between Tzt and

Fig. 5. (a) The BKT transformation temperature versus hole-doping level &
with U = 4¢,x = 0. (b) The BKT transition temperatures linearly increase
with the coupling constant with § = 0.06, k =0, U = 4t to 6t.

Finally, we discuss the staggered effect in the lattice with
the staggered hoping parameter on the superconducting state
in the zero-temperature limit. Clearly, the superconducting re-
gion remarkably dwindles with ¥ = 0.2. The main relation-
ship between the superconducting order and the doping level is
the same as the symmetry condition (k = 0); however, the su-
perconducting state disappears with the maximal doping level
6 = 0.029. The superconducting order is much smaller than
the symmetry case with three orders of magnitude as shown
in Fig. 6, and the staggered hoping parameter makes the mean
field value Ay # Ay, X1 # x2. The superconducting state on
the staggered Lieb lattice is restricted and hard to realize.

6

Xp Xy A1y Ay (107?)

0.02

0 0.01

)
Fig. 6. The superconducting order and the bond order in the zero-temperature
limit versus the hole-doping level & with staggered hopping parameters
k=0.2,U =4t.

0.03

4. Conclusion

In summary, we have shown the d-wave superconduct-
ing state on the Lieb lattice with a flat-band spectrum in the
normal state in the strong electron—electron correlation limit.
The superconducting order amplitude mainly depends on the
hole-doping level and increases with it for various electron—
electron coupling strengths in the lightly doped region, but

067401-5
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rapidly decreases with doping level after reaching its max-
imum value. The hole-doping dependent superconducting
properties of Lieb lattice are similar to the case in the cuprate
superconductors. We study the thermal behavior of superfluid
weight and get the BKT transition temperature which is used
as the superconducting critical temperature because this sys-
tem is two-dimensional. The conspicuous difference between
gap opening temperature 7* and Tkt in the under-doped re-
gion is helpful to understand the enigmatic pseudogap state in
the high-temperature superconductors. The dome-like shape
of the BKT transition temperature versus hole-doping level is
shown in resemblance to the superconducting dome observed
in the high-T; cuprate superconductors and twisted bilayer
graphene. The BKT transition temperature depends linearly
on the electron—electron interaction strength, which shows the
flat band plays a dominant role in the superconducting state on
the Lieb lattice. The staggered effect on the lattice remarkably
reduces the superconducting region. Lastly, a highly tunable
Lieb lattice can be realized with ultracold gases in the exper-
iment, and our results can examine and promote the under-
standing of the anomalous behavior of the superfluid weight
in the high-T;. superconductors. The flat-band ferromagnetism
brings strong ferromagnetic fluctuation on the Lieb lattice even
under hole doping, so we will consider the ferromagnetic ef-
fect on the superconductivity under strong electron—electron
correlation in future work.
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