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The Jaynes—Cummings model with or without rotating-wave approximation plays a major role to study the interaction
between atom and light. We investigate the Jaynes—Cummings model beyond the rotating-wave approximation. Treating
the counter-rotating terms as periodic drivings, we solve the model in the extended Floquet space. It is found that the
full energy spectrum folded in the quasi-energy bands can be described by an effective Hamiltonian derived in the high-
frequency regime. In contrast to the Z; symmetry of the original model, the effective Hamiltonian bears an enlarged U (1)
symmetry with a unique photon-dependent atom-light detuning and coupling strength. We further analyze the energy
spectrum, eigenstate fidelity and mean photon number of the resultant polaritons, which are shown to be in accordance
with the numerical simulations in the extended Floquet space up to an ultra-strong coupling regime and are not altered
significantly for a finite atom-light detuning. Our results suggest that the effective model provides a good starting point to
investigate the rich physics brought by counter-rotating terms in the frame of Floquet theory.

Keywords: Jaynes—Cummings model, Floquet theory, high-frequency approximation

PACS: 42.50.Pq, 42.50.—p, 37.30.+i

1. Introduction

The Jaynes—Cummings model (JCM)[!?l provides

a fundamental paradigm to capture many important
phenomenal®~13! produced by the interaction between a two-
level (artificial) atom and a single-mode radiation field,

[3-71 and the entangled atom-field

e.g., the Rabi oscillations
state.!311 Most of the previous works have focused in the
regime of weak atom-light coupling, where the rotating-
wave approximation (RWA) can be applied by neglecting the
counter-rotating terms (CRTs). Nevertheless, such CRTs may
become significant with the coupling strength, especially in
the strong coupling regime which has been achieved in di-

5,114-221 and can give rise to new physics beyond

verse system
RWA..[23-301 In these cases, appropriate treatment of the CRTs
would be necessary.

Generally speaking, the energy spectrum of the JCM
without RWA (or the Rabi model*!-32]) can be solved!33-3]
with the help of numerical solutions. 340! However, it is not
easy to analyze the physical properties of the model based on
the numerical results. To gain the underlying physics in the
presence of CRTs, various analytical approaches under differ-
ent situations have been developed,[*!-33! e.g_, the generalized
RWA [#?] and variational methods.**8 Nevertheless, a gen-
eral treatment of the CRTs is still desirable.

In this paper, we revisit the JCM to go beyond the RWA
from a new perspective. This relies on the important obser-
vation that the CRTs can be viewed as a kind of periodi-

DOI: 10.1088/1674-1056/abd930

cal process in a transformed basis, and thus enables a gen-

[54-591 which has been

eral treatment within the Floquet theory,
widely and successfully used to engineer nontrivial Hamil-
tonians in periodic driving systems recently.[®*-%7] Different
from the previous treatments, the CRTs in the extended Flo-
quet space would mix the neighboring Floquet modes, and
give rise to unique features. We find that the full energy spec-
trum of the original JCM can be extracted from the numeri-
cal simulations in the extended Floquet space, and the energy
spectrum is folded in each quasi-energy band due to the equiv-
alence among different bands. In the high-frequency regime,
we derive an effective Hamiltonian with an enlarged U(1)
symmetry, very different from the Z, symmetry of the origi-
nal JCM. Specifically, the effects of CRTs are incorporated in
a unique photon-number dependent atom-light detuning and
coupling strength. Moreover, by further analyzing the energy
spectrum, eigenstate fidelity and mean photon number of the
resultant polaritons, we find that the high-frequency effective
model can be applied up to an ultra-strong coupling regime,
where the coupling strength is comparable with the frequency
of the photon and is not significantly affected by finite atom-
light detuning.

The paper is outlined as follows. In Section 2, we present
the model and derive the high-frequency effective Hamilto-
nian in the Floquet theory. In Section 3, we analyze the energy
spectrum, the eigenstate fidelity and the mean photon number
of the polaritons of the effective model, which are compared to
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the full numerical simulations in the extended Floquet space.
The influence of a finite atom-light detuning is also discussed.
Finally, we give a brief summary in Section 4.

2. Model and formalism

We begin with the Jaynes—Cummings model in the pres-
ence of CRTs (or the Rabi model). In the Schrddinger picture,
the total Hamiltonian of the system can be written as (we set
h =1 throughout the paper)

H = Hy + Hip,
.
Hy = jaoz +ma'a,
Hiy = go(a+a") (o +0-). (1)

Here, @' (4) creates (annihilates) a photon of the single-mode
light field with frequency @;; 65, 6_ and o, are the Pauli ma-
trices representing two atomic internal states with transition
frequency @,. Hj, describes the atom-light interaction with gg
denoting the single-photon coupling strength.

To deal with the CRTs in Eq. (1), we turn to the frame
rotating with frequency @y by applying a unitary transforma-
tion U(t) = ei®(@'d+30:) The Hamiltonian (1) transforms as
H— H' =i UT + UHU", which is given by

W = Por i+
= Zcz+go(acs+ +ad'o.)
+go(ac_e P +at oy PO 2)

with 6 = @, — @ being the atom-light detuning. We can
realize that in this rotating frame, the CRTs exhibit time-
dependent exponential factors, which just play as periodic
drives with frequency @ = 2a@;.

In the Floquet theory, the (slow) evolution in a cycle of
the above periodically driven system can be described by an
effective time-independent (Floquet) Hamiltonian HeFff. We are
interested in the high-frequency regime where @ is the largest
energy scale so that we can expand HY; as

1 1 1
HE. =g+ — g, - @) _ 3
eff + o + Py +0 w3 )’ €)]
where
15}
HO = 50z +80(do +a'o) (4)

is the time-independent part in Eq. (2) giving the well-known
JCM under RWA. For the first order of 1/, we have

2
HO =[y® y(D] = %[(2ﬁ+1)cz—12] (5)

with V() = (Vo) = gpaTo, and i = a%a. I is 2 x 2 unit
matrix. One can see that H!) introduces a photon-number-
dependent detuning (the dynamical Stark shift) from the two-
photon process. While for the second order 1/®?, we can de-
rive (see Appendix A for detail)

.

= —Esgg[(zm 1)o, — b] —gi(do. i+ nd'c_ ). (6)

Here the terms in the first bracket describe the contribution
of a finite atom-light detuning away from resonance (8 = 0).
The second bracket gives a correction to the atom-light cou-
pling with a photon-number-dependent coupling strength from
the three-photon process. It is interesting to see that even
though the CRTs mix subspaces with different excitation num-
bers Nex = d7d + 0. 0_, the effective Hamiltonian conserves
the total excitations, i.e., [Nex, Hl] = 0. With this U(1) sym-
metry, the effective Hamiltonian (3) has the same integrability
with the JCM under RWA, in contrast to the Z, symmetry held
by the original Hamiltonian (1), and thus can be solved ana-
Iytically as shown in the following section.

Now, we arrive at a high-frequency effective Hamiltonian
given by

1« 1
HY ~ 50010+ g0 (A)a'o_ +H.c]+ 30 ()

Here

4?2 2
8%
8(»1(”):80(1—@")’
_ &, 8o
(O] 2(1)1 4(012'

One can see that compared to the JCM with RWA, both the
effective detuning S, (72) and atom-light coupling gg (72) are
renormalized by the CRTs and depend on the photon number
7l as well as the light frequency @.

Equation (7) is the main result and the starting point of
this paper, and we will see in the following that the nontriv-
ial contributions brought by the CRTs on the energy and mean
photon number of the JCM can be well captured in the effec-
tive model with high eigenstate fidelity up to the regime with
ultra-strong coupling strength.

3. Results and discussion

Before going into details of the effective model, we first
discuss the typical features of the quasi-energy bands of the
JCM in the extended Floquet space. As shown in Fig. 1, one
can see that the quasi-energy in neighboring bands is sepa-
rated by 2, as expected. For go/ @ < 1, all energy branches
in different bands are well separated, where the RWA can be
applied. With the increasing g/, the energy branches of
large excitation (photon) number in neighboring bands first get
touched (energy gap closing) and then those of relative smaller
excitations. Until go/ay 2 1, all branches in different bands
are involved. For go/@; < 1, most of the low-excitation en-
ergy branches are well isolated in each band, implying that the
effect of CRTs can be included in the effective model to be
shown in the following.
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Fig. 1. The quasi-energy as a function of go/a for m = —1 (green
dotted), m = 0 (blue dashed) and m = 1 (black dash-dotted) band in the
extended Floquet space for 8 = 0. The two energy branches of the effec-
tive model for excitation number Ngx = 1 are also plotted for illustration
(red solid).

We now discuss the energy spectrum of the effective
Hamiltonian (7). As the total excitation number Ngx is con-
served, Eq. (7) can be solved in the subspace spanned by two
product states |g) ® |Nex) and |e) ® |[Nex — 1) for each Ney,
where |g) (|e)) denote the atomic ground (excited) state, and
|Nex) (|Nex — 1)) is the photon Fock state with photon number
Nex (Nex — 1). In this basis, Hamiltonian (7) is block diagonal-
ized with each block taking the form of

< 180y (Nex — 1) + 184
\/Nexgwl(Nex)

\/~Nexgw| (Nex)
— 300, (Nex) + 360,

). (o

After a straightforward diagonalization, we can obtain
two energy branches of the polariton for each Ney,

6 2
EP) = 5wli\/<2_Nex5wn> + Nex [ga (Nex) 12,

(Nex > 0). ®)

Notice that Nexy = 0 gives the ground state with energy E, =
—68/24 64,

In Fig. 2, we plot the lower energy branch E_ as a func-
tion of coupling strength go at resonance 6 = 0 for the in-
terested low excitation numbers Nex. For comparison, we
have also presented the results from RWA and a full numer-
ical simulation beyond high-frequency approximation (HFA)
in the extended Floquet space (see Appendix B for detail). We
can see that the RWA is mainly justified for go/ < 1, and
the deviations from the numerical results become remarkable
with the increasing atom-light coupling strength go, indicating
the breakdown of RWA in a strong coupling regime. On the
other hand, the effective Hamiltonian gives a quite good ap-
proximation for go/@ < 0.6 and works qualitatively well up
to go/ @ ~ 1. The validity of the HFA in this regime resides in
the well separation of quasi-energy bands for not too large go.

While for go/a > 1, the different Floquet bands get involved
and the HFA is no longer applicable.
0
(b) . (c)
— -1 =
3
-~
. PN [ RWA
S - - - HFA §
N . NS
120 04 08 1.2
go/w

Fig. 2. The lower-branch energy E_ /@y as a function of go/y of the HFA (red dashed) for excitation number Nex = 0 (a), 1 (b), and 2 (c) at
resonance 0 = 0. The corresponding energy branches under RWA (blue dotted) and by numerical simulations (NS, green solid) are also plotted

for comparison.

0.5

3
>~ 0
K

0.5

0.5

Fig. 3. The lower-branch energy E_ /@ as a function of atom-light detuning 6 /@ under RWA (blue dotted), HFA (red dashed) and NS (green
solid) for coupling strength go/a = 0.2 [(a), (d)], 0.3 [(b), (e)], and 0.4 [(c), (f)]. Here, the excitation number is Nex = 0 for (a)—(c) and Nex = 1

for (d)—(f), respectively.
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We further investigate the effect of finite atom-light de-
tuning. We first notice that even for a bare resonance 6 = 0,
the effective detuning in the high-frequency model may be-
come finite with Nexg(z) /. This can signal the departure of
the RWA due to the CRTs. Figure 3 shows the lower branch of
energy E_ as a function of atom-light detuning o for fixed cou-
pling strength and excitation number. It is readily to see that
the HFA works quite well in a considerable parameter regime
from negative to positive detuning. Moreover, the spectrum is
generally asymmetric with respect to the detuning &, in con-

trast to the symmetric spectrum of the RWA for Nex > 1. As
|

ZNexg%wl
Nexg(z)—2a)12
tive model, the deviation from the numerical results is relative

the resonance point is shifted to 6 = < 0in the effec-
large for positive detuning (see Fig. 3(f) for a reference).

The agreement of the energy spectrum between the effec-
tive model and the full numerical simulations becomes more
transparent when we examine the fidelity of the eigenstate. To
this end, we write the eigenstate of the lower branch in the
photon-dressed basis as

W/>Xlex = C|e>|Nex - 1> JrD‘g>|Nex> )

with

(8 = 2NexBay )/ (8 — 2Nex By )2 + 4Nex [gy (Nex )2

IC)* =

(10)

_|_

(8 — 2Nex 8 )/ (8 — 2Nex 89 ) + ANex g0 (Nex) 2

IDI? =

Here C and D are the complex amplitudes in the dressed ex-
cited and ground state respectively satisfying |C|> + |D|*> = 1.
We introduce the time-averaged fidelity F in a cycle between
the eigenstate of the effective model |y)y,, and the Floquet
eigenstate | (7)) (see Appendix B), which is defined by

T
F=1 [ ol (12)

In Fig. 4, we give the fidelity distribution in the go—0 plane for
the lower branch of Nex = 1. We find F > 0.9 in a broad pa-
rameter regime, suggesting that the effective model is a quite
good approximation of the JCM.

7 1.00
!
0.5f ,'
f
3 |
3 0 | 0.75
w
|
—0.5+ |
1
1
=L 0.50
0 0.4 0.8 1.2

go/wi
Fig. 4. The time-averaged fidelity F' between the eigenstate of the effec-
tive model and the Floquet eigen-mode in the go—ﬁ plane for the lower
branch with Nex = 1. The red dashed line labels F = 0.9.

So far, we have discussed the polariton energy spectrum
and the eigenstate fidelity of the effective model. It is also
worthy to obtain the mean photon number of the polariton,
which can be measured in experiment. Taking use of the ex-
plicit form of the eigenstate, the mean photon number of the
lower branch is given by

nph = (a'a) = |C[*(Nex — 1) + | D|* Nex. (13)

1
2 2(8 — 2Nex Sy )2 + 8Nex [g e (Nex) ]2 ’
1
2

2(8 — 2Nex Sy )2 + 8Nex [g e (Nex )]

1)

2.0 - - -HFA

MNph
\

Mph

0
—-0.5 0 0.5

Fig. 5. The mean photon number ny, of the lower branch as functions of
go/ o [(a), (b)] and &/, [(c), (d)] under RWA (blue dotted), HFA (red
dashed) and NS (green solid). Other parameters are: [(a), (b)] § =0,
Nex = 1 and 2; [(c), (d)] Nex = 1, go/@ = 0.2 and 0.3.

In Figs. 5(a) and 5(b), we plot the mean photon number
nph as a function of coupling strength g¢ at resonance for the
lower branch of excitation number Ngx = 1 and 2. Different
from the RWA which gives a coupling-independent constant
value, the mean photon number in the lower branch of the ef-
fective model increases with the coupling strength, in accor-
dance with the numerical results, due to the fact that the con-
tributions from states with higher excitation numbers brought
by CRTs become significant, which are incorporated in the
photon-dependent coupling strength and detuning in the effec-
tive Hamiltonian (7). Figures 5(c) and 5(d) show the depen-
dence of mean photon number np, on the detuning 8. Similar
to the energy discussed above, the mean photon number pre-
dicted by the effective model agrees quite well with the numer-
ical simulation even for large detuning |§| > 0. Specific for
6 < 0, the component ~|e) ® | Nex — 1) in the wave function is
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dominated and np, — 0. While for 0 > 0, the atom is mainly
in the ground state with a nearly free photon, |g) ® |Nex), giv-
ing rise to npp — 1.

4. Conclusion

We have studied the JCM in the frame of Floquet theory.
By treating the CRTs as periodic drives, we solve the model
in the extended Floquet space and derive an effective Hamil-
tonian with enlarged U(1) symmetry in the regime of high
“driving” frequency. We find that the energy spectrum as well
as the mean photon number predicted by the effective model
agrees well with the numerical simulations of high eigenstate
fidelity in a broad parameter regime even for an ultra-strong
atom-light coupling, where the coupling strength is compara-
ble with the photon frequency and the RWA generally breaks
down. The Floquet method developed in this work provides
a systematic and efficient way to study the nontrivial physics
brought by CRTs, and can also be applied to other situations,
e.g., the multimode atom-cavity systems, coupled atom-cavity
arrays and dispersive atom-light couplings.

Appendix A: Derivation of the effective Hamilto-
nian

In this paper, the rotational Hamiltonian (2) can be writ-
ten as

H/ — H(O) +V(1) eiwt _|_‘/<71)efia)t7 (Al)

where H") = go(ac, +d'o )+ 6%, o = 20, VIV
godtoy, Vo = godo_.

According to the Floquet theory, 3!

the long-time evo-
lution of the above periodic Hamiltonian can be described
by an effective time-independent Floquet Hamiltonian HGFff =
Yoo w,,H( ") in an expansion of 1/®. When @ is the largest
energy scale, we can apply the high-frequency approximation
by keeping the expansion series to the second order, !

(A2)

€

HE~® + Lp L g
[0) ?

2
with H(1) = 8[(24+ 1)0, — b] given in the main text, and

HE = (VO HOLYE) 4 [0 HOL VD). (A3
A straightforward calculation gives
v, 1Oy
=[gta'a’ o, — godato, VY]
25
= —2ghnalo. —*C(2i+ o ~n), (A%

and [[v <*1>,H<°>],V<‘>] = [V HOLV D = —agi(n+

laoy — —[(Zn + 1o, — b].
final form of the second term given in the main text.

To sum up, we arrive at the

Appendix B: Numerical simulation in the ex-
tended Floquet space

B1. The matrix of the quasi-energy operator

the basis
for the Hamiltonian H' can be written as |om(t)) =
{|e,n) e |g.n) e}, where n € N is the photon number

and m € Z is the ‘photon’ index. The time-periodic-averaged

In the extended Floquet space, states

matrix of the quasi-energy operator G = H' — id; can be writ-

ten as!0

o

= (|

()|Glam(z))dt

m’7m|a> + Sm’mSOt’(xmw

H)—wo H', 0 0

B H H, H, 0o ..
= 0 H H+o #, .. |@ &Y
0 0 H H+20

!
where Hm o

transformation of the Hamiltonian H’ and has the form

=7 fo H' ellm=m)0! 4t is 3 matrix as the Fourier

go(&0+ +6A1T(77)—|—5%’ m = m;

H, , =< godo_, m—-m=—1; (B2)

god'oy, m—m=1.

As the parity of the excitation number in the Hamiltonian
H' is conserved (even or odd), we can diagonalize the above
Hamiltonian in each subspace with fixed parity. Numerically,
we have truncated the infinite matrix by choosing npax = 21,
Mmax = 10 for odd space and npax = 20,mmax = 10 for even
space.

B2. Mean photon number

After diagonalizing the matrix (B1), we can obtain the
eigenenergy (quasi-energy) €; and the corresponding eigen-
state

lw;(t) Z Z

m=—oop=

lm(Ol +D;]n n‘g7n> eimwt)7 (B3)

mn|e n

where C,J,.,ﬁn and D{,;,,, represent the probabilities of the polari-

imwt imt

ton in the set of basis states |e,n) e and |g,n) e, respec-
tively.
In the Floquet space, the time-periodic-averaged mean

photon number is defined as

= [ a0l als(0)

1
?/ {ZZ . /e 1ma)tn e|+Din’n/e 1m(0t< 7g|)
l /
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X&TaZZ( mn|e n imwt_’_D{mn‘g’meimwt)]
m n
STYYT | [ a0l dlen

m m p n

ZZZZ( m n’C’{1 Yln+Di;’ '

ol -mjor n/Dz;,7n<n’,g|a*a|g,n>}

Djy ) St

/ dre™

m m p n

= Y Y n(ICh P+ 1D}2).
m n

where we have used the relations T fo
and (n',e|d

(B4)

—i(m'—m) ot dr = Sm’,m

Tale,n) = n6y .
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