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Floquet bands and photon-induced topological edge states of
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Floquet theorem is widely used in the light-driven systems. But many 2D-materials models under the radiation are
investigated with the high-frequency approximation, which may not be suitable for the practical experiment. In this work,
we employ the non-perturbative Floquet method to strictly investigate the photo-induced topological phase transitions and
edge states properties of graphene nanoribbons under the light irradiation of different frequencies (including both low and
high frequencies). By analyzing the Floquet energy bands of ribbon and bulk graphene, we find the cause of the phase
transitions and its relation with edge states. Besides, we also find the size effect of the graphene nanoribbon on the band
gap and edge states in the presence of the light.
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1. Introduction

In recent years, the periodically-driven systems have at-
tracted a lot of research concerns. By using the Floquet theo-
rem to these systems, the time-dependent system can be trans-
formed into the steady system with the infinite-dimensional
Floquet Hamiltonian. This Hamiltonian generates a serial
of quasienergies due to Floquet band branches in the energy
domain.[1]

Under the light radiation, graphene-like 2D materials can
obtain some topological properties, such as the photo-induced
Hall effect, as well as some photo-induced energy gaps.[2] Re-
cently, this type of Hall effect has also been experimentally
observed.[3] In addition, the graphene system under illumina-
tion may exhibit edge current and magnetic field.[4] Moreover,
it is experimentally and theoretically confirmed that radiated
graphene has the quantum-rachet effect, which causes the uni-
directional current.[5] According to the Floquet theorem, un-
der the periodic perturbations of external fields, both graphene
and the Su–Schrieffer–Heeger systems can generate unidirec-
tional currents and various topological phases.[6,7] Besides, the
light resonance may cause some suppression effect of ballistic
conduction in graphene systems.[8]

In the aspect of topological properties, researchers found
that radiated graphene nanoribbons (GNR) have the dynamic
gaps, in which there exist some topological chiral edge
states.[9] These edge states have a bulk–edge correspondence
with the topological characteristics of its bulk system.[10,11]

More recently, in the Floquet researches, some high-Chern-
number systems are discovered in the systems with the com-

plex periodic perturbations (such as quenching systems).[12]

Under the high-frequency approximation, one can derive the
effective Hamiltonian with one or more perturbation terms (by
the Brillouin–Wigner theory) in the hexagonal lattice of two-
dimensional materials.[13,14] Besides, some experimental ob-
servations have also revealed the Floquet–Bloch states and the
interaction with the dressed Volkov states in the topological
insulator with the Dirac fermions, which established a sys-
tematic path for the coherent manipulation of solids via light-
matter interaction.[15,16]

However, many of the current works on the topology anal-
ysis and quantum transport of radiated two-dimensional mate-
rials are based on the high-frequency approximation.[13,17–21]

In the realistic graphene systems, due to the large hopping en-
ergy of 2D materials (from 1 eV to 3 eV), the correspond-
ing high-frequency light (with the energy about above 10 eV)
goes into the ultraviolet range. This is experimentally unre-
alistic and can result in the photon-ionization of the samples.
Therefore, the low-frequency illumination is more suitable for
experimental researches of Floquet electronic systems. We
notice that some recent theoretical work considers the low-
frequency systems, such as the effective Hamiltonian model
reported by Vogl et al.[22] and the topological phase transi-
tion studies of black phosphorene by Kang et al.[23] Besides,
Usaj et al.[9] and Torres et al.[24] considered the frequencies
smaller than the bandwidth of the Floquet topological insula-
tor, and analyzed the edge states and the transport properties.
Perez-Piskunow et al.[25] found the hierarchy of Floquet gaps
and topological phase transitions in the driven honeycomb lat-
tices with the very low driven frequencies. But the detailed in-
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vestigations of the topological properties of the graphene sys-
tem, as well as the edge state distributions and its relation with
the photon excitations at low (or arbitrary) frequencies, still
remain unexplored.

In this paper, we use the non-perturbative Floquet Hamil-
tonian and Berry curvature formula to study the Chern num-
bers at arbitrary frequency. We find that there exist many types
of photo-induced edge states and high-Chern-number states in
the low frequency range, besides the ordinary quantum anoma-
lous Hall (QAH) states with the Chern number of±1 under the
high-frequency illumination. All these edge states have topo-
logical properties and follow the bulk–edge correspondence.
We also find the correspondence of the Floquet bands and the
edge states distributions in the decomposed photon-number
space. Moreover, we investigate the size effect in zigzag GNR.

This paper is organized as follows. Section 2 gives the
theoretical introduction of this work, including the theory of
the Floquet band for graphene systems and the Chern numbers
calculation method. Section 3 shows our results and discus-
sion, including the topological phase transitions of GNR, the
band structures, the edge state profiles in the photo-number
space, and the size/photo-number effects. Section 4 gives the
conclusions of this work.

2. Theories and methods
2.1. Floquet–Bloch Hamiltonian for the honeycomb lattice

systems

In this work, we use the tight-binding model for the
graphene system with the nearest neighbor approximation

HTB = ∑
i

εic+i ci + ∑
〈i, j〉

γi j(t)c+i c j, (1)

where c+i and ci are the electron creation and annihilation op-
erators at site i, εi is the on-site energy, and γi j(t) is the time-
dependent hopping energy between sites i and j; 〈i, j〉 means
the hopping only occurs between the nearest neighbors.

We consider a beam of circularly-polarized light verti-
cally radiated on the graphene plane. The photon–electron in-
teraction is considered by modifying the hopping parameters
with the Peierls substitution[25]

γi j(t) = γ0 exp
[

i
2π

Φ0

∫ 𝑟 j

𝑟i

𝐴(t) · d𝑟
]
, (2)

where Φ0 = h/e is the quantum flux with the Planck constant
h and elementary charge e; γ0 is the hopping energy between
sites i and j without radiation, 𝑟i and 𝑟 j are the positions of
the two sites; and 𝐴(t) is the vector potential of the light. In
the case of the circular polarization with angular frequency ω

and amplitude A0, 𝐴(t) = A0(cosωt,sinωt); the correspond-
ing electric field is given as 𝐸(t) = E0(−sinωt,cosωt) with
E0 = A0ω .

Since the Hamiltonian of the light-driven system is peri-

odic in time domain with the period T , H(t) = H(t +T ) and

T = 2π/ω , we may use the Fourier transformation to change

the time-dependent Hamiltonian into the frequency domain

according to the Floquet theory[1]

∑
m
(Hn−m +δn,m}ω)Fm = εnFn, (3)

where εn is the quasienergy; Hn and Fn are the Fourier compo-

nent of the Hamiltonian and the wave function, respectively.

The former component is calculated as

Hn =
1
T

∫ T

0
H(t)e inwt dt. (4)

We can also write the whole Hamiltonian 𝐻F in the ex-

tended Floquet–Hilbert (Sambe) space as[13]

𝐻F =



. . .
...

...
...

... . . .

· · · H0 +2}ω H1 H2 H3 · · ·
· · · H−1 H0 +}ω H1 H2 · · ·
· · · H−2 H−1 H0 H1 · · ·
· · · H−3 H−2 H−1 H0−}ω · · ·

. . .
...

...
...

...
. . .


. (5)

In practical calculations, people use the photon-number

cut-off scheme to change the above infinite-dimensional Flo-

quet matrix into some small Floquet matrix, which only in-

cludes finite Fourier components of the Hamiltonian. For ex-

ample, the following Floquet Hamiltonian is cut off by one

photon number (NF = 1):

𝐻
(1)
F =

H0+}ω H1 0
H−1 H0 H1

0 H−1 H0−}ω

 , (6)

and the Floquet Hamiltonian with NF = 2 is given by

𝐻
(2)
F =


H0+2}ω H1 H2 0 0

H−1 H0+}ω H1 H2 0
H−2 H−1 H0 H1 H2

0 H−2 H−1 H0−}ω H1
0 0 H−2 H−1 H0−2}ω

 . (7)

Figure 1 shows the lattice of the bulk graphene. With the

tight-binding approximation and the Bloch theorem, we may

obtain the Hamiltonian in the momentum space

H(𝑘)=

 0
3
∑

n=1
γ0 · (exp(i𝑘 ·𝑟n))

3
∑

n=1
γ0 · (exp(−i𝑘 ·𝑟n)) 0

 , (8)

where 𝑘 is the Bloch wavevector in two dimensions, and γ0

is the hopping energy between the nearest neighboring sites.

When we consider the light radiation, the Peierls substitution

(Eq. (2)) is employed. The Fourier component of the time-

066701-2
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dependent Hamiltonian is calculated as

Hn =
1
T

∫ T

0

 0
3
∑

m=1
γ(t) · exp(i𝑘 ·𝑟m)

3
∑

m=1
γ(t) · exp(−i𝑘 ·𝑟m) 0


×e inωt dt. (9)

In our case, the vector potential is approximately spatial uni-
form in the region of the nearest neighboring atom sites (l and
l′) of graphene. So the hopping energy under radiation can be
written as

γ=γ0 exp
(

ie
}
𝐴(t) · (𝑟l′ −𝑟l)

)
. (10)

The vector potential of the circularly polarized light is given
as 𝐴 = A0(cosωt · êx + sinωt · êy); and the displacement be-
tween two neighboring atoms is 𝑟l′l = 𝑟l′ − 𝑟l = a(cosαl′l ·

êx + sinαl′l · êy), where αl′l is the angle between 𝑟l′l and x-

axis. Substituting these expressions into Eq. (10), we obtain

γ = γ0 exp
( ie
}

A0a · (cosωt · êx + sinωt · êy)

×(cos(ϕl′l +π/2) · êx + sin(ϕl′l +π/2) · êy)
)

= γ0 exp
( ie
}

A0a · sin(ωt−ϕl′l)
)
, (11)

where ϕl′l=αl′l−π/2 is the angle between 𝑟l′l and y-axis (see

Fig. 1, ϕl′l for 𝑟1, 𝑟2, and 𝑟3 are 0, θ , and −θ , respectively).

Then by applying the Jacobi–Anger expansion

e ixsinξ =
∞

∑
m=−∞

Jm(x) · e imξ , (12)

where Jm(x) is the m-th order Bessel function, Eq. (9) can be

rewritten as

H0 =

 0
3
∑

n=1
γ0 · J0(eA0a/}) · exp(i𝑘 ·𝑟n)

3
∑

n=1
γ0 · J0(eA0a/}) · exp(−i𝑘 ·𝑟n) 0

 , (13a)

H1 =

 0
γ0J1(eA0a/}) · [exp(i𝑘 ·𝑟1)+ exp(i(𝑘 ·𝑟2 +θ)
+ exp(i(𝑘 ·𝑟3−θ))]

γ0J1(eA0a/}) · [exp(−i𝑘 ·𝑟1)+ exp(i(−𝑘 ·𝑟2 +θ)
+ exp(i(−𝑘 ·𝑟3−θ))]

0

 , (13b)

H2 =

 0
γ0J2(eA0a/}) · [exp(i𝑘 ·𝑟1)+ exp(i(𝑘 ·𝑟2 +2θ))
+ exp(i(𝑘 ·𝑟3−2θ))]

γ0J2(eA0a/}) · [exp(−i𝑘 ·𝑟1)+ exp(i(−𝑘 ·𝑟2 +2θ))
+ exp(i(−𝑘 ·𝑟3−2θ))]

0

 . (13c)

Similarly, H−1 and H−2 expressions can also be derived by this
way.

For the GNR system under the light radiation, we also use
the Peierls substitution to Eq. (1) and use the Floquet theorem
to obtain the Floquet Hamiltonian.

y

Ny

x

b

a

r

θ

r

r









Fig. 1. Honeycomb lattice of graphene and GNR in the real space. The
bond length is a and the dashed rectangle box denotes the unit cell of
GNR (with the period b and Ny repeat units in y direction), 𝑟1, 𝑟2, and
𝑟3 are the three vectors between the nearest-neighboring sites.

2.2. The Berry curvature and Chern number calculations

When the Hamiltonian in the momentum space is ob-
tained, we can calculate the Chern number, which can char-
acterize the topological property of the Floquet system. The
Chern number of the n-th band is defined by an integral in the
first Brillouin zone (FBZ)

cn =
1

2π i

∫
BZ

F12(𝑘)d2k, (14)

where the integrand (Berry curvature) F12(𝑘) is expressed as

F12(𝑘) = ∂k1A2(𝑘)−∂k2A1(𝑘). (15)

And the Berry connection Aµ(𝑘) (µ = 1,2) is defined as

Aµ(𝑘) =
〈
n(𝑘)|∂kµ

n(𝑘)
〉
, (16)

with |n(𝑘)〉 being the normalized eigenfunction of the n-th
band

H(𝑘) |n(𝑘)〉= En(𝑘) |n(𝑘)〉 . (17)

In this paper, we use a more efficient numerical method
to calculate the Berry curvature and the Chern number.[26]

Firstly, we define the following normalized link quantities:

u1(𝑘) = 〈n(k1,k2) | n(k1 +∆,k2)〉/N1(𝑘), (18a)

066701-3
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u2(𝑘) = 〈n(k1,k2) | n(k1,k2 +∆)〉/N2(𝑘), (18b)

u12(𝑘) = 〈n(k1,k2+∆) | n(k1 +∆,k2+∆)〉/N12(𝑘), (18c)

u21(𝑘) = 〈n(k1 +∆,k2) | n(k1 +∆,k2+∆)〉/N21(𝑘), (18d)

where ∆ is the infinitesimal shift in x or y direc-
tion; N1(𝑘), N2(𝑘), N12(𝑘), and N21(𝑘) are the corre-
sponding normalization constants, for example N1(𝑘) =

|〈n(k1,k2) | n(k1 +∆,k2)〉|. The Chern number can be evalu-
ated as the Berry curvature summation in the discretized FBZ

cn =
1

2π i ∑
𝑘

Ω12(𝑘), (19)

where the Berry curvature is given as

Ω12(𝑘) = ln
(

u1(𝑘)

u12(𝑘)

u21(𝑘)

u2(𝑘)

)
= lnu1(𝑘)− lnu12(𝑘)− (lnu2(𝑘)− lnu21(𝑘)). (20)

Here we give an equivalence proof between this new for-
mula and the original Berry curvature definition (Eq. (15)).
With the Taylor expansion and ignoring the higher order, we
have n(k1 +∆,k2) ≈ n(k1,k2) + ∂k1n(k1,k2) ·∆. Substituting
this into Eq. (18a), we have

u1(𝑘)≈ 〈n(k1,k2) | [n(k1,k2)+n(k1 +∆,k2)]〉/N1(𝑘)
≈ 1+

〈
n(k1,k2)

∣∣ ∂k1n(k1,k2)
〉

∆]/N1(𝑘).
(21)

Then with the Taylor expansion of logarithm function ln(1+
x)≈ x and Eq. (16), we obtain

lnu1(𝑘) = 〈n(𝑘) | ∂kx n(𝑘)〉 ·∆=A1(𝑘)∆. (22)

Similarly, we can prove that

lnu1(𝑘)− lnu12(𝑘) = ∂k2A1(𝑘) ·∆2, (23)

lnu2(𝑘)− lnu21(𝑘) = ∂k1A2(𝑘) ·∆2. (24)

Thus we see that Eq. (20) is the discretized form of Eq. (15),
and these two methods are equivalent.

3. Results and analyzing

In order to better describe the results, we set a fixed
electric field as E0 = γ0/(ea) throughout the paper. With
other E0 values, we may have similar results. Figures 2(a)–
2(b) show that in different driven frequencies, the graphene
is in different topological phases with corresponding Chern
numbers. We name the three topological phases as phase A
(}ω> 5.96γ0), phase B (2.92γ0 ≤ }ω ≤ 5.96γ0), and phase
C (1.4γ0 ≤ }ω < 2.92γ0) in Fig. 2(b). In the Floquet calcu-
lations, we need to set a proper cutoff value (NF) due to the
infinite dimension of the Floquet Hamiltonian. In Fig. 2, we
draw the Chern number curves as a function of different driven
frequencies with NF= 1 and NF= 2. We can see that the Chern
number curves shown in Figs. 2(a) and 2(b) are coincident in
the region of 1.4γ0 ≤ }ω ≤ 7γ0, while they are different in the
region of γ0 ≤ }ω < 1.4γ0. In this low-frequency range, more
Floquet bands (or larger NF value) should be used for conver-
gence. So we may conclude that in the frequency region of
}ω ≥ 1.4γ0, the Chern numbers are converged with NF = 1
and 2. Appendix A also shows that with }ω = 1.4γ0, the band
structures of GNR are converged only when NF ≥ 2. In this
work, we just focus on the region of 1.4γ0 ≤ }ω ≤ 7γ0, and
we take NF= 2 throughout this paper. Figures 2(c) and 2(d)
show the Berry curvature distributions with NF= 2 and differ-
ent }ω values. We can see that all the Berry curvature peaks
are around the Dirac points.
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Fig. 2. Chern-number phase diagrams with (a) NF = 1 and (b) NF = 2. Berry curvature distributions with different driven frequencies [(c) }ω=2γ0,
(d) }ω= 3.5γ0] in the Floquet graphene system (E0 = γ0/(ea)) .
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In Fig. 2, there are three topological phases in the region
of 1.4γ0 ≤ }ω ≤ 7γ0, with the Chern numbers of 2, 3, and
1. For zigzag GNR systems, these topological phases also ex-
hibit the bulk–edge correspondence from the band structures.
Figures 3(a)–3(c) show the results. We can see that under the
radiation, there appear some edge-state bands across the orig-
inal gap near the zero energy (called as 0-gap). And there
appears a new dynamic gap around E = ±}ω/2 with some
edge-state bands across this gap.[9] This new gap results from
the anti-crossing of the two intersecting band replicas (with the
photon numbers n = 0 and n = ±1), due to the coupling Flo-
quet matrices. This gap is called the π-gap since it is similar
to the gaps near the Brillouin zone boundary.[22] In Fig. 3(a),
with }ω = 7γ0 we see that there just exists one edge state
(red line) within 0-gap in the upper GNR edge. In Fig. 3(b)
with }ω = 4γ0, there are not only one pair of edge-state bands
within 0-gap, but also two pairs of edge-state bands within π-
gap. And in Fig. 3(c), there are two types of edge states bands
within 0-gap (one in the middle and one at the two sides of the
band range [0,2π/b]).

Here we show that the bulk–edges correspondence also

holds in the graphene system under different radiation fre-
quencies. We define the net chirality of edge states in the upper
edge as the winding number, denoted as W0 (in 0-gap) and Wπ

(in π-gap). The net chirality is the sum of the edge-state num-
bers, which is positive for the positive slope of the band; and
negative for the negative slope of the band. Then we calcu-
late c = Wπ −W0 , where c is the Chern number of the band
between 0-gap and π-gap.[10,27] Table 1 lists all these quanti-
ties in the three phases. We can see that the calculated Chern
numbers agree well with our numerical results in Fig. 2(b).

Table 1. The winding numbers and Chern numbers in different topo-
logical phases of GNR.

Phase Wπ W0 c
A 0 −1 1
B 2 −1 3
C 2 0 2

In order to explain the topological phase transition as a
function of frequency, we show the Floquet band structures in
Fig. 4. We use the projected band structures from the 2D Flo-
quet bands for a clear view. In Ref. [28], it was reported that
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Fig. 3. Quasienergy spectra of zigzag GNR with the size Ny = 40 at different driven frequencies: (a) }ω = 7γ0; (b) }ω = 4γ0; (c) }ω = 2γ0. The
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the 0-gap or π-gap close and reopening means the occurrence
of a topological phase transition. In Fig. 4(a), the frequency
lies in the phase A range (see Fig. 2(a)). It shows that there
is almost no coupling between n = 0 and n = 1 (−1) Flo-
quet bands (replica). Then as the driven frequency decreases,
the Floquet bands approach to each other and in some criti-
cal stage, n = 0 and n = 1 (−1) replicas tend to get touched
and the π-gap almost closes (Fig. 4(b)). But when further re-
ducing the frequency, the π-gap is reopened (Fig. 4(c)), which
means the topological phase transition (from phase A to phase
B) happens. From the colored bands in Fig. 4(c), we can see
that the n = 1 and n = 0 Floquet bands are intersected near
π-gap and are anti-crossed near the cross-points. With the
similar analysis, from Figs. 4(c)–4(e), there exists a gap close
and reopening near 0-gap. Therefore, phase B is transformed
into phase C. In Fig. 4(e), we also see that the corresponding
coupled (hybrid) band near 0-gap is with n = 1 and n = −1
replicas. As will be seen in Fig. 5 later, these coupled Flo-
quet bands will result in different edge state distributions in
the decomposed photon-number space.
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Fig. 5. Electron density distribution of edge states in GNR in the decom-
posed photon-number space (Ny = 40) (a) The edge states in 0-gap with
}ω = 7γ0. (b) The edge states in π-gap with }ω = 4γ0. (c) The edge states
in the side parts of 0-gap with }ω = 2γ0. The red lines denote the situation
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Next we show the electron density distribution in the de-
composed photon-number space to analyze the origin of the
edge states. In Fig. 5(a), the density distribution of the edge
states within 0-gap (shown in Fig. 3(a)) only exists in n = 0
Floquet photon number space, which means there is no photon

resonance. In Fig. 5(b), we plot the density distributions of the
edge states within π-gap (shown in Fig. 3(b)). We find they ex-
ist in n = 0 and n = 1 photon number space, which clearly in-
dicates that the edge states originate from the one-photon res-
onance of the light. It also agrees with the hybrid 2D Floquet
bands in Fig. 4(c), where n = 0 and n = 1 replica bands are
coupled and anti-crossed near π-gap. Similarly, in Fig. 5(c),
the density distribution with respect to the edge states within
0-gap in Fig. 3(c) mostly exists in n = −1 and n = 1 photon
number space and only a small amount in n = 0 photon num-
ber space, which means the edge states are mainly from the
two-photons resonance and secondarily from two constructive
one-photon resonances. We notice that Kang, Park and Moon
also found such resonances in the Floquet bands of black phos-
phorene systems recently.[23] And these edge-state density dis-
tributions are also consistent with the hybrid 2D Floquet bands
in Fig. 4(e).

At last, we give a discussion on the size effect of these
Floquet edge states. All the band structures in Fig. 6 are in
phase B. When }ω= 5γ0, we find with increasing the ribbon
width, the π-gap and the edge states in this gap are gradually
formed (see Figs. 6(a)–6(c)). From this, we see that although
there exists π-gap for bulk graphene as long as the frequency
lies in the phase B range (2.92γ0 ≤ }ω ≤ 5.96γ0), the GNR
band can exhibit this gap and the corresponding edge states
only with the large-enough ribbon width. We also observe this
size effect for the frequency of ω= 5.8γ0 (Figs. 6(d)–6(f)).
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Compared to the ones in Figs. 6(a)–6(c), a larger width is
needed to generate the π-gap and the edge states since the
frequency is close to the topological transition point (}ω =

5.96γ0). So the size effect plays an important role in the GNR
Floquet systems, especially for the frequency close to the tran-
sition point.

4. Conclusion
To summarize, we have investigated the phase transitions

of graphene under light irradiation, and verified the bulk–edge
correspondence by calculating the Chern number and analyz-
ing the winding numbers of edge states in the Floquet gaps.
We also have used the projected 2D Floquet bands and GNR
1D bands to analyze its density distributions in the decom-
posed photon-number space. The origin of the Floquet edge
states has been discussed. The size effect in the GNR system
is important and becomes strengthened when the driven fre-
quency is close to the phase transition point.

Appendix A
To further demonstrate the reliability of our calculations,

we give an example for the photon number convergence in
GNR band calculations. We use different NF values and plot
the corresponding GNR bands below. The low driven fre-
quency (}ω = 1.4γ0) on the lower boundary of phase range
C is used.

In Fig. A1, we see that the Floquet band with NF = 2 is
almost as the same as that with NF = 3. But NF = 1 is vastly
different, especially in π-gap. Let us explain it more theo-
retically. In the Floquet Hamiltonian matrix (Eq. (5)), the cou-
pling matrix element Hn is proportional to the Bessel functions
of the first kind Hn ∝ Jn(z) with z = eA0a/}.
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Fig. A1. Quasienergy spectra of zigzag GNR (Ny = 40) with differ-
ent NF values: (a) NF = 1; (b) NF = 2; (c) NF = 3. The corresponding
parameters E0 = γ0/(ea) and }ω = 1.4γ0.

Because z = E0/}ω ≈ 0.7 in our example, we see that
Jn(z) is small enough to be ignored when |n| ≥ 2 (Fig. A2(b)).
Then according to Fig. A1, we can conclude that the result of

NF = 2 is reliable enough with 1.4γ0 ≤ ω ≤ 7γ0. Meanwhile,
we emphasize here that there needs an even larger NF value
to insure the accuracy and converge of Floquet band calcula-
tion when the driven frequency is further smaller. The cut-off
value can be estimated from the Bessel function variations in
Fig. A2.
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