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We investigate the Hall effects of quadratic band crossing (QBC) fermions in a square optical lattice with spin—orbit
coupling and orbital Zeeman term. We find that the orbital Zeeman term and shaking play critical roles in the systems,
which can drive a topological transition from spin Hall phases to anomalous Hall phase with nonvanishing (spin) Chern
numbers. Due to the interplay among the orbital Zeeman term, spin—orbit coupling, and the shaking, the phase diagram of
the system exhibits rich phases, which are characterized by Chern number.
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1. Introduction

Topological phases and phase transitions have become the
subject of tremendous interest over the last decade.!' 3! In two-
dimensional (2D) systems, topological insulating phases can
be understood as generalizations of the quantum Hall effect.
The quantum anomalous Hall effect*! and the quantum spin
Hall effect®! have been predicted and intensively studied.>”)

On the other hand, ultracold atoms in optical lattices pro-
vide a clean and well-controllable platform to engineer the
Hall effect.3151 For example, Goldman et al. (8] have shown a
remarkable anomalous quantum Hall effect with an ultracold
Fermi gas loaded in an optical square lattice and subjected to
an external and classical non-Abelian gauge field. Kennedy et
al.P! have proposed a scheme to realize the quantum spin Hall
effect for neutral atoms in optical lattices. Fractional quantum
Hall states of dipolar fermions have been studied in a strained
optical lattice.l'' Li et al. ' studied the tunable quantum Hall
effects in a non-Abelian honeycomb optical lattice. Phuc et
al.'"¥ proposed a many-body spin Hall effect induced by the
dipole—dipole interaction.

Moreover, time-periodic driving can be a powerful tool
for manipulating quantum states in an optical lattice. In sys-
tems of ultracold atoms in optical lattices, Floquet modula-
tion can be used to simulate anomalous quantum Hall phases
and analog of topological insulators.''®! In a two-dimensional
honeycomb lattice, the quantum anomalous Hall effect can
be achieved by shaking optical lattices.!'”!8] Mei et al.['"!
have proposed the method to simulate and detect topologi-
cal insulators with cold atoms trapped in a one-dimensional
bichromatic optical lattice subjected to a time-periodic modu-
lation. Furthermore, time-periodic modulations were used to
study the topology properties of interacting fermionic atoms in
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20211 A periodic driving proto-

shaken square optical lattices.|
col was proposed to engineer large-Chern-number phases with
the quantum anomalous Hall effect in a periodically shaken
optical dice model.[??]

Given this background, we study quadratic band cross-
ing (QBC) fermions in a square optical lattice, which
have attracted intensive studies in modern condensed matter

23-281 We find that the interplay between the shaking,

physics.|
orbital Zeeman term, and the spin—orbit coupling can lead to
the nontrivial topology characterized by the (spin) Chern num-
ber of its energy band. By varying the orbital Zeeman term
and shaking strength, the quantum spin Hall (QSH) and quan-
tum anomalous Hall (QAH) phase may appear. Our findings
would provide a way to study the topological physics of QBC
fermions.

This paper is organized as follows. We first present the
model Hamiltonian, including the scheme of shaking, orbital
Zeeman term, and the spin—orbit coupling in Section 2. In Sec-
tion 3, we analyze band structures. Based on these results, we
further obtain the phase diagram of Hall phases in Section 4.
Finally, in Section 5, we give a brief conclusion.

2. Model and method

We use the following low-energy effective Hamiltonian
to describe QBC fermions in a square optical lattice

H = Hy+ Hsoc +HL, (D
where
Ho = tjk* + 2tk 0" + 1 (K} — k3) 0. 2)

Here #; . ; are determined by the hopping between orbitals on
neighboring sites in a square optical lattice, and 6% are cor-
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responding Pauli matrices in the p,y-orbital space**! (see ap-
pendix A for details). The second part is the spin—orbit cou-
pling (SOC), which is modeled as3%-3?1

Hsoc = sAc”, 3

where A is the spin—orbit coupling (SOC) strength, and s = +
are the spin index for the spin up and down bands. In op-
tical lattice, SOC is experimentally realized via the Raman
technique.[33-3¢1 The last term is orbital Zeeman term from
the on-site rotation by rotating each optical lattice site around

its own center,*’! and is described by383]

H. =Vo. “4)

The last two terms break the time-reversal symmetry and
induce topologically nontrivial band structures. z, is taken as
the unit of the parameters.

For a shaken optical lattice, the vector potential coming

from shaking has the form[?!]

A(t) = Aglcos ot cos(r + B)], 3)

where Ag = @sokL/ER is the dimensionless shaking strength,
and k;, and ER are recoil momentum and recoil energy, re-
spectively. In the practical experiment, weak lattice shaking is
preferred to make induced heating on the lattice small. Then
the above time-dependent Hamiltonian can be captured by an

effective time-independent Hamiltonian as!!%-40:41]

and N = =£1 denote the circularity of shaking, which corre-
spond to the ¥ = Fm/2, respectively. Based on the above
equations, we can obtain that the shaking induced SOC-like
term is introduced, and its sign depends on the circularity of
shaking.

3. Band structure

Diagonalizing Eq. (6), we obtain the energy dispersion

12 12\/4t2k2k2+t2 K2 — K22+ A2 +1K*, (10)

where Ay = sA —V —Vgun. The parameters 11 x,; can be con-
trolled by the over-lap between orbital on neighboring sites. It
should be noted that the term #;k> does not modify the eigen-
states and topological properties of the system. Therefore, we
consider the system with #; = 0.

Figures 1 and 2 show the evolution of the energy band
near QBC point along with the increase of a shaking strength
at circularity of shaking 1 = —1 and ¢, =, at A = 0.05¢,,
V =0.1¢, and A = 0.05¢,, V = 0.01z,, respectively. When the
shaking is present, a bulk gap is opened due to SOC and V, and
the four bands are nondegenerate. For A < V, the band gap of
spin-up (s = 1) bands firstly closes and then reopens with the
increase of a shaking strength. With the further increase of a
shaking strength, the band gap of spin-down (s = —1) bands

closes and then reopens. For A >V, the band gap of spin-

HE —H+ [H_1,H] [H 2,H)] 6) down bands closes and reopens, while the band gap of spin-
et ho 2o’ up bands always increases. This band structure is drastically
where modified by shaking; the rich change of band gaps in the sys-
2m tem is shown in Fig. 3 under the interplay between SOC, V,
H _ (1) L H +miwt 7
tm = 5o 0 (t)e : %) and shaking. Moreover, the presence of such a bulk gap indi-
Straightforward calculations show celltes an insulating state. The quantum' Hall effe.ct c.an be' en-
gineered by opening a gap at a topological Fermi point with a
HeFH = Hy+[sA -V —nVy] oy, (8)  quadratic band dispersion. As a consequence, the band topolo-
N gies may get changed with the evolution of the band gap, and
where interesting topological transitions occur. As we argue below,
Vo 2tt, (€A 2 W4 1 [eA\? ©) this insulating state is topologically nontrivial and exhibiting a
" ho \ h 4\ h ’ quantized Hall conductance.
0.05
m O
—0.05 s
—0.2 0 0.2 —0.2 0 0.2 —-0.2 0 0.2 —0.2 0 0.2 —0.2 0 0.2
k k
Fig. 1. Band structures near quadratic band crossing (QBC) point under the circularity of shaking n = —1 at A = 0.05z,, V = 0.1¢,, and #; = 0 for

a shaking strength Ay of (a) 0, (b) 0.278, (c) 0.3, (d) 0.365, (e) 0.4, respectively. The solid red and dashed blue lines denote spin-up (s = 1) and

spin-down (s = —1) bands, respectively.
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Fig. 2. Band structures near QBC point under the circularity of shaking
n =—1at A =0.05t, V=0.01z, and #; = 0 for a shaking strength Aj of
(a) 0, (b) 0.291, (c) 0.35, respectively. The solid red and dashed blue lines
denote spin-up (s = 1) and spin-down (s = —1) bands, respectively.
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Fig. 3. Band gap (2|Aw|k=0) as a function of the shaking strength Ag for (a)
N=—1LA<V,0n=—LA>V,©n=1LA<V,and(d)n=1,1>V.
The solid red and dashed blue lines denote spin-up (s = 1) and spin-down
(s = —1) bands, respectively.
4. Phase diagram
For two dimensional system, the Hamiltonian can be ex-
pressed in terms of the Pauli matrices as

H(k) =d(k)- & +do(k)I, (11)

where d(k) = (dy(k),dy(k),d.(k)), 6 = (Oy,0y,07), and I is
2 x 2 identity matrix. Then, due to the good quantum numbers
of spin, the corresponding Chern number for spin s component
is calculated as!*!

L Y
M=o / A2k, (k), (12)

where € is the Berry curvature of spin s component in the
momentum space over all occupied states, and it can be writ-

1. (aod ad
Qk)==d- | =— x=— 13
(k) = 3 ((Mxxaky), (3)
where d = d/|d|. Straightforward calculation shows
_phte (¢do)*
oo \n

[42R202+2(k2—k2)2+ (sA—V — V)]

ten as

21,k |sA—V

Q(k) = (14)

Ny=sgn(sA —V —nV)|i=0, (15)

where sgn is the sign function.

The total Chern number C = N, + N_ indicates that the
system exhibits QAHE, and the spin-Chern number C; =
%(N+ — N_) indicates that the system exhibits QSHE. In
Fig. 4, we plot a phase diagram in (Ap,V) plane at fixed
A =0.05t¢, for circularity of shaking (a) 1 = —1and (b)) = 1.
Figure 4 clearly shows that there are two QAH phases with
C = £2, and one QSH phase with C; = 1. By tuning V and
shaking strength Ay, the system would undergo the transitions
between these phases. When the shaking is absent (Ag = 0),
the system is in QAH (QSH) phase for A <V (A > V). For
A <V, an exotic QAH-QSH-QAH phase transition is driven
by increasing Ay from O for circularity of shaking n = —1,
while there is no topological phase transition for circularity of
shaking 7 = 1. For A > V, a topological phase transition be-
tween QSH and QAH phase occurs along with the increase of
Ay for the two circularity of shaking.

0.05

>~ 0.05

Fig. 4. Phase diagram in the (A, V) plane at fixed A = 0.05 for circularity
of shaking (a) 1 = —1 and (b) n = 1. There are two QAH phases, which are
identical Chern number C = 2 and C = —2, respectively. The other phase is
QSH phase with spin Chern number C; = 1.

In addition to Chern number and spin Chern number, we
discuss the energy gaps, which provide a more intuitive picture
to characterize the topological phase transition. A topological
phase transition occurs when the energy gap closes and re-
opens. In Fig. 3, we plot the band gap evolution as a function
of shaking strength Ag. For A <V, we find that the band gaps
always open for 1 = 1, while the process of band gap closing

067304-3
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and reopening occurs twice for 1 = —1. It means that there are
two or no topological phase transitions along with the increase
of shaking strength depending on the circularity of shaking.
For A >V, one can observe that the band gap of spin-up or
spin-down bands opens and reopens, which is independent of
the circularity of shaking. It indicates that a topological phase
transition occurs.

The appearance of the edge state is another hallmark
QAHE state. As an example, Fig. 5 shows the band struc-
ture of a ribbon under the shaking 1 = —1 at A = 0.05¢,,
V =0.01z,, and #; = O for open boundary condition in the x
direction without (a) and with (b) the shaking driving. When
the shaking driving is absent, the edge state does not exist for a
given Fermi level (Eg = 0). While there are four different edge
states when the shaking driving is included. The emergence of
edge states in the gap is intimately related to the topological

0.05

B0
—0.05. 55 0 0.2

k

property of the Bloch states in the valence bands. The num-
bers of edge states are in agreement with the Chern number.
Moreover, many techniques have been implemented to
detect QAH and QSH states in the optical lattice in the ex-
periment. Chiral edge states and topological order are hall-
Alba et al.™ provided
the time-of-flight imaging methodology through measuring

marks of quantum Hall physics.

atomic distribution in momentum space. By performing Bloch

oscillations, [40-44]

an experimental value for the Chern num-
ber has been obtained. Using atomic interferometry in real
and momentum space, *>~4"! topological invariants of topolog-
ical band structures in the optical lattice can be measured. By
imaging individual sites along a synthetic dimension, Gold-
man et al.'8] have reported on the experimental realization

of chiral edge states, which are hallmarks of quantum Hall

physics.
0.10 v/ \VAR
(bw
S G
—0.05¢ : :
—0.1 *
0 90.2 0 0.2

k

Fig. 5. Band structure of a ribbon under the shaking 1 = —1 at A = 0.05¢,, V = 0.011,, and #; = 0 before and after closing the gap with a

shaking strength of (a) 0.2 and (b) 0.4, respectively.

5. Conclusion

We have studied the Hall effects of quadratic band cross-
ing (QBC) fermions in a square optical lattice with spin—orbit
coupling and orbital Zeeman term. By analyzing the energy
gap and (spin) Chern numbers, we find that the orbital Zee-
man term or shaking can drive a topological transition from
spin Hall phases to anomalous Hall phase. The orbital Zeeman
term can interplay with spin—orbit coupling and the shaking,
and leads to rich phases. Our results provide a way to study the
topological physics of spin—orbit coupling or shaking-driven
topological phase.

Appendix A: Effective Hamiltonian

We consider ultracold fermionic atoms trapped in a
square optical lattice with orbitals (py, py, and d). We assume
that all the atoms are trapped in the lowest band of the op-

29,49]

tical lattice. Using perturbation theory,! one can get the

tight-binding Hamiltonian in momentum space on the basis of

{p(k), py(k)}

Hy, = ho+ 2t;sink,sink,0" + h,0°%, (A1)

where ho = t,,cosky — t,,,c0sky + t,,cosky, — 1, cosky +
tesin®ky + tesin®ky, h; = t,pcosky — 1), cosky — 1, cOsky +
t;,p cosky + 1, sin® ky — £, sin’ ky, and t, = 2t12,d/(2tp,, — 2t;]p +
4tgq— O). tp[)atllypatdzhtpd are the hopping amplitudes between
orbitals on neighboring sites, and & describes the energy dif-
ference between p and d orbitals. To describe QBC fermions,

we expand the momentum around the I” point and obtain
Hy = tik* + 2tkekyo™ + 1. (ki — k3) 0%,

with 7 = tp, —t,,+ 2ty and t; = 1), + 1, + 21y
Based on Eq. (5), when the shaking is included, we can
obtain

HEE = B +2J0(V2A0)t, sink, sinky, 6™ +hE 6%, (A2)
with
hy = Jo(Ao)tpp cosky — Jo(Ao )1}, cosky +Jo(Ao)tpp cosk,
—Jy (Ao)t;,p cosky +Jo(240)tx sin®ky + Jo (2A0)tx sin’ ky,

067304-4
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R = Jo(Ao)tpp cosky —Jo(Ao)ty,, cosky — Jo(Ao )1, cosk,
+Jo(Ao)1,, cosk, +Jo(2A0)t, sin? ky — Jo(2A0 )t sin® ky;
Hpty = hiy+hE o7, (A3)
with
hftl = —Jl(Ao)tppSinkx—iJi]n(Ao)t/ sink.
+iJ11n(Ao)tppsinky +11(A0) sink,
+J1(2A0)t,cos(2ky) /2 — 10117 (2A0)t, sin(2ky) /2,
hiy = —J1(Ao)typp sinky — iJi1y (Ao)t),, sinky
—1J117(A0)tpp sink, JI(A()) sink,
+Ji (2A0)l‘xCOS(2kx)2—|-lJiln(ZAo)l‘xSin(2ky)/2;
Hp%y = Wiy +hi,07, (Ad)
with

W, = 1 (Ao)typ cosky — J2(Ao)ty,, cosky +J2 (Ao ), cosk,

+J2(A0)t),, cosky +J2(2A0) 1 cos(2ky ) /2
—J>(2A0)1c cos(2ky) /2,

W, = —J1a(Ao)typ cosk, — J2(Ao)ty,, cosky — J2 (Ao )ty cosk,
—Jg(Ao)t[’,pcoskx+J2(2A0)txcos(2kx)/2x
+J2(2A0)1, cos(2ky) /2.
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