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The work studies model reduction method for nonlinear systems based on proper orthogonal decomposition (POD)
and discrete empirical interpolation method (DEIM). Instead of using the classical DEIM to directly approximate the
nonlinear term of a system, our approach extracts the main part of the nonlinear term with a linear approximation before
approximating the residual with the DEIM. We construct the linear term by Taylor series expansion and dynamic mode
decomposition (DMD), respectively, so as to obtain a more accurate reconstruction of the nonlinear term. In addition, a
novel error prediction model is devised for the POD-DEIM reduced systems by employing neural networks with the aid of
error data. The error model is cheaply computable and can be adopted as a remedy model to enhance the reduction accuracy.
Finally, numerical experiments are performed on two nonlinear problems to show the performance of the proposed method.

Keywords: model reduction, discrete empirical interpolation method, dynamic mode decomposition, neural
networks
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1. Introduction

Many physical systems and processes in scientific and en-
gineering fields are modeled mathematically by higher-order
differential equations.[1,2] Usually, it is time-consuming or
even computationally intractable to directly perform simula-
tions on these models. The computational challenge has mo-
tivated the development of model reduction. Model reduction
is a powerful technique that seeks to approximate the higher-
order complex system with a low-order one, aiming at reduc-
ing the computational cost with a controlled loss of accuracy.

In this article, we concentrate on the nonlinear sys-
tems which are encountered in a wide range of phys-
ical phenomena.[3] For nonlinear systems, the exist-
ing approaches for model reduction cover quadratic
expansion,[4] trajectory piecewise-linear (TPWL),[5,6]

piecewise-polynomial representations,[7] proper orthogonal
decomposition (POD),[8,9] and so on.[10] Among them, POD
is the most popular method. Up to date, a variety of reduced-
order models (ROMs) based on the POD method have been
developed, including the intrusive ROMs and non-intrusive
ROMs. Usually, the non-intrusive ROMs predict the projec-
tion coefficients of the POD basis by applying interpolation
or machine learning methods, such as neural networks,[11]

and Gaussian process regression.[12] In contrast, the intru-
sive ROMs are constructed by implementing the Galerkin
projection,[13] and often are more effective to use the phys-
ical knowledge of the governing equations. Unfortunately,

the POD-Galerkin method often suffers from instability and
nonlinear inefficiency problems.

An efficient method for obviating this problem is sparse
sampling. The pioneer works include gappy POD,[14] em-
pirical interpolation method (EIM),[15] best points (missing
points) estimation (MPE),[16] discrete empirical interpolation
method (DEIM),[17] and so on. The gappy POD was firstly
introduced in Ref. [14] for dealing with the “gappy” or incom-
plete data vector and later extended to the reconstruction of
unsteady flow problems in Ref. [18]. EIM[15] and MPE[16]

are another two methods developed for efficiently managing
the computation of the nonlinearity. MPE is involved with
a least-squares minimization problem, and its computational
complexity is much higher than that of the EIM architecture to
some extent. Especially, the DEIM,[17] as a discrete variant of
EIM, shows superior performance in approximating the non-
linearity by using a small, discrete sampling of spatial points.

Although the interpolation points selected by the DEIM
method provide a good approximation for the nonlinear func-
tion, some information is inevitably lost. To fill this gap, we
propose an improved DEIM method by using the technique
of linear truncation, denoted by LT-DEIM. More specifically,
instead of applying the classical DEIM approach to the nonlin-
ear function directly, our approach computes a linear approx-
imation for the nonlinear function and evaluates the residual
via the DEIM. Here, the purpose of the linear approximation
term is to extract some information of the nonlinear function.
By integrating the linear truncation method into the DEIM, a
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more accurate approximation of the nonlinear function can be
achieved.

The linear approximation term plays a crucial role in the
LT-DEIM model, and we construct it by using Taylor’s ex-
pansion and dynamic mode decomposition (DMD),[19] respec-
tively. Taylor’s expansion is a powerful technique for the non-
linear model reduction.[4–6] For example, a reduced model
of the Navier–Stokes equations was generated in Ref. [20]
by combining the quadratic expansion with the DEIM. How-
ever, Taylor’s expansion has some limitations when the non-
linear term is unknown or non-differentiable. Moreover, the
nonlinear term is a high-dimensional nonlinear vector func-
tion, making it hard to compute the Jacobian matrix and se-
lect proper expansion points. Thus, the DMD method is also
employed to construct the linear approximation term in this
work. DMD is an equation-free and data-driven modal decom-
position method that has successfully been used for nonlinear
model reduction.[21,22] Moreover, DMD shows the marked im-
provement in the computational speed for evaluating the non-
linearity.

After the ROM has been constructed, we expect to know
how accurate this ROM performs. Some assumptions and
approximations were used to construct the ROM, which in-
evitably leads to an error between the ROM and the original
model. These errors are crucial for the final resulting analysis.
Hence, some pioneer work has been invested into quantifying
the errors introduced by ROMs. Reference [23] provided error
bounds for the state approximations from POD-DEIM reduced
systems. Similarly, reference [24] presented a posteriori error
estimation for POD-DEIM reduced systems. However, DEIM
is a data-driven method, making it hard to efficiently estimate
the error of DEIM-related ROMs through theoretical analy-
sis. For this reason, by employing the radial basis function
(RBF) neural networks,[25] this work presents a data-driven
error model for the POD-DEIM reduced systems. Actually,
some error models have been devised by applying machine
learning methods such as Gaussian-process regression,[26,27]

random forests,[28] neural networks, and so on.[29] These er-
ror models often utilize machine learning methods to build a
mapping from some features (such as model parameters) to
the error in a quantity of interest and have shown promising
results. However, these error models often were in lack of sta-
bility and online computational efficiency.

To enhance the computational efficiency, our error model
is characterized by the following two steps. Firstly, we utilize
the DEIM method to extract the input variables of the error
model. With DEIM algorithm, the dimension of input vari-
ables can be reduced significantly. Secondly, the RBF neural
network uses the global and the local POD bases of the dy-
namical system as the center vectors. The center vectors exert
an important impact on both the efficiency and accuracy of the

RBF neural networks. Usually, it is difficult for users to make
a reasonable choice of the center vectors from a large number
of training data. The center vector selection via the POD tech-
nique was proposed in Ref. [30] and was extended to nonlinear
aerodynamic ROM in Ref. [34]. However, they only used the
local POD basis as the center vector, not making full use of
the global information of snapshot data. In this work, both the
global and the local POD bases are chosen to enhance the sta-
bility and the efficiency of the proposed error model. Finally,
note that RBF neural networks have the capability of universal
approximation and fast learning speed. With the neural net-
works, we can approximate the error of POD-DEIM reduced
systems effectively.

Our presentation is organized as follows. In Section 2,
we formulate the problem and provide a brief overview of the
POD-DEIM reduced systems. In Section 3, we construct the
LT-DEIM model by using Taylor series expansion and DMD,
respectively. In Section 4, a data-driven error model is intro-
duced for the POD-DEIM reduced systems based on the RBF
neural networks. Section 5 tests the performance of the pro-
posed method with two complex physical systems. Conclu-
sions are offered in Section 6.

2. Problem formulation
Let us consider the following nonlinear input-output

state-space system:
d𝑥(t)

dt
= 𝑓(𝑥(t))+𝐵𝜇(t),

𝑦(t) =𝐶T𝑥(t),
(1)

where 𝑥(t) ∈ Rn×1 is the state variable with 𝑥(0) = 𝑥0, num-
ber n is the order of the system. 𝑓(𝑥(t)) is the nonlinear vec-
tor function, and 𝜇(t) ∈ Rp is the input of the system with
𝜇(0) = 𝜇0. Variable 𝑦(t) ∈ Rq is the system output, and
𝐵 ∈ Rn×p and 𝐶 ∈ Rn×q are the input and output matrices,
respectively. In particular, these ordinary differential equa-
tions (ODEs) could arise from the discretization of partial dif-
ferential equations (PDEs) based on numerical methods such
as finite difference method (FDM) or finite element method
(FEM).

2.1. Proper orthogonal decomposition based reduced
model

We use the POD method to construct a reduced model
for system (1). POD is a widely used data-driven modal de-
composition method for obtaining low-complexity models.[8]

Suppose we have collected a snapshot matrix 𝑋snap =

[𝑥(t1), . . . ,𝑥(tN)] ∈ Rn×N , where 𝑥(ti) represents the solution
snapshot of system (1) at time ti. Then the k-dimensional
(k ≪ n) POD basis 𝑉 for approximating state variable can be
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determined by taking the singular value decomposition (SVD)
of snapshot matrix𝑋snap,

𝑋snap ≈ 𝑉 Σ𝑊 T, (2)

where 𝑉 ∈ Rn×k and 𝑊 T ∈ Rk×N are real orthonormal matri-
ces, and Σ ∈ Rk×k is a diagonal matrix. Superscript symbol T
represents the transpose of a matrix or a vector. With the con-
structed POD basis 𝑉 , the state variable 𝑥(t) of system (1)
can be approximated by

𝑥(t)≈ 𝑉 𝑎(t), (3)

where 𝑎(t) ∈ Rk is a time-dependent coefficient vector. Sub-
stituting Eq. (3) into system (1) and then applying the Galerkin
projection yield

d𝑎(t)
dt

= 𝑉 T𝑓(𝑉 𝑎(t))+ 𝐵̂𝜇(t),

𝑦(t) = 𝐶̂T𝑎(t),
(4)

where 𝐵̂ =𝑉 T𝐵 ∈ Rk×p, 𝐶̂T =𝐶T𝑉 ∈ Rq×k. Obviously, the
dimension of system (4) is much smaller than that of system
(1). We call system (4) the POD-Galerkin reduced system.

Unfortunately, the reduced system (4) usually is not able
to evaluate 𝑉 T𝑓(𝑉 𝑎(t)) efficiently. DEIM is an effective
method to overcome the issue.[17] The DEIM approximates
the nonlinear term of the system through the technique of in-
terpolation. With the POD method, the 𝑓(𝑥(t)) in system (1)
can be represented by

𝑓(𝑥(t))≈𝑈𝑐(t), (5)

where𝑈 ∈ Rn×m is the m-dimensional POD basis obtained by
taking the SVD of the snapshot matrix of the nonlinear term,
𝑐(t) ∈ Rm×1 is the time-dependent coefficient vector. Multi-
plying both sides of Eq. (5) by matrix 𝑃 T and then solving for
the coefficients vector 𝑐(t), we obtain the DEIM approxima-
tion

𝑓(𝑥(t))≈𝑈(𝑃 T𝑈)−1𝑃 T𝑓(𝑥(t)), (6)

where 𝑃 = [𝑒r1 , . . . ,𝑒rm ] ∈ Rn×m, 𝑒ri ∈ Rn is the ri-th column
of identity matrix 𝐼n ∈ Rn×n, and ri is the interpolation index.
In this expression, interpolation matrix 𝑃 plays a crucial role
for the approximation error and can be obtained by executing
the greedy search algorithm provided in Ref. [17].

Substituting Eq. (6) into Eq. (4), we obtain
d𝑎(t)

dt
= 𝑉 T𝑈(𝑃 T𝑈)−1𝑃 T𝑓(𝑉 𝑎(t))+ 𝐵̂𝜇(t),

𝑦(t) = 𝐶̂T𝑎(t).
(7)

We call Eq. (7) the POD-DEIM reduced system. In (7), non-
linear term 𝑓(𝑉 𝑎(t)) is only evaluated at the elements cor-
responding to the interpolation indices, and thereby the effi-
ciency can be greatly improved. After obtaining the POD basis
𝑉 , 𝑈 and interpolation matrix 𝑃 , matrix 𝑉 T𝑈(𝑃 T𝑈)−1 can
be precomputed on the off-line stage. Here, matrix 𝑃 T𝑈 ∈
Rm×m is non-singular.

3. An improved interpolation method with lin-
ear approximation

As described above, for the DEIM method, only a few
entries corresponding to the interpolation indices are selected
to reconstruct the nonlinear function 𝑓(𝑥(t)). This will in-
evitably lose the information contained in the unselected part.
For this reason, an improved DEIM is presented by using lin-
ear truncation. We attempt to extract the information of the
nonlinear function as much as possible before applying the
DEIM approach, so as to reduce the error caused by interpola-
tion.

We decompose the 𝑓(𝑥(t)) of system (1) as

𝑓(𝑥(t)) = 𝑓lin(𝑥(t))+𝑓res(𝑥(t)), (8)

where 𝑓lin(𝑥(t)) and 𝑓res(𝑥(t)) represent the linear approxi-
mation term and its residual term, respectively. Instead of ap-
plying the DEIM approach to the nonlinear term 𝑓(𝑥(t)) di-
rectly, we only compute the DEIM approximation of the resid-
ual term 𝑓res(𝑥(t)),

𝑓res(𝑥(t))≈𝛷(𝑆T𝛷)−1𝑆T𝑓res(𝑥(t)), (9)

where 𝛷 ∈ Rn×m and 𝑆 ∈ Rn×m are the POD basis and the
interpolation matrix that are calculated through the sampled
data of the residual term {𝑓res(𝑥(t1)), . . . ,𝑓res(𝑥(tN))}. Note
that to calculate 𝛷 and 𝑆, we need to first collect the snap-
shots of nonlinear function 𝑓(𝑥(ti)) and compute 𝑓lin(𝑥(ti)),
and then obtain the sampled data 𝑓res(𝑥(ti)) = 𝑓(𝑥(ti))−
𝑓lin(𝑥(ti)), i = 1,2, . . . ,N.

With Eqs. (8) and (9), we have

𝑓(𝑥(t))≈ 𝑓lin(𝑥(t))+𝛷(𝑆T𝛷)−1𝑆T𝑓res(𝑥(t)). (10)

Through retaining the linear approximation of the original
nonlinear function, model (10) has more advantage than the
classical DEIM method in obtaining an accurate approxima-
tion of 𝑓(𝑥(t)), which has been shown by the error analysis in
Subsection 3.3. In addition, considering the efficiency of the
reduced system, 𝑓lin(𝑥(t)) should allow for a low-cost storage
and a fast evaluation.

3.1. Linear approximation based on Taylor series expan-
sion

Obviously, the linear approximation term 𝑓lin(𝑥(t)) can
be constructed by using Taylor series expansion. Based on
Taylor series expansion, we have

𝑓(𝑥(t)) = 𝑓(𝑥*)+𝐽(𝑥*)(𝑥(t)−𝑥*)+𝑓Taylor
res (𝑥(t))

= 𝑓
Taylor
lin (𝑥(t))+𝑓Taylor

res (𝑥(t)), (11)
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where 𝐽(𝑥*) ∈ Rn×n denotes the Jacobian matrix of 𝑓(𝑥(t))
at expansion point 𝑥*, and 𝑓Taylor

res (𝑥(t)) is the corresponding
residual term. Here, we assume that 𝑓(𝑥(t)) is a known and
continuously differentiable nonlinear vector function. When
𝑓(𝑥(t)) is unknown or non-differentiable, the Taylor series
expansion fails and we will construct the linear approximation
term with a data-driven method.

Taking the DEIM to approximate the residual term
𝑓

Taylor
res (𝑥(t)) and substituting it into Eq. (11), we have

𝑓(𝑥(t)) ≈ 𝑓(𝑥*)+𝐽(𝑥*)(𝑥(t)−𝑥*)

+𝛷(𝑆T𝛷)−1𝑆T𝑓Taylor
res (𝑥(t)), (12)

where𝛷 and 𝑆 are the POD basis and the interpolation matrix
of the residual term 𝑓

Taylor
res (𝑥(t)). In order to perform model

reduction, taking the approximation 𝑥(t) ≈ 𝑉 𝑎(t) and sub-
stituting Eq. (12) into Eq. (7), we obtain the corresponding
reduced system

d𝑎(t)
dt

= 𝑉 T[𝑓(𝑥*)+𝐽(𝑥*)(𝑉 𝑎(t)−𝑥*)]

+𝑉 T𝛷(𝑆T𝛷)−1𝑆T[𝑓(𝑉 𝑎(t))−𝑓(𝑥*)

−𝐽(𝑥*)(𝑉 𝑎(t)−𝑥*)]+ 𝐵̂µ(t),

𝑦(t) = 𝐶̂T𝑎(t),

(13)

where all 𝑉 ∈ Rn×k, 𝑓(𝑥*) ∈ Rn×1, 𝐽(𝑥*) ∈ Rn×n, and
𝑉 T𝛷(𝑆T𝛷)−1 ∈ Rk×m are constant matrices and can be pre-
computed on the off-line stage. Hence, compared with the
reduced system (7), system (13) also is efficient. For simplic-
ity, we call model (12) Taylor-DEIM and system (13) POD-
Taylor-DEIM reduced system.

Note that the performances of models (12) and (13) are
associated with the expansion points 𝑥*. Considering that
the error between 𝑓(𝑥(t)) and 𝑓Taylor

lin (𝑥(t)) is smaller when
𝑥(t) is close to expansion points 𝑥*, we use the arithmetic
mean of snapshots of state variable as expansion points, i.e.,
𝑥* = 1

N ∑
N
i=1𝑥(ti). Here, it is assumed that the expansion

points are located in the trajectory of system. When this as-
sumption is not valid for theory analysis, the state variable that
is closest to the arithmetic mean can be used as the expansion
points. In addition, compared with the first order Taylor series
expansion, the quadratic expansion can provide a more accu-
rate approximation of the nonlinear function. In Ref. [20], a
hybrid model based on quadratic expansion and DEIM algo-
rithm was presented to construct the ROM of Navier–Stokes
equations. However, the memory and computational costs
required by quadratic expansion are much larger, especially
for higher-order complex systems (the cost for computing and
storing Jacobian matrix and Hessian tensor are 𝒪(n2) and
𝒪(n3), respectively).

3.2. Linear approximation based on dynamic mode de-
composition

As discussed above, we can construct the linear approxi-
mation term 𝑓lin(𝑥(t)) with Taylor series expansion. However,
this method has some limitations when the function 𝑓(𝑥(t)) is
unknown or non-differentiable. Moreover, 𝑓(𝑥(t)) is a high-
dimensional nonlinear vector function, making it hard to com-
pute the Jacobian matrix 𝐽(𝑥*) and select proper expansion
points. Considering DEIM is a data-driven method, we con-
struct another version of 𝑓lin(𝑥(t)) by employing DMD.[19]

DMD is a data-driven and equation-free modal decomposition
method. This method has recently gained increasing attention
owing to its ability to reveal and quantify the dynamics of sys-
tems. In particular, DMD shows the marked improvement in
the computational speed for evaluating the nonlinearity.[21,22]

We assume that {𝑓(𝑥(t1)), . . . ,𝑓(𝑥(tN))} is a data
sequence of the nonlinear term, where each 𝑓(𝑥(ti)) =

𝑓(𝑥(i∆t)), and ∆t is a fixed sampling rate, N is the num-
ber of sampling. Because the DEIM method is itself a
data-driven method, our method does not require additional
sampling data. Let 𝐹0 = [𝑓(𝑥(t1)), . . . ,𝑓(𝑥(tN−1))], 𝐹1 =

[𝑓(𝑥(t2)), . . . ,𝑓(𝑥(tN))], the linear operator can be approx-
imated by

𝐴F = 𝐹1𝐹
†
0 , (14)

where 𝐹 †
0 is the pseudoinverse of 𝐹0 and we can obtain it

by taking the reduced SVD of 𝐹0. In particular, for large-
scale problems, we can replace the reduced SVD with random-
ized SVD method[31] to further reduce the computational cost.
When the data is collected from a nonlinear dynamical system,
𝐴F is considered to be a linear approximation of those dynam-
ics. Once we have got 𝐴F , by taking an eigendecomposition
of 𝐴F , we can obtain the DMD modes and the corresponding
eigenvalues. Note that for some complex dynamical systems,
the dimension n can be very large, it is extremely time and
storage consuming to take an eigendecomposition of 𝐴F and
we usually projection it to a low-dimensional space.[19] In
this work, our approach uses the uniformly sampled data and
the standard DMD model for theoretical analysis and the nu-
merical experiments in Section 5. For non-uniformly sampled
data, we can employ the improved DMD model introduced by
Ref. [32].

By means of the DMD procedure, the nonlinear function
𝑓(𝑥(t)) is approximated by

𝑓(𝑥(t))≈ 𝑓DMD
lin (𝑥(t)) =

l

∑
j=1
𝜓 jα jλ

(t/∆t−1)
j

= 𝛹𝐷α𝑉
(t/∆t−1)

and ,

𝛹 = [𝜓1,𝜓2, . . . ,𝜓l ], 𝐷α =


α1

α2
. . .

αl

,
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𝑉
(t/∆t−1)

and =


(λ1)

(t/∆t−1)

(λ2)
(t/∆t−1)

...

(λl)
(t/∆t−1)

, (15)

where vector 𝜓 j ∈ Cn is the DMD mode, l is the number of
DMD modes involved in the reconstruction. λ j ∈C is the Ritz
eigenvalue, which is associated with the growth rate and the
frequency of the DMD mode. Coefficient α j ∈ C denotes the
amplitude of the jth mode, and the initial amplitude vector
𝛼= [α1,α2, . . . ,αl ]

T is given by𝛼=𝛹 †𝑓(𝑥(t1)) for the stan-
dard model, where𝛹 † is the pseudoinverse of𝛹 . Note that the
DMD approximation 𝑓DMD

lin (𝑥(t)) in Eq. (15) usually is a com-
plex vector. To obtain a real approximation of the nonlinear
function, we just use the real part of this DMD approximation
in the actual calculations. This is a commonly used technique
for obtaining a real approximation of the DMD model.[19]

With Eq. (15), we decompose 𝑓(𝑥(t)) as

𝑓(𝑥(t)) = 𝑓DMD
lin (𝑥(t))+𝑓DMD

res (𝑥(t)), (16)

where 𝑓DMD
res (𝑥(t)) is the corresponding residual term. Simi-

larly, by applying DEIM method to 𝑓DMD
res (𝑥(t)) and taking the

approximation 𝑥(t) ≈ 𝑉 𝑎(t), and then substituting Eq. (16)
into Eq. (7), we obtain the following reduced system:

d𝑎(t)
dt

= 𝑉 T𝛹𝐷α𝑉
(t/∆t−1)

and +𝑉 T𝛷(𝑆T𝛷)−1𝑆

[𝑓(𝑉 𝑎(t))−𝛹𝐷α𝑉
(t/∆t−1)

and ]+ 𝐵̂µ(t),

𝑦(t) = 𝐶̂T𝑎(t),

(17)

where the POD basis 𝛷 and the interpolation matrix 𝑆 are
computed by using the sampling data of the residual term
𝑓DMD

res (𝑥(t)). We call model (16) DMD-DEIM and system
(17) POD-DMD-DEIM reduced system.

For DMD method, how to extract the dominant DMD
modes for characterizing the high-order dynamical systems
still is an open problem and often needs priori knowledge on
dynamical systems. To solve this problem, Lai and Wang
et al.[33] presented an adaptive sparse-promoting DMD by
combining tools from convex optimization with the com-
pressive sensing. For simplicity, this work adopts a cross-
validation strategy to determine the number of DMD modes
in model (15). After constructing the DMD model, we use
some new sampled data to test its performance. The optimal
mode number is determined by minimizing the error between
𝑓DMD

lin (𝑥(t)) and 𝑓(𝑥(t)).

3.3. Error analysis

Next, we present an error analysis to show that model (10)
has more advantage than model (6) in approximating the vec-
tor function 𝑓(𝑥(t)). For simplicity, we sign 𝑓(𝑥(t)) = 𝑓 ,

𝑓lin(𝑥(t)) = 𝑓lin, 𝑓res(𝑥(t)) = 𝑓res, 𝑈(𝑃 T𝑈)−1𝑃 T = P, and
𝛷(𝑆T𝛷)−1𝑆T = S. Let

𝐸0(t) = 𝑓 −𝑈(𝑃 T𝑈)−1𝑃 T𝑓 = 𝑓 −P𝑓 ,

𝐸1(t) = 𝑓 − (𝑓lin +𝛷(𝑆
T𝛷)−1𝑆T𝑓res)

= 𝑓 − (𝑓lin +S𝑓res). (18)

To begin, consider a set of snapshots of residual term
{𝑓res(𝑥(t1)), . . . ,𝑓res(𝑥(tns)} ∈ Rn. 𝛷 is the POD basis of the
residual term 𝑓res, and we obtain 𝛷 by solving minimization
problem[8] min

𝛷∈Rn×m

ns

∑
i=1

‖(𝐼n −𝛷Φ
T)𝑓res(𝑥(ti))‖2,

s.t. 𝛷T𝛷= 𝐼m.

where 𝐼m ∈ Rm×m and 𝐼n ∈ Rn×n are the identity matrices.
Then, we have

‖(𝐼n −𝛷Φ
T)𝑓res‖2 ≤ ‖(𝐼n −𝑈𝑈T)𝑓res‖2. (19)

Without loss of generality, assume that ‖(𝐼n −𝛷𝛷T)𝑓res‖2 =

h, ‖(𝐼n −𝑈𝑈T)𝑓res‖2 = h+ ε , where h,ε are non-negative
constants, and ε = 0 only for 𝑓lin = 0.

Next, we will analyze the error bounds of 𝐸0(t) and
𝐸1(t). From Eq. (18), we have

𝐸0(t) = (𝐼n −P)(𝑓lin +𝑓res).

Then, we have

‖𝐸0(t)‖2 ≤ ‖(𝐼n −P)𝑓lin‖2 +‖(𝐼n −P)𝑓res‖2. (20)

According to Ref. [17], we have

‖(𝐼n −P)𝑓res‖2 ≤ ‖(𝑃 T𝑈)−1‖2‖(𝐼n −𝑈𝑈T)𝑓res‖2

≤ (1+
√

2n)m−1‖𝑢1‖−1
∞ (h+ ε), (21)

where 𝑢1 is the first column of POD basis𝑈 , ‖ ·‖∞ represents
the infinite norm of a vector. With inequalities (20) and (21),
the error upper bound of 𝐸0(t) becomes

‖𝐸0(t)‖2

≤ ‖(𝐼n −P)𝑓lin‖2 +(1+
√

2n)m−1‖𝑢1‖−1
∞ (h+ ε). (22)

Similarly, from Eq. (18), we also have

‖𝐸1(t)‖2 = ‖𝑓 − (𝑓lin +S𝑓res)‖2 = ‖(𝐼n −S)𝑓res‖2.

Then, we have

‖(𝐼n −S)𝑓res‖2 ≤ (1+
√

2n)m−1‖𝜙1‖−1
∞ h,

where 𝜙1 is the first column of POD basis 𝛷. Then the error
upper bound of 𝐸1(t) can be obtained by

‖𝐸1(t)‖2 ≤ (1+
√

2n)m−1‖𝜙1‖−1
∞ h. (23)
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Referring to inequalities (22) and (23), we can notice that
the error upper bounds of𝐸0(t) and𝐸1(t) are related to ‖𝑢1‖∞

and ‖𝜙1‖∞. Because POD is a data-driven method, we are not
optimistic that the rigorous estimations of ‖𝑢1‖∞ or ‖𝜙1‖∞

can be obtained mathematically. However, by comparing in-
equalities (22) and (23), it is evident that 𝐸1(t) has an advan-
tage over 𝐸0(t) in obtaining a smaller error bound.

4. Modeling the error of the reduced system with
neural networks
During constructing ROMs, some assumptions and ap-

proximations were employed, which inevitably leads to an er-
ror between the ROM and the original system. The errors of
ROMs are crucial for the final resulting analysis. However, as
the error analysis discussed in Subsection 3.3, DEIM is a data-
driven method, and it is hard to estimate the error of DEIM-
related ROMs through theoretical analysis. To eliminate this
drawback, we introduce a data-driven model to quantify the
error of the POD-DEIM reduced system. The error model
is constructed by using RBF neural networks[25] and can be
computed cheaply. Once the error model has been built, we
can correct the ROM with the prediction of the system error.

The state-space error of the reduced system can be ex-
pressed as

∆𝑥(t) = 𝑥(t)− 𝑥̃(t) ∈ Rn, (24)

where 𝑥(t) and 𝑥̃(t) are state variables obtained by solving the
original full system and the reduced system, respectively. We
apply the RBF neural networks[25] to build a mapping from 𝑥̃

to the error ∆𝑥(t)

∆𝑥(t)≈𝑤0 +
d

∑
j=1
𝑤 j · exp

(
−

‖Q(𝑥̃(t))−𝑔 j‖2

σ2
j

)
, (25)

where Q(𝑥̃(t)) and ∆𝑥(t) are the model input and output, and
Q : Rn → Rnq is an operator that extracts the elements of the
state variable for the model input. 𝑤0 ∈Rn and𝑤 j ∈Rn are the
basis vector and weight vector, respectively. d is the number
of hidden neurons, σ j is the width value, and 𝑔 j is the center
vector. With Eq. (25), the new approximation of state variable
𝑥(t) is given by 𝑥(t)≈ 𝑥̃(t)+∆𝑥(t).

4.1. Optimization of the error model

Two techniques are applied to enhance the efficiency of
the error model (25). Firstly, the DEIM method is applied to
select the model input,

Q(𝑥̃(t)) = 𝑃 T
1 𝑥̃(t),

where 𝑃1 ∈ Rn×nq is an interpolation matrix obtained by
DEIM. Since nq ≪ n, the dimension of input variables of the
error model can be reduced significantly.

Secondly, we choose the global and the local POD bases
of state variable as the center vectors 𝑔 j in Eq. (25). How to

choose the center vectors is a crucial issue for RBF neural net-
works. Usually, it is difficult to make a reasonable choice of
the center vectors from a large number of training samples. To
overcome this issue, the POD technique was employed for the
center vector selection in Ref. [30]. Specifically, the training
samples were divided into many segments, and then the first-
order POD basis of each segment was chosen as one center
vector. Because the number of segments is smaller than the
number of training samples, the POD technique maintains a
balance between the accuracy and the complexity of the RBF
neural networks. However, they only use the local POD basis
as the center vectors, not making use of the global information
of training samples. Thus, in this work, both the global and the
local POD bases of state variable are employed as the center
vectors of RBF neural networks.

Suppose we have N training samples, then model (25) can
be written in matrix form as

∆𝑋 =𝑋−𝑋̃ =𝑊𝐻, (26)

where

𝑋 = [𝑥(t1),𝑥(t2), . . . ,𝑥(tN)] ∈ Rn×N ,

𝑋̃ = [𝑥̃(t1), 𝑥̃(t2), . . . , 𝑥̃(tN)] ∈ Rn×N ,

∆𝑋 = [∆𝑥(t1),∆𝑥(t2), . . . ,∆𝑥(tN)] ∈ Rn×N ,

𝑊 = [𝑤0,𝑤1, . . . ,𝑤d ] ∈ Rn×(d+1),

𝐻 =


1 1 . . . 1

h
(
𝑥̃1,𝑔1

)
h
(
𝑥̃2,𝑔1

)
. . . h

(
𝑥̃N ,𝑔1

)
. . . . . . . . . . . .

h
(
𝑥̃1,𝑔d

)
h
(
𝑥̃2,𝑔d

)
h
(
𝑥̃N ,𝑔d

)
 ∈ R(d+1)×N , (27)

h
(
𝑥̃i,𝑔 j

)
= exp

(
−

‖Q(𝑥̃(ti))−𝑔 j‖2

σ2
j

)
. (28)

Note that equation (28) is a radial basis function, which
is the activation function of the neural networks. Here, a com-
bination of validation samples and heuristic algorithms can be
used to determine the optimal structure and parameters of the
neural networks, including the width value σ j and the number
of hidden neurons d.[25]

The procedure for calculating the weight matrix 𝑊 is
summarized as Algorithm 1. At the first step of this al-
gorithm, we run the original system and the reduced sys-
tem at the sampling interval to obtain training samples 𝑋 =

[𝑥(t1), . . . ,𝑥(tN)] and 𝑋̃ = [𝑥̃(t1), . . . , 𝑥̃(tN)]. After obtain-
ing the training samples, we compute the weight matrix 𝑊
and interpolation matrix 𝑃1 according to the proposed algo-
rithm. Note that the processes above are executed on the off-
line stage. Obviously, the computational cost of constructing
the error remedy model is associated with the number of sam-
ples and is usually small. Once the error remedy model has
been constructed, the error remedy model is executed on the
on-line stage to predict of the state-space error of the reduced
system. By using the DEIM method to select the input variable
and the POD-based center vectors, the error remedy model is
efficient on the on-line stage.
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Calculation of weight matrix 𝑊

1: Collect training samples 𝑋 and 𝑋̃ from the full system and the reduced system, respectively.
2: Compute the error matrix: ∆𝑋 =𝑋−𝑋̃ .
3: Perform the DEIM method on the training samples 𝑋: 𝑋 ≈ 𝑉 (𝑃1𝑉 )−𝑃 T

1 𝑋 , where 𝑃1 ∈ Rn×nq; construct the input variable Q(𝑥̃(t)) =𝑃 T
1 𝑥̃(t).

4: Compute the first Nglo POD basis of 𝑃 T
1 𝑋 as the center vector.

5: Divide training samples 𝑃 T
1 𝑋 into Nloc segments; choose the first-order POD basis of each segment as the center vector. Here we have d = Nglo +Nloc.

6: Compute matrix 𝐻 using Eqs. (27) and (28).
7: Compute weight matrix 𝑊 using Eq. (26): 𝑊 = (∆𝑋)𝐻†, where 𝐻† is the pseudoinverse of 𝐻 .

5. Results and discussion
Two examples are used to illustrate the effectiveness of

the proposed model. The function ode15s in Matlab software
is used to solve the full systems and the reduced systems. All
the numerical simulations are performed on a desktop with In-
tel Core i7, 3.4 Ghz, 8 GB RAM, and software Matlab.

To check the accuracy of the model, the following rela-
tive errors are defined for nonlinear term 𝑓(𝑥(t)) and system
output 𝑦(t):

efro(𝑓) =
∥∥𝐹 − 𝐹̃

∥∥2
fro/
∥∥𝐹∥∥2

fro,

e1(𝑦) =
∥∥𝑦(t)− 𝑦̃(t)∥∥1

/∥∥𝑦(t)∥∥1, (29)

where 𝐹 = [𝑓(𝑥(t1)), . . . ,𝑓(𝑥(tNt ))] ∈ Rn×Nt and 𝑦(t) are ob-
tained from the full system, 𝐹̃ and 𝑦̃(t) represent the approx-
imations of 𝐹 and 𝑦(t), respectively. ‖ · ‖fro is the Frobenius
norm (F-norm), and ‖ · ‖1 is the L1-norm of a vector.

5.1. Example 1: nonlinear transmission line circuit

We consider the nonlinear transmission line circuit sys-
tem introduced in Refs. [4,5]. The circuit includes resistors,
capacitors, and diodes. The resistors and capacitors have unit
resistance and capacitance. The diode I–V characteristic is
ic(v) = exp(40v)− 1. Let 𝑥(t) = [x1(t), . . . ,xn(t)]T, and xi

describes the voltage at node i at time t. The system in-
put and output are the current source and the voltage at node
1, respectively, i.e., the input and output matrices are 𝐵 =

𝐶 = [1,0, . . . ,0]T ∈ Rn×1. The system input µ(t) = exp(−t),
t ∈ [0,T ].

The number of nodes of the original system is n = 100.
The total number of time steps is Nt = 10000 (T = 10, ∆t =
0.001). In this example, 600 snapshots are uniformly selected
from the original system in the interval [0,6] to construct the
reduced systems. For the DMD-DEIM model, the number
of DMD modes is fixed to 10. Figure 1 displays the rela-
tive error for approximating the nonlinear term of the system
versus the dimension of the POD basis. The relative errors
of Taylor-DEIM and DMD-DEIM are obviously smaller than
those of DEIM method, suggesting that the linear approxi-
mation method in Section 3 can improve the accuracy of ap-
proximating the nonlinear term. Moreover, DMD-DEIM al-
most has the same accuracy as Taylor-DEIM when the dimen-
sion of POD basis m ≤ 5. However, the DMD-DEIM grad-
ually approaches the DEIM as the dimension of POD basis
increases. The reason is that the performance of DMD-DEIM

is influenced by the linear approximation term 𝑓lin(𝑥(t)) and
the residual term 𝑓res(𝑥(t)), and the POD basis and interpo-
lation matrix of the residual term are different from those of
the nonlinear term. For comparison, figure 1 also gives the re-
sults of Taylor-POD and DMD-POD. Here, Taylor-POD and
DMD-POD represent the models that we replace DEIM with
the POD method to approximate the residual term. Because
the DEIM method almost has the same performance as the
POD method in approximating the residual term, the relative
errors of Taylor-DEIM and DMD-DEIM are close to those of
Taylor-POD and DMD-POD, respectively.
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Fig. 1. Relative error for approximating nonlinear term in Example 1.

Figure 2 presents the results of various reduced systems of
order k = 5, where the system outputs are shown in Fig. 2(a)
and the corresponding L1-norm relative errors computed by
Eq. (29) are given in Fig. 2(b). Without loss of generality, for
all the reduced systems, we set the dimension of POD basis for
state variable (k) and nonlinear term (m) the same, i.e., k = m.
In Fig. 2(a), all the outputs of the reduced systems match the
output of the full system well. However, it is clear that the rel-
ative errors of POD-Taylor-DEIM and POD-DMD-DEIM are
much smaller than that of POD-DEIM in Fig. 2(b).

Figure 3 compares the relative errors of the outputs be-
tween POD-DEIM reduced system and POD-DEIM-RBF re-
duced system for order k = 5. Here, POD-DEIM-RBF repre-
sents the POD-DEIM reduced system with the error prediction
model constructed by RBF neural networks. For error predic-
tion model, the center vectors consist of 10 global POD bases
and 20 local POD bases, the dimension of model input is 30,
and width value σ j = 1. The fact that POD-DEIM-RBF per-
forms better than POD-DEIM confirms the effectiveness of the
error prediction model introduced in Section 4.
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Fig. 2. Example 1: (a) System outputs of various reduced systems of
order k = 5. (b) Relative error of the system output.
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Fig. 3. The relative error of the system output comparison between POD-
DEIM and POD-DEIM-RBF for Example 1, the order of reduced system
k = 5.

5.2. Example 2: Burgers’ equation

Next, we consider one-dimensional Burgers’ equation
with the following initial-boundary conditions:[6]

∂U(x, t)
∂ t

+
∂ f (U(x, t))

∂x
= g(x),

U(x,0) = 1, U(0, t) = µ(t),

x ∈ [0,L], t ∈ (0,T ],

(30)

where µ(t)=
√

5, f (U)= 0.5U2, g(x)= 0.02exp(0.02x). Dis-
cretizing U with respect to x and using Ui to approximate U at
points xi yield

d𝑈̄
dt

= 𝐹 (𝑈̄)+𝐺+𝐵𝜇2, (31)

where

𝑈̄ = [U1, . . . ,Un]
T, 𝐵 =

[
1

2∆x
,0, . . . ,0

]T

,

𝐹 (𝑈̄) =
1

∆𝑥
[−0.5U2

1 ,0.5(U
2
1 −U2

2 ), . . . ,0.5(U
2
n−1 −U2

n )]
T,

𝐺= 0.02[exp(0.02x1), . . . ,exp(0.02xn)]
T.

The dimension of the full model n = 1000, L = 100, xi = i∆x,
∆x = L/n, T = 60, ∆t = 0.01. For this test case, the POD basis
is constructed from 600 snapshots obtained from the solutions
of the full system at equally spaced time steps in the interval
[0,T ].

Figure 4 compares the abilities of different methods to
approximate the nonlinear term of the system. It is apparent
that Taylor-DEIM and DMD-DEIM are more accurate than
DEIM. Similarly, Taylor-POD and DMD-POD are more accu-
rate than POD. For DMD-POD and DMD-DEIM, the number
of DMD modes is fixed to 100. Figure 5 shows the reconstruc-
tions of state variables when the orders of the reduced sys-
tems are k = 50. Generally, the results in Fig. 5 are consistent
with those in Fig. 4. As shown in Fig. 5, the curves of POD-
Galerkin, POD-Taylor-DEIM, and POD-DMD-DEIM match
the curves of the full system better than those of POD-DEIM.
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Fig. 4. Relative error for approximating nonlinear term in Example 2.

Figure 6 reports the results of POD-DEIM-RBF reduced
system. For POD-DEIM-RBF, the center vectors of the er-
ror prediction model consist of 50 global POD bases and 10
local POD bases, the dimension of model input is 50, and
width value σ j = 10. As shown in Fig. 6(a), the curves of
POD-DEIM-RBF match the curves of the full system better
than those of POD-DEIM. The corresponding relative error of
the system output is shown in Fig. 6(b), where the relative er-
ror of POD-DEIM-RBF is smaller than that of POD-DEIM.
Here, we assume that the system output 𝑦(t) = 𝐶T𝑈̄(x, t),
where 𝐶 = [1, . . . ,1]T. Moreover, it is worth mentioning
that the error prediction model can be extended to other low-
fidelity reduced systems. For example, figure 6(b) also pro-
vides the simulation results of POD-Galerkin-RBF reduced
system (using POD-Galerkin to replace the POD-DEIM in
POD-DEIM-RBF). Similarly, POD-Galerkin-RBF has supe-
rior performance to POD-Galerkin.

030204-8



Chin. Phys. B Vol. 30, No. 3 (2021) 030204

x

POD Galerkin reduced order model

full model
POD Galerkin

t/.

t/

t/

t/

t/

t/

(a)

POD DEIM reduced order model

full model
POD DEIM

t/

t/

t/

t/.

t/
t/

(b)

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

U
↼x
↪t
↽

POD Taylor DEIM reduced order model

full model
POD Taylor DEIM

t/

t/

t/.

t/
t/

t/

(c)

POD DMD DEIM reduced order model

full model
POD DMD DEIM

t/.

t/
t/

t/

t/

t/
(d)

0 20 40 60 80 100
1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

U
↼x
↪t
↽

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

U
↼x
↪t
↽

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

U
↼x
↪t
↽

x
0 20 40 60 80 100

x
0 20 40 60 80 100

x
0 20 40 60 80 100

Fig. 5. Example 2: reduced systems of order k = 50. (a) POD-Galerkin. (b) POD-DEIM. (c) POD-Taylor-DEIM. (d) POD-DMD-DEIM.
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Fig. 6. Example 2: reduced systems of order k = 50. (a) The POD-
DEIM reduced system with error prediction model. (b) Relative error
of system output.

Table 1 lists the average CPU time for constructing (off-
line) and solving (on-line) the reduced systems. The POD-
Taylor-DEIM almost has the same off-line and on-line CPU

time as the POD-DEIM. However, compared with POD-
DEIM, POD-DMD-DEIM takes more CPU time both on the
off-line and the on-line stages. This is because the POD-
DMD-DEIM needs to compute the DMD approximation of
the nonlinear term. In addition, the POD-DEIM-RBF costs
more CPU time than the POD-DEIM both for the off-line
stage and the on-line stage. The reason is that the POD-
DEIM-RBF needs to construct the error remedy model on the
off-line stage. For the on-line stage, POD-DEIM-RBF exe-
cutes the error remedy model to predict the state-space error of
POD-DEIM reduced system. However, in terms of accuracy,
POD-DMD-DEIM and POD-DEIM-RBF are competitive with
POD-DEIM in this example.

Table 1. The average off-line and on-line CPU time (second) of various
reduced systems.

Model Off-line On-line Total
Full model 0 1.452 1.452

POD-Galerkin 0.037 0.372 0.409
POD-DEIM 0.051 0.121 0.172

POD-Taylor-DEIM 0.066 0.123 0.189
POD-DMD-DEIM 0.114 0.207 0.321
POD-DEIM-RBF 0.178 0.264 0.442

POD-Galerkin-RBF 0.157 0.512 0.669

6. Conclusions
This work introduced an improved DEIM method for

nonlinear model reduction. The improved DEIM first con-
structed a linear approximation for the nonlinear term of the
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system, and then evaluated the residual between the linear
approximation and the nonlinear term by using the standard
DEIM. The line approximation term was constructed by the
linear Taylor’s expansion and the data-driven method, respec-
tively. The error analysis was also provided to show the effec-
tiveness of the proposed method.

Moreover, an error prediction model was introduced for
the low-fidelity reduced models based on the RBF neural net-
works. To enhance the computational efficiency, the DEIM
was applied to extract the input of the neural networks, and the
global and the local POD bases of state variables were chosen
as the center vectors of the neural networks. At last, our pro-
posed method was tested on nonlinear transmission line circuit
system and one-dimensional Burgers’ equation. The example
results showed that our approach is efficient and can signifi-
cantly improve the accuracy of the low-fidelity reduced sys-
tem.
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