CHrinese PuysicaL Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Bose-Einstein condensates under a non-Hermitian spin-orbit coupling

Hao-Wei Li(Z=¥515) and Jia-Zheng Sun(#MEEE)
Citation:Chin. Phys. B, 2021, 30 (6): 066702. DOI: 10.1088/1674-1056/abd7e4
Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Cluster mean-field study of spinor Bose-Hubbard ladder: Ground-state phase diagram

and many-body population dynamics

Li Zhang(7K#1), Wenjie Liu(#l 3 %), Jiahao Huang(# 5% 5%), and Chaohong Lee(Z=EH4T)
Chin. Phys. B, 2021, 30 (2): 026701. DOI: 10.1088/1674-1056/abd760

Spatiotemporal Bloch states of a spin-orbit coupled Bose-Einstein condensate in an

optical lattice

Ya-Wen Wei(ZL 4 5Z), Chao Kong(fL##), Wen-Hua Hai(/i 1)
Chin. Phys. B, 2019, 28 (5): 056701. DOI: 10.1088/1674-1056/28/5/056701

Vortices in dipolar Bose-Einstein condensates in synthetic magnetic field

Qiang Zhao(iX5#) and Qiang Gu(Jii5H)
Chin. Phys. B, 2016, 25 (1): 016702. DOI: 10.1088/1674-1056/25/1/016702

Extended Bose—Hubbard model with pair hopping on triangular lattice

Wang Yan-Cheng, Zhang Wan-Zhou, Shao Hui, Guo Wen-An
Chin. Phys. B, 2013, 22 (9): 096702. DOI: 10.1088/1674-1056/22/9/096702

Production of ¥Rb Bose-Einstein condensates in a hybrid trap

Duan Ya-Fan, Jiang Bo-Nan, Sun Jian-Fang, Liu Kang-Kang, Xu Zhen, Wang Yu-Zhu
Chin. Phys. B, 2013, 22 (5): 056701. DOI: 10.1088/1674-1056/22/5056701


http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abd7e4
https://doi.org/10.1088/1674-1056/abd7e4
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abd760
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/abd760
https://doi.org/10.1088/1674-1056/abd760
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/28/5/056701
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/28/5/056701
https://doi.org/10.1088/1674-1056/28/5/056701
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/25/1/016702
https://doi.org/10.1088/1674-1056/25/1/016702
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/22/9/096702
https://doi.org/10.1088/1674-1056/22/9/096702
http://cpb.iphy.ac.cn/EN/10.1088/1674-1056/22/5/056701
https://doi.org/10.1088/1674-1056/22/5/056701

Chin. Phys. B  Vol. 30, No. 6 (2021) 066702

Bose-Einstein condensates under a non-Hermitian
spin—orbit coupling*

Hao-Wei Li(Z=#54%)" and  Jia-Zheng Sun(#MEEL)
CAS Key Laboratory of Quantum Information, University of Science and Technology of China, Hefei 230026, China

(Received 19 October 2020; revised manuscript received 11 December 2020; accepted manuscript online 4 January 2021)

We study the properties of Bose—Einstein condensates under a non-Hermitian spin—orbit coupling (SOC), induced by
a dissipative two-photon Raman process. We focus on the dynamics of the condensate at short times, when the impact of
decoherence induced by quantum jumps is negligible and the dynamics is coherently driven by a non-Hermitian Hamil-
tonian. Given the significantly modified single-particle physics by dissipative SOC, the interplay of non-Hermiticity and
interaction leads to a quasi-steady-state phase diagram different from its Hermitian counterpart. In particular, we find that
dissipation can induce a phase transition from the stripe phase to the plane-wave phase. We further map out the phase
diagram with respect to the dissipation and interaction strengths, and finally investigate the stability of quasi-steady states
through the time-dependent dissipative Gross—Pitaevskii equation. Our results are readily accessible based on standard

experiments with synthetic spin—orbit couplings.

Keywords: BEC, non-Hermitian SOC, phase transitian, Gross—Pitaevskii equation

PACS: 67.85.Hj, 05.30.Rt, 03.75.Nt, 71.35.Lk

1. Introduction

Synthetic spin—orbit couplings (SOCs) in cold atoms
are an important tool for quantum control and quantum
simulation.'3] By modifying the single-particle dispersions,
SOCs can give rise to interesting phases in Bose—Einstein
condensates (BECs),!”] unconventional pairing states in

fermions, [8-10]

11,12]

topologically non-trivial bands in optical
lattices, as well as exotic few-body states.[!*!4 In a
typical Raman-induced SOC, a pair of ground-state hyper-
fine states of an atom are coupled, through an excited state,
by a two-photon Raman process. Recently, it has been pro-
posed that, by introducing a laser-induced loss in the excited
state, a non-Hermitian SOC with tunable non-Hermiticity can
be implemented.!'>! While the interplay of non-Hermiticity
and interaction can significantly affect the pairing superflu-

16-18] and the coherent dynamics

idity in fermion systems,!
in BECs, "2 the impact of non-Hermitian SOC on many-
body systems remains unexplored. Given the growing number
of experiments realizing either the single-body or two-body

n, 3038 the study of non-Hermitian many-body phe-

dissipatio
nomena is an emerging frontier.

In this work, we study the properties of BECs under a
non-Hermitian SOC. In particular, we focus on the proper-
ties of quasi-steady states governed by the non-Hermitian ef-
fective Hamiltonian, which is applicable at short times, be-
fore the incoherent quantum jumps become dominant. Corre-
spondingly, the real and imaginary components of the complex
energy spectrum are respectively associated with the eigenen-
ergies and widths of the quasi-steady states in the non-unitary

DOI: 10.1088/1674-1056/abd7e4

time evolution. Adopting a mean-field approximation, we map
out the phase diagram of the quasi-steady states with respect to
the strengths of dissipation and interaction, and show that the
interplay of non-Hermiticity and interaction significantly im-
pacts the phase boundaries between the plane-wave phase and
the stripe phase. Particularly, the dissipation is found to induce
a transition from the stripe to the plane-wave phase, which can
be attributed to the dissipation-modified single-particle eigen-
states. We then investigate the stability of both the plane-wave
phase and the stripe phase through the time-dependent Gross—
Pitaevskii (GP) equation. While both the stripe and plane-
wave phases are stable at short times, they inevitably evolve
into a BEC where atoms condense into the single-particle state
whose eigen-energy has the smallest imaginary component in
magnitude. Finally, we show that the application of an addi-
tional spin-dependent loss term can further stabilize the plane-
wave phase in the long-time dynamics. Our results reveal the
impact of the non-Hermitian SOC on interacting BECs, and
are readily accessible based on standard experiments with syn-
thetic SOCs.

This paper is organized as follows. In Section 2, we
give the model Hamiltonian and characterize the dissipation-
modified single-particle physics. We then map out the mean-
field phase diagram for the short-time quasi-steady states in
Section 3. In Section 4, we study the stability of the various
phases using the dissipative GP equation. Finally, we summa-

rize in Section 5.

*Project supported by the National Natural Science Foundation of China (Grant No. 11974331).

Corresponding author. E-mail: lhw2@mail.ustc.edu.cn
© 2021 Chinese Physical Society and IOP Publishing Ltd

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

066702-1


http://dx.doi.org/10.1088/1674-1056/abd7e4
lhw2@mail.ustc.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B  Vol. 30, No. 6 (2021) 066702

2. Model and single-particle dispersion

We consider a two-component BEC subject to the
Raman-induced non-Hermitian SOC in Ref. [15]. Under
the Markovian approximation, the single-particle dynamics
is described by the Lindblad equation dp/dt = —i/hHy +
ihH(;r p —LSpST, where p is the density matrix and S is the
quantum jump operator describing the dissipative process. !5
The single-particle non-Hermitian Hamiltonian is written as

Hy = /dr'fﬁ(r)ho‘f’(r), )
with
7 2 .
ho = | 2m(—1V +koen)? —i; p -k o
Q—iI; 3 (—1V —koey)” —iI;

Here, Q —ilI; (I; > 0) is the complex amplitude of the non-
Hermitian SOC, 2#ikg is the transferred momentum of the
SOC, m is the atomic mass, ¥(r) = [¥;, ¥]T, and ¥ (i = 1,2)
are the annihilation field operators for two pseudospin compo-
nents. For the non-Hermitian SOC, both 2 and I are easily
tunable.[ 1!

At short times with ¢ < 1/I;, quantum jumps, character-
ized by the term I;SpS", are negligible and the single-particle
dynamics of the system is driven by the non-Hermitian Hamil-
tonian Hy. While the eigen spectrum of Hy is complex, its real
and imaginary components can be understood, respectively, as
the eigenenergy and width of a quasi-steady state for r < 1/I7,
which can be determined by minimizing the real component
of the eigenenergy of Hy.

Alternatively, when the duration of time evolution is long,
quantum jump terms are generally important. However, in
the case that the BEC remains in a coherent state, which is
a good approximation as long as the atom number of the con-
densate remains large, quantum jump terms are still negligi-
ble, with the coherent state being the eigenstate of quantum
jump operators.*! In this case, the long-time dynamics fa-
vor eigenstates with the smallest imaginary eigenenergy com-
ponent. Therefore, we expect that short-time and long-time
dynamics should be qualitatively different, as we will show
numerically later.

Considering first a homogeneous system, we diagonalize
Hjp in momentum space and derive the single-particle disper-

sion

E =

R (K2 4 k2 142 i2
(_F())il}i\/ 0 er(inl})z, (3)

2m m?

where 7k is the magnitude of momentum and 7k, is its x-
component. In Figs. 1(a)-1(d), we show the corresponding
single-particle dispersion in momentum space, where loca-
tions with the minimal real eigen-energy component are de-
pendent on the dissipation parameter I,. However, as long

as the real component is concerned, the single-particle spec-
trum still features two local minima in momentum space under
small I';, which become metastable, before disappearing, with
increasing I';. The BEC can thus condense either at one of the
minima (the plain-wave phase), or in a coherent superposition
of the two minima (the stripe phase), in the presence of these
local minima. Similar to the case of BECs under Hermitian
SOC,! % the competition between the plain-wave phase and
stripe phase is driven by interaction. We note that such a com-
petition should be manifest at short times, where the system
can relax to a quasi-steady state under the interplay of non-
Hermiticity and interaction. The long-time steady state (on
the order of 1/I or longer), on the other hand, would favor
eigenstates with the smallest decay rate (or the smallest mag-
nitude in imaginary eigen-energy component), provided the
BEC remains in a coherent state.
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Fig. 1. [(a), (c)] Real and imaginary components of the single-particle
spectra with Q/E, = 0.2 and I/E, = 1. [(b), (d)] Real and imagi-
nary components of the single-particle spectra with Q/E, = 0.2 and
I/E, =3. We take E, = h2k3/2m. (e) Spin component | @y | |* (red)
and \q)m\z (blue) of the single-particle minimum as a function of
L/E,. (f) Spin component | P ;|2 (red) and |Pg »|? (blue) of the single-
particle minimum as a function of I, /E,.

To further characterize the impact of dissipation on the
single-particle physics, we investigate the spin components of
the single-particle minima. Denoting ky g = (£/ik;,0,0) as
the momenta with the smallest real single-particle energies,
we write the single-particle eigenstates at kyr) as Ppr) =
[PL(R),1> CDL(R)_Vz]T in the pseudo-spin basis, with pseudo-spin
components Py g); (i = 1,2). It is straightforward to derive

PRt Pkoks R k3k2
DRy m(Q—ily) + m2(Q —il;)?

Apparently, with increasing I, the spins become increas-

+L@

ingly mixed, which is reflected in the converging tendency of
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|PL(r),1/ PL(R)2| ~ 1 in the large-T limit. This is further con-
firmed by the numerical results in Figs. 1(e) and 1(f). We will
show later that such a dissipation-induced spin mixing greatly
impacts the many-body phase diagram.

Both the short-time and long-time dynamics discussed
previously should be captured by the dissipative GP equation

d [y L4
h— = (ho + hiy , 5
with
gilvil* + gyl 0 }
hy , = . (6
m[l[/] WZ} |: 0 ng|w1‘2+g2|w2‘2 ( )

Here y; = (¥) are mean-field wave functions of two-
component BEC. The interactions are characterized by gj» =
47rh2a12/m, g1=g = 47th2a/m, where a|, and a are, respec-
tively, the inter- and intra-species scattering lengths. Without
loss of generality, we denote g = g1 = g». In the following, we
first map out the phase diagram of the quasi-steady states on
the mean-field level, before numerically studying the stabil-
ity of these phases using the dissipative GP equation. Note
that similar dissipative GP equations have been applied for
the study of BEC in open systems, particularly for exciton-

[41-44

polariton BECs, 1 but not under non-Hermitian SOCs.

3. Mean-field phase diagram

As discussed in the above section, in order to map out
a valid mean-field phase diagram for quasi-steady states, we
need to make two key assumptions. First, we assume that the
time evolution is short compared to 1/I;, but is sufficiently
long for the system to relax into the quasi-steady state whose
mean-field energy functional has the smallest real component.
We defer the study of long-time dynamics to the next sec-
tion, where we numerically evolve the dissipative GP equa-
tion. Second, we assume that quasi-steady states take the form
of either the plane-wave phase or the stripe phase. We also
assume that the location of condensation in momentum space
is determined by the minimum of the real part of the single-
particle energy spectrum, which, as we show in Fig. 1, is sig-
nificantly modified by dissipation.

With these understandings, we can write the ansatz wave
function for a homogeneous two-component BEC!*! as fol-
lows:

& (x) = cosadpe K* 4 sinadgesr, @)

where a € [0,7) determines the ratio of condensation at the
momenta ki and kg, with the corresponding single-particle
eigenstates @, and Pr defined in the above section. Ac-
cording to Eq. (7), the system is in a plane-wave phase for

o € {0,7/2}, and in a stripe phase for other values of or. We
then minimize the real part of the energy functional

E(@) = [ dx[ @](x) B5(x) ] hin 1 (), @2 {28] .®)

where @;(x) (i = 1,2) are the spin components of the ansatz
wave function, with @ (x) = [®;(x), D2 (x)]T. We plot the re-
sulting phase diagram in Fig. 2, where we use the recoil energy
E. = hzk(z) /2m as the unit of energy, and ko as the unit of mo-

mentum.
1.2
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Fig. 2. Mean-field phase diagram for Q /E, = 0.2 on the plane of g12/g
and I; /E,. The black solid curves are the boundaries between the plane-
wave phase (P) and the stripe phase (S). The blue dashed line indicates
the location where global minima of the single-particle spectrum shift
from finite momenta ki (r) to k = 0 (see Fig. 1).

In the Hermitian limit Iy = 0, the phase boundary be-
tween the plane-wave phase and the stripe phase is located at
g12/¢ ~0.99 for Q/E, = 0.2, consistent with calculations for
a Hermitian SOC, 9 However, with increasing I, the phase
boundary bends toward smaller g;,, indicating a dissipation-
enhanced plane-wave phase. Since the spins become increas-
ingly mixed with increasing I; [see Figs. 1(e) and 1(f)], the en-
ergy of the plane-wave phase under small g, is lowered with
a larger I';, which leads to the observed dissipation-enhanced
plane-wave phase in Figs. 2.

On the other hand, when I; becomes large enough, the en-
ergy minima at finite momenta would first become metastable
against k = 0, and eventually disappear. The phase boundaries
in Fig. 2 to the right of the vertical dashed line apply to con-
densates at these local minima of the single-particle spectrum
[see Figs. 1(b) and 1(d)]. Compared to the Hermitian case,
however, these phases are also stable in the short-time dynam-
ics here, as we confirm using the GP equation below.

4. Stability of steady states

We now investigate the stability of the plane-wave and
stripe phases, through the dissipative GP equation (5), with
the assumption that the system remains in a coherent state
such that quantum jump terms can be dropped. To facilitate
computation, we consider an isotropic, weak trapping poten-
tial Hypap = %ma)2 r?, where o is the trapping frequency.

066702-3
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For the initial states of the time evolution, we first con-
struct the momentum-space wave functions

N'/2 (k+keg)?
ok = 23 (mhew)32 P ( 2mha > Pk
N1/2 k2
(k) = WCXP(—M) Dy, )

where @y denotes the single-particle eigenstate at k = 0, and
we take N = 4000 for the total number of atoms. We then ap-
proximate the momentum-space wave function of the quasi-
steady plane-wave phase as @p = ¢, and that of the stripe
phase as @s = %((pL + @r). These should apply in the pres-
ence of a weak trapping potential with iw < E,. The time evo-
lution is then numerically simulated by evolving these initial
states with Eq. (5), using the standard split-step approach and
going back and forth between the real and momentum space.
Since the time-evolution is non-unitary, we do not normalize

the wave function at intermediate steps. For our numerical
calculation, we take @ =27 x 16 Hz, E, /h = 27 x 2.2 kHz.

In Figs. 3(a)-3(c), we show the dynamics in the stripe-
phase regime, with an initial wave function ¢@(k,r = 0) = ¢s,
where we denote ¢(k,t) as the time-evolved wave function.
For our discussion here, we also define

JEERE ke 55, dky 155, dk. g (K, 1)@ (k1)
[Pkt (k,t)o(k,1)

where ¢(k,t) denotes the time-dependent wave function in

nL/R = , (10)

momentum space, and we take 6k = 0.06k,. From their defi-
nition, n, (nr) denotes the normalized momentum-space atom
numbers in the close vicinity of ki, (kr). Note that the denom-
inator in Eq. (10) is introduced to normalize the atom numbers
at finite times, since the total particle number undergoes an

exponential decay over time.

0.6 c
@ «10° (b) (©
o
w04 A
g =2
0.2 <
s 0
0 2 2
0
0 50 100 150 £ 0
tE,/h Wk =272 ko
1.0 X105 (e) (f)
(d) S 10 = 0.04
" < 5 £ 0.02
g 05 4 5
=9 T
0 4 9 0o b 3oy 0 i
? [z —2 —
0 50 100 150 “hy —2-2 ko 0 L

tE,/h

Fig. 3. [(a), (b), (c)] Dynamics of the stripe phase under the dissipative GP equation with gj, = 0. We show the time evolution of the normalized atom
numbers ny, (red solid) and ng (blue dashed) defined in Eq. (1). In (b) and (c), momentum-space density distributions on the k, = 0 plane are shown, for
(b) tE,/h =5 and (c) tE,/h = 150, respectively. [(d), (e), (f)] Dynamics of the plane-wave phase under the dissipative GP equation with gj» = 2. The
time evolution of the normalized atom numbers ny, and ng are shown in (d), and momentum distributions of the atoms on the k, = 0 plane are shown for
(e) tE,/h =5 and () tE, /h = 150, respectively. For all the cases, we take the parameters Q /E, = 0.2 and I}/E, = 1.

As shown in Figs. 3(a) and 3(b), for the short-time dy-
namics, atoms are still concentrated near kp ), as the sys-
tem remains in a stripe phase. However, in the long-time
limit, the densities are no longer localized near these loca-
tions. In Figs. 3(b) and 3(c), we directly plot the momentum-
space density profiles shortly after the beginning of the time
evolution 7E,/lh = 3, and at a long time ¢E, /i = 150, respec-
tively, on the k, = 0 plane. Here n(ky,ky,0) = |97 (ky, ky, k, =
0,1)@(ky, ky,k; = 0,1)| at the corresponding time during the
evolution. It is clear that at long times, the majority of the
atoms are located near k = 0. Similar results can be obtained
when the BEC is initialized in @p(k) [see Figs. 3(d)-3(f)],
where atoms remain localized near kp, for a considerable time,
but are located near k = 0 in the long-time limit.

The impact of non-Hermitian Hamiltonian at long times
is understandable in terms of the dissipation-modified single-

particle physics. Specifically, driven by the non-Hermitian
Hamiltonian alone, the system should evolve into a conden-
sates at k = 0, where the single-particle spectrum has the
smallest imaginary component. Such a picture can be fur-
ther confirmed in Fig. 4, where we show overlaps of the time-
evolved state with localized wave functions near the minima
of single-particle spectrum. Here, we define the overlap func-

tions

J d3k\‘PT(kJ)<PL/R,0(k)|2
PR T Bk (k) g (k1)

As shown in Fig. 4, p. is stable at short times, but decreases to

an

0 in the long-time limit. In contrast, py becomes significant at
long times. Note that py does not approach 1 eventually, since
the wave function @ is only an approximation for the steady
state. We also note that the dynamics observed in Figs. 3 and
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4 is qualitatively the same for all parameters on the mean-field
phase diagram in Fig. 2, which suggests the stability of plane-
wave and stripe phases even when the momenta ky gy become
metastable in the single-particle eigen spectrum.

1.0 1.0
@ : (b)
j’-— / =T

[S] [ < |
Si 0.5 Sj 0.5 ,il
j’

; !

; 7

0 — 0 =z

0 50 100 150 0 50 100 150
tE,/h tE,/h

Fig. 4. Time evolution of the overlap functions p (blue dashed), p_
(red solid), and po (black dash-dotted) with the initial state in (a) @,
and (b) @p, respectively. The parameters are the same as those in Fig. 3.
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5 5
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Fig. 5. Dissipation-induced transition from the stripe phase into the
plane-wave phase. We plot the momentum-space density distributions
on the k; = 0 plane at (a) = 0 and (b) E,/h = 100, respectively. (c)
Time evolution of the normalized atom numbers of the spin-up (blue
dashed) and spin-down (red solid) components. (f) Time evolution of
the normalized atom numbers near ky_ (red solid) and kg (blue dashed),
respectively. For all the panels, we have Q/E, = 0.2, gj2/g = 0.98,
I./E,=0.5,and I;/E, = 0.2.

Finally, the stripe phase can undergo a dissipation-
induced transition and become plane-wave phase, in the pres-
ence of a gain-loss term il;0,, with o, the standard Pauli
matrix in the hyperfine-spin basis. Such a term can be im-
plemented by introducing a laser-induced loss in one of the
ground pseudo-spin states, and by mapping the subsequent
system with spin-selective loss to that with gain and loss. In
Fig. 5, we show time evolutions of the normalized atom num-
bers n; (i = 1,2) and ny (), respectively, which clearly indi-
cates such a transition. Here the normalized atom number of
the ith spin component »; is defined as

3 i 2
o I &kl (k)] )

J kot (k,t)p(k,1)’

where x; = [1,0]T and y, = [0,1]T. Physically, in the stripe
phase, the wave function features more spin-down components

at k., which are strongly suppressed by the spin-selective dis-
sipation during the time evolution. It follows that after a finite-
time evolution, most of the remaining population is concen-
trated at kr. The steady state of the system thus approaches a
plane-wave state when the evolution time is sufficiently long.
Again, we emphasize that, due to the dissipative nature of the
condensate, long-time dynamics suffers from decreasing par-
ticle density, which would eventually invalidate the coherent-
state assumption, making it necessary to treat the quantum
jump terms properly. We leave the investigation of such a
regime to future studies.

5. Summary

We have investigated the interplay of non-Hermiticity and
interaction in a BEC under non-Hermitian SOC. Focusing on
the short-time dynamics when the time evolution is driven by
a non-Hermitian effective Hamiltonian, we map out the mean-
field phase diagram, and show that dissipation can have signifi-
cant impact on the steady-state phase diagram. Such an impact
can be attributed to the single-particle physics modified by the
dissipation. We also reveal a dissipation-induced instability
and the transition from the stripe phase to the plane wave phase
by solving the dissipative GP equation. Since non-Hermitian
SOCs are readily accessible under current experimental con-
ditions, our results are of direct experimental relevance.
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