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Recent advances have demonstrated that a machine learning technique known as “reservoir computing” is a signif-
icantly effective method for modelling chaotic systems. Going beyond short-term prediction, we show that long-term
behaviors of an observed chaotic system are also preserved in the trained reservoir system by virtue of network measure-
ments. Specifically, we find that a broad range of network statistics induced from the trained reservoir system is nearly
identical with that of a learned chaotic system of interest. Moreover, we show that network measurements of the trained
reservoir system are sensitive to distinct dynamics and can in turn detect the dynamical transitions in complex systems. Our
findings further support that rather than dynamical equations, reservoir computing approach in fact provides an alternative

way for modelling chaotic systems.
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Recently, machine learning technique, as a critical branch
of artificial intelligence, has attracted increasing attention.!-!
A great variety of machine learning methods, such as Bayes
learning,®! neural networks,?! and decision trees,* are pro-
posed for dealing with the problems related to artificial in-
telligence. Among them, an intriguing one named reser-
voir computing approach has received considerable atten-
tion in time series domain.>®) A growing number of stud-
ies have demonstrated that this approach is competent for
forecasting low-dimensional chaotic systems,!®! inferring un-
measured variables,!”! and even predicting spatiotemporally
chaotic systems.!®! In this sense, reservoir computing ap-
proach provides an effective way for modelling and charac-
terizing chaotic systems.

Beyond short-term prediction, there is a growing in-
dustry in revealing long-term behaviors of the trained reser-
voir system, for example, Lyapunov exponents,°! correlation
dimension, %111 and even attractor.['?! However, these works
mainly study a trained reservoir system from a dynamical an-
gle, while a wide range of statistics in complex network do-
main have been overlooked. In fact, complex network theory
provides a new paradigm to understand and characterize dy-
namical systems.!3-131 It offers a range of powerful tools to
describe a great variety of nonlinear systems. For example, re-
currence networks in terms of recurrence allow us to classify
dynamics and to detect dynamical transitions.!'# Therefore,
network theory will bring us a new perspective on study long-
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term behaviors of the trained reservoir system in modelling
chaotic systems.

In this paper, we study long-term behaviors of a trained
reservoir system by virtue of network measurements for which
we transform its prediction trajectory into recurrence net-
works. We find that a great variety of network statistics, such
as degree distribution, the clustering coefficient, and the mix-
ing pattern, induced for the trained reservoir system are almost
the same as that of a considered chaotic system. Remarkably,
we show that when learning an observed system in distinct dy-
namical regimes, their resultant network structures are conse-
quently different. These distinctions can appropriately detect
and identify the dynamical transitions in the learned system.
Numerical results on two benchmark chaotic systems (i.e., the
Rossler system and the Hénon map) further support our find-
ings.

We begin with introducing the basic framework of reser-
voir computing (RC) approach. Its architecture is usually com-
posed of three components: an input layer coupled with an
input vector u(f), a reservoir network in the middle layer con-
sisting of N nodes, and an output layer coupled with an output
vector y(t), as illustrated in Fig. 1(a). Here, we follow Jaeger’s
design and define the evolving equations of the reservoir vec-

tor 7 and the output vector y as follows:[®)

r(t41) = (1—a)r(r)+otanh (Ar(l) + Wi, ( ”in)» (1)

u(t
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The reservoir parameters A, Wi, @, bi,, and by, are usu-
ally given in advance before training. Specifically, the param-
eter & is chosen from the range (0,1), while the elements of
Wi, are drwan from a uniform distribution [—1,1]. The ma-
trix A is the adjacency matrix of the reservoir network and
is built from a sparse random network. Empirically, we set
bin = 1 and boy = 1.151%1 In this context, the output weighted
matrix Wy, is the sole parameter needed to be determined in
the training stage. For a chaotic system {s(z)};_, of interest,
previous studies have demonstrated that the output weighted
matrix can be expressed analytically as follows: 17191

Wou =Y XT(XXT AT, (3)

where T is an identity matrix and A is the ridge regresion
parameter. The k-th columns of the matrices X and Y are
[bout; s(k);r(k)] and s(k + 1), respectively. After training
stage, when y (7 + 1) is adopted as w(r + 1), the reservoir com-
puting system can run autonomously based on Eqgs. (1) and
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Fig. 1. (a) Schematic illustration of a reservoir computer with the input vec-
tor u(r) and the output vector y(r). (b) The prediction of the trained reservoir
computer and the actual trajectories of the Rossler system.

We first apply the reservoir computing approach to the
Rossler system in the chaotic regime given by

dx/dt = —y—z, “)
dy/dt = x+0.2y, (5)
dz/dr = 0.2+ z(x—9). ©6)

We calculate a numerical solution for this system based on the
fourth-order Runge—Kutta method and obtain 2 x 10* points

with time step Ar = 0.1. For eliminating transient states, we
discard the leading 5000 observations. We then use the first
2600 points with the input vector u = (x,y,z) for training.
Here, we choose the reservoir parameters n = 2600, ¢ = 0.5,
N =500,and A = 1 x 1078, It is shown that the trained reser-
voir system produces short-term prediction correctly, as de-
scribed in Fig. 1(b). Since the sensitive to the initial condition
of the Rossler system, the prediction data gradually deviates
from the actual Rossler trajectory, as expected. Nonetheless,
we notice that after # ~ 110, the long-term profile of the reser-
voir system resemble that of the Rossler system. This phe-
nomenon hints that besides predicting short-term dynamics,
the long-term behavior of a considered system seems to be
consequently captured in the trained reservoir system.

We now explore the long-term behavior of a trained RC
model from complex network perspective for which a wide
range of network metrics can be employed. In fact, network
science has recently been applied to understand and character-
ize chaotic systems of interest.['42%1 A number of approaches
for transforming time series into networks have been reported,
such as cycle network, 13! visibility graph,?!! and recurrence
network.['4?2] Here, we adopt the recurrence method for map-
ping time series of chaotic systems and their learned RC mod-
els into networks. In particular, for a time series given by
{S;},, the transformed network is

Aij=0(e— || Si—S; )~ 6ijs @)

where ©(-) is the Heaviside function, € is a threshold value,
and §;; is the Kronecker delta. Empirically, we choose a suf-
ficiently small threshold value for which the resultant recur-
rence network is connected.'*! In the constructed network, we
observe its local, intermediate, and global network properties
in terms of degree distribution P(k), the clustering coefficient
C, the distribution of shortest path length P(d) and the assor-
tativity coefficient r, respectively. We then apply these net-
work measurements to study the previous Rossler system and
the corresponding RC model. Here, we select the threshold
value € = 0.13 and the length of time series / = 5000. In-
terestingly, we find that the degree distribution P(k) of the RC
model presents the similar profile as that of the Rossler system,
see Fig. 2(a). This phenomenon also occurs on the distribution
of shortest path length, as illustrated in Fig. 2(b). These results
reveal that the topological feature of an observed chaotic sys-
tem is preserved in the trained RC model. This is further sup-
ported by observing the average clustering coefficient and the
assortativity coefficient for which C = 0.619 and r = 0.841 for
the Rossler system, while C = 0.624 and r = 0.829 for the RC
model. Remarkably, when examing the spatial distribution of
the degree in (x,y) plane, they present almost identical pattern,
see Figs. 2(c) and 2(d). Clearly, high values of k lie in the cen-
tral region, and low values almost filled the other region. Our
findings reveal that the RC model is identical with a chaotic
system of interest from complex network perspective.
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Fig. 2. Comparison of the Rossler system and its learned RC model with
respect to different network statistics: (a) the degree distribution and (b) the
distribution of shortest path length. Colour-coded representation of the de-
gree k in the (x,y) plane for (c) the Rossler system and (d) the reservoir
computer model.

We further confirm this interesting finding on the Hénon
map given by
= T4y —ax, ®)

Yn+1 = bxp, ©))

Xn+1

where a = 1.4 and b = 0.3. We generate the 2 x 10* obser-
vations from this map and use the first 2600 points with the
input u = (x,y) for training. Here, we set the reservoir param-
eters n = 2600, = 0.25, N = 500, and 2 = 1 x 1078, After
the training stage, we generate a trajectory of length [ = 5000
of this reservoir system and transform it into recurrence net-
work. Here, we choose the threshold value € = 0.03. Fig-
ures 3(a) and 3(b) show the degree distribution and the dis-
tribution of shortest path length for the Hénon map and the
RC model, respectively. Clearly, it is shown that profiles of
P(k) versus k for the Hénon map and the RC model present a
similar tendency. This phenomenon is also established on the
distribution of shortest path length. Moreover, we further ob-
serve that the spatial distribution of the degree in phase space
for the RC model is almost identical with that for the Hénon
map, see Figs. 3(c) and 3(d). These findings further confirm
that beside prediction, the trained reservoir system captures
long-term behavior of an observed chaotic system in terms of
network statistics.

Finally, we show that the long-term behaviors of the
trained RC model are different when learning distinct dynam-
ical systems and these distinctions can identify the dynamical
transitions of the complex system of interest. Here, we take
the previous Hénon map as a benchmark example. We select
b=0.3and a € [1,1.4] with a step size Aa = 0.005. With the
increase of a, the Hénon map undergoes from period-doubling
route to chaos. For every a here, we record 2 x 10* succes-
sive values after discarding the leading 5000 data (to eliminate
transient states). The bifurcation diagram gives an intuitive
feeling of the dynamical transition of the Hénon map, see
the top panel of Fig. 4(a). For each record, we use the first
2600 points with the input w = (x,y), @ = 0.25, and N = 500
for training the RC model. After training stage, we generate
1 x 10* data points from each trained RC system. Interest-
ingly, we show that the trained RC systems can reproduce the
bifurcation diagram of the Hénon map exactly, as illustrated
in Fig. 4(a). We then calculate the clustering coefficients C of
recurrence networks constructed from the Hénon map and the
RC model. We find that they present an identical tendency,
see Fig. 4(b). Meanwhile, we notice that they are sensitive
to the presence of dynamical transitions of Hénon map in-
dicating by the largest Lyapunov exponent Ap,x. Here, we
calculate the largest Lyapunov exponent using the TISEAN
software package.!?*! Specifically, the maximal values of C
(i.e., C = 1) are calculated from the periodic regime, whereas
the chaotic behavior results in a relatively smaller value.
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Fig. 4. (a) The bifurcation diagrams of the Hénon map (top panel) and the
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degree (k) and (d) the assortativity coefficient r of recurrence networks ob-
tained with different a.
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These results reveal that the topological feature of the trained
RC model is not only the same with that of its learned sys-
tem, but also can be used to dicriminate different dynamical
regimes. This is further supported by observing the mean de-
gree (k) and the assortativity coefficient r, where they match
almost exactly between the Hénon map and the trained RC
model, as illustrated in Figs. 4(c) and 4(d). Our findings un-
cover that from a complex network perspective, the RC model
is indistinguishable from that of an observed chaotic system.
In summary, we studied the reservoir computing approach
for modelling chaotic systems from a complex network per-
spective. By transforming their trajectories into recurrence
networks, we find that a great variety of network measure-
ments, such as degree distribution, the clustering coefficient,
and the assortativity coefficient are almost identical between
the trained reservoir system and its learned chaotic system of
interest. Remarkably, we show that some statistics commonly
used in network science generated from the RC model are sen-
sitive to dynamical transitions and can be in turn used to detect
dynamical changes in chaotic systems. Our findings are con-
firmed on two classical dynamical systems. Our work reveals
that from a complex network perspective, reservoir computing
approach provides an alternative way for modelling chaotic
systems rather than conventional dynamical equations. More-
over, for convenience, the transformation method we have
considered here is the recurrence network. The investigation
of a broad range of transformation methods, for example cy-

13,24

cle network,'3?4 and ordinal partition network,*>! calls for

additional research effects.
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