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We investigate the Furi—-Martelli—Vignoli spectrum and the Feng spectrum of continuous nonlinear block operator ma-
trices, and mainly describe the relationship between the Furi—-Martelli—Vignoli spectrum (compared to the Feng spectrum)
of the whole operator matrix and that of its entries. In addition, the connection between the Furi-Martelli—Vignoli spectrum
of the whole operator matrix and that of its Schur complement is presented by means of Schur decomposition.
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1. Introduction

Nonlinear operators are powerful tools for the study of
nonlinear science. They are of great significance to the study
of nonlinear functional analysis, differential equation and in-
tegral equation, and are widely applied in many fields such
as mathematics, physics, biology and engineering.!!?! In re-
cent years, some topics of nonlinear operators have been stud-
ied in numerous articles.>®! In Ref. [7], the authors have
discussed the solvability of nonlinear equations using some
numerical characteristics of nonlinear operators. In Ref. [8],
the authors have studied the uniqueness and existence of fixed
points for a class of nonlinear operators, and applied their re-
sults to a class of integral equations. In view of the impor-
tance of nonlinear operators, spectra of nonlinear operators
have been defined and studied by many researchers, and var-
ious definitions of spectra for nonlinear operators have been

9-181 One of them was introduced by Furi, Martelli

given.|
and Vignoli in 1978.1!] This Furi—-Martelli—Vignoli spectrum
(FMV-spectrum, for short) of nonlinear operators shares some
properties with the usual spectrum of bounded linear opera-
tors, such as it is always closed and sometimes even com-
pact. In Ref. [16], another spectrum which is closely related
to the FMV-spectrum was introduced by Feng in 1997. This
Feng spectrum has similar topological properties as the FM V-
spectrum and contains all the eigenvalues. In particular, these
two spectra have various applications to integeral equations,
boundary value problems, and bifurcation theory.!115:16]
Many problems arising in mathematical physics and bi-
ology may be solved by nonlinear block operator matrices.
For example, Ben Amar, Jeribi and Krichen"®! introduced
and studied the existence of solutions for a coupled system of

DOI: 10.1088/1674-1056/abd7df

differential equations under abstract boundary conditions of
Rotenberg’s model type, this last arises in growing cell popu-
lations. This problem is formulated by

—U%—Gl(ﬂﬂ)w) Ri2 (1,1/1>
R —vg—o(w,0,) J\ ¥

_ Y
—A(%), 0

ll/i‘l‘o = Ki(llji‘rl )7 i= 172u (2)

where Rijw;(u,0) = [2rij(1, 0,0, w;(u,0))dv’, (i,)) €
{(1,2),(2,1)}, pne0,1], v,0" € [a,b] with 0 <a <b <
co. The functions o;(-,-,-) and r;j(-,-,-) are nonlinear and
A is a complex number, Iy = {0} x [a,b], I} = {1} x [a,]],
and K; are nonlinear operators from a suitable function
space on I to a similar one on Ig; rij(u,v,v’, y;(u,v’)) =
kij (1,0, 07) f (s 0, 9 (1, 07), () € {(1,2), (2, 1)}, where
f is a measurable function defined by f : [0, 1] x [a,b] x C —
C,(u,v,u) = f(u,v,u) with k;;(-,-,-), (1, /) € {(1,2),(2,1)}
are measurable functions from [0, 1] x [a,b] x C to C. The en-
tries of block operator matrix associated with this system are
nonlinear, and the block operator matrix can be represented by

A B
T(CD). 3)

A lot of mathematicians have studied several kinds of linear
operator matrices, and discussed the spectral properties and
related subjects of these operator matrices.?*28] Recently,
the operator (3) with nonlinear entries has attracted increas-
ing attention. Researchers have studied some fixed point the-
orems for the operator (3) on Banach spaces and Banach al-
gebras, and applied these results to some systems of nonlinear

*Project supported by the National Natural Science Foundation of China (Grant Nos. 11561048 and 11761029) and the Natural Science Foundation of Inner

Mongolia, China (Grant Nos. 2019MS01019 and 2020ZDO01).
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equations.'?2°34 However, few results have been reported
on the spectral theory for nonlinear operator matrices.

This paper is devoted to studying the Furi—Martelli—
Vignoli spectrum and Feng spectrum of continuous nonlinear
block operator matrices. We mainly describe the relationship
between the Furi-Martelli—Vignoli spectrum (compared to the
Feng spectrum) of the whole operator matrix and that of its en-
tries. In addition, the connection between the Furi—-Martelli—
Vignoli spectrum of the whole operator matrix and that of its
Schur complement is presented by means of Schur decompo-
sition.

Throughout this paper, let X and Y be infinite dimen-
sional complex Banach spaces, and X x Y be a product space
equipped with the norm

[1Ges )| = maxg ]l |y}

If F is a continuous operator from X to Y, we write F €
C(X,Y)and,if X =Y, F € C(X). By L(X,Y) denote the set
of all bounded linear operators from X to Y, we abbreviate
L(X,X) by L(X). The (Kuratowshi) measure of noncompact-
ness o (M) of a bounded set M C X is defined as the infimum
of all € > 0 such that M can be covered by finitely many sets
of diameter less than €. Given F' € C(X,Y) and a bounded set
M C X, the upper and lower measures of noncompactness of
F are defined as!®!

[Fla = inflk: a(F(M)) < kat(M)},
[Fls = sup{k: a(F(M)) > ka(M)}.

We can write F € U(X,Y) if [F]a < oo. In the case of X =Y
we can simply write U (X) instead of U(X,X). Observe that
[F]a = 0 if and only if F is compact, i.e., the image F (M) of

each bounded set M C X is precompact in Y. The upper and

lower quasinorms of F are defined as!!)

[F]p = limsup |17 )|l

Ief—ee 1%l

F
[F]qzliminf” oIl
el 1]

If [F]p < oo, we call F quasibounded. Using Q(X,Y) denoting
the set of all quasibounded operators from X to Y, as before,
for X =Y we can simply write Q(X,X) := Q(X). Moreover,
[F], > 0 implies that F is coercive, i.e. ,

lim ||F(x)|| = eo.

[lx[| o0
We also consider
F(x F(x
Flo—supIFO gy e IFC0
w0 ]l A0 [|x]]

In the case of [F]p < e, we can write F € B(X,Y) and call the
operator F linearly bounded, and B(X,X) := B(X) as before.
From the definition and our general assumption F(0) = 0 it
follows that

2. The Furi-Martelli-Vignoli spectrum of non-
linear block operator matrices

In this section, we first introduce some definitions and
some auxiliary lemmas which will be used later.

Definition 2.11°%1 A continuous operator F : X — Y can
be stably solvable if for any continuous compact operator
G : X — Y with [G]g = 0, the equation F(x) = G(x) has a
solution x € X.

Remark 2.1 Each stably solvable operator is surjective,
but in general the converse is not true. For linear operators,
however, surjectivity is equivalent to stable solvability.

Definition 2.2['! A continuous operator F : X — X is
FMV-regular if F is stably solvable, [F], > 0 and [F]|, > 0.
The set

prmv (F) = {A € C: F — Al is FMV-regular}
is called the FMV-resolvent set of F, and its complement
ormv (F) = C\ prmv (F)
is called the FM V-spectrum of F. Also, the sets
0s5(F) ={A € C: F — Al is not stably solvabl},

0n(F) = 0,(F)U0u(F)

are called the defect spectrum and approximate point spectrum
of F, respectively, where

6,(F)={A €C:[F—Al], =0},
6a(F) = {A € C: [F — Al], = 0}.

Obviously
ormv (F) = 05(F)U0or(F) = 05(F) U0, (F)Uoy(F).

Remark 2.2 In the case of a bounded linear operator F,
oz (F) is the approximate point spectrum of F, og(F) is the
defect spectrum of F, and opmy (F) is the usual spectrum of
F.

Lemma 2.151 Let X and Y be Banach spaces and
M C X, N C Y be bounded subsets. Consider X x Y with the

norm
[1Ge )| = max[lx[], [[y[[}-

Then
o(M x N) =max{a(M),a(N)}.

Lemma 2.2['51 Let X and Y be Banach spaces, F,G €

C(X,Y). Then
6] [F]a[G]a < [FG]a < [F]A[G]a’
(2) [Fl4[Glq < [FGlq < [FlolGlg:
(3) [Fla — [Gla < [F +Gla < [Fla+[Gla:
(4) [Flg—[Glo < [F +Gly < [Flg+[Glo-
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Lemma 2.3['"l Let X, Y and Z be Banach spaces, and
let F : X — Y be stably solvable. Suppose that G:Z — X is
continuous and surjective with a quasibounded right inverse
G:X > Z. Then FG:Z —Y is stably solvable.

Lemma 2.4l Let X, Y and Z be Banach spaces, and
let F : X — Y be stably solvable. Suppose that G:Y — Z is
continuous and surjective with a quasibounded right inverse
G:Z—Y.ThenGF : X — Zis stably solvable.

Lemma 2.5!"! Let X be a Banach space, F € C(X). Sup-
pose that F satisfies [F]y < 1 and [F]p < 1. Then I —F is
surjective; in particular, F has a fixed point in X.

Next, we describe the relationship between the FMV-
spectrum of the whole operator matrix and its entries.

Theorem 2.1 Let F = (g g) € C(X x X) be a diago-

nal block operator matrix with A(0) = D(0) = 0. Then

(i) 0,(F) = 0,(A) U0u(D);

(i) ,(F) = 0,(4) Uo, (D):

(iii) 05(F) D 05(A) Uos(D);

(iv) ormv(A) U ormv(D) C ormv(F) C opmv(A) U
ormv (D) U0y (A)Uo (D),
where 6 () = {A € C:-— 4 is not injective or (- —A)~ ! is
not continuous}.

Proof (i) Let A € 6,(A), then there exists a bounded se-
quence set M,, C X with a(M,,) # 0, n € N, such that

a((A—-24) (M)

(M) —0

as n— oo.
Set 0, = (M, 0)T C X xX,n € N. Clearly, a(Q,) = a(M,)
and &((F — 2)(0n)) = a((A — A)(M,)). Thus

a((F-2A)(Q,) _ a((A—2)(M,))
a0 -0

o(My)
ie., A € o,(F).
04(D) C 04(F).
Conversely, let A € o,(F), then there exists a bounded se-
quence set Q, = (M, N,)T C X x X with «(Q,) #0,n €N,
such that

as n — oo,

By a similar argument, we can show that

a((F=2)(Qn)
(Qn)

—0 as n— oo,

From Lemma 2.1, we know that &¢(Q,, ) = max{a(M,), x(N,)}.

Without loss of generality we may assume that a(Q,) =
o(M,,) for infinitely many indices 7, then

a((A—=2)(Mn))

- max((A—A)(M,),a(D—A)(Ny,))

Ot(Mn) = OC(Qn)
_ P2
al@)
Thus
a((A=A)M) o %,

(M)

i.e., A € 0,(A). The proof for A € o,(D) is similar. Therefore,
04(F) = 04(A) U0y (D).

(i) Let A € 0,(A), then there exists a sequence {x, }_;C
X with ||x, || — e, such that

[(A=2) ()

—0
[ |

as n — oo.

Setz, = (x, 0)T € X x X, then ||z,|| — o, and
[(F—2) (@)l _ [[(A—24)(xa)]]

= —0
[EA [EA]

as n — oo,

ie., A € o,(F). Similarly, we can show that 6,(D) C o,(F).
Conversely, let A € o,(F), then there exists a sequence
{za}es; = {(x yu)T},C X x X with ||z,]| — oo, such that

[(F =2) ()l

—0
|zl

as n — oo,

Without loss of generality we may assume that ||x,|| > ||y.||
for infinitely many indices n, then ||x,|| — oo, and

[(F =) (@) max{[|(A—2) ()|, [(D=24) ()}
[zl max{ [lx,l, [yl }
> II(A]l)|(xn)lo
Thus
A=DE

[ |
ie., A € 04(A). The proof for A € o,(D) is similar. Conse-
quently, o,(F) = 04(A) Uoy(D).

(iii) To show that o5(F) D 05(A) U os(D), it suffices to
show that if F is stably solvable then so are A and B. If F is
stably solvable, let H; : X — X and H, : X — X are continuous
compact operators with [H]p = 0 and [Hz]g = 0. Define an
operator H : X x X — X x X by

_(H 0
ne (0.

Clearly, H is a compact operator and [H]p = 0. Then

r(3)=(3)
y y
has a solution (x y)T € X x X, i.e.,

A(x) =H(x) and D(y) = Ha(y),

which implies that both of A and D are stably solvable.

(iv) From (i)—(iii), it is clear that ogyy (A) U pmy (D) C
OFMV (F ), now we prove that Opmv (F ) C Opmv (A) @]
opmv(D) U o (A)Uoy (D). Let A ¢ opmv(A) U opmv(D) U
04 (A)Uoy (D), then[A—A],>0,[A—-2A], >0, [D—A1], >0,
[D—A]g>0and A—A, D— A are homeomorphisms on X,
therefore [F — 4], >0, [F — 4], > 0 and F — A is a homeo-
morphism on X X X. Let H : X x X — X x X is a continuous
compact operator with [H]p = 0, then

[(F=2)""H]a < [(F = 2)""a[H]a =0

040201-3
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and
[(F—2)""H]o < [(F —2)"|o[H]o = 0.

From Lemma 2.5, it follows that (F — A)~'H has a fixed point
in X x X, and hence F — A4 is stably solvable. This together
with [F —A], > 0 and [F — A], > 0 implies that A ¢ opmv (F).

Corollary 2.1 Let F = g g € C(X x X) be a diago-
nal block operator matrix with A(0) = D(0) = 0. Then
oMy (A) U Opmy (D) = Ormy (F)

if and only if
Ot (A) Joy (D) C Opmv (F)

In particular, if 641(A) Uoy(D) = @,
ormv(D) = ormv (F).

Remark 2.3 For bounded linear diagonal operator matri-
ces, obviously, 04 (A)U oy (D) C opmv(F).

then GFM\/(A) @]

Theorem 2.2 Let F = (18 g € C(X x X) be an up-
per triangular block operator matrix with B(0) = D(0) = 0. If
B e U(X)NQ(X), then

(i) 04(A) C 04(F) C 04(A) U0y (D);

(i) 04(A) C 0y4(F) C 04(A)Ucy(D).

Proof (i) It is easy to see that 0,(A) C 04(F), and so
we only need to prove that o,(F) C 0,(A)U oc,(D). Let
A € 04(F), then [F — 4], = 0. Evidently, the factorization
formula

2= (50%) (1) (*579)

holds. Write U = (} ;°,), R= (%) and V = (45 (1))
Clearly, R is ahomeomorphism and [R], > 0. Since [F — Ma =
[URV]q > [U]4[R]a[V]as it follows that [U], = 0 or [V], =0,
and hence A € 0,(A) Uo,(D). Thus, 6,(F) C 6,(A)Uo,(D).

(ii) The proof is analogous to (i), and its proof is omitted
here.

Remark 2.4 From the proof of Theorem 2.2, we can see
that if B is a bounded linear operator, Theorem 2.2 also holds.
Indeed, since R = (/ %) is invertible, and hence [R], > 0 and
[R]4 > 0 (Since for bounded linear operator L, [L], > 0 if and
only if L is left semi-Fredholm, [L], > 0 if and only if L is
injective with R(L) closed).

It is easy to get the following corollary.

Corollary 2.2 Let F = (g g) € C(X x

per triangular block operator matrix with B(0) = D(0)
BecU(X)NQ(X), then

X) be an up-
=0.1If

07 (A) C 67(F) C 67(A)Uox(D).

According to Corollary 2.2, we can estimate the distribu-
tion range of set (0 (A) U 0z(D))\oz(F), see the following
theorem.

A B
0D
triangular block operator matrix with B(0) = D(0) =

U(X)NQO(X), then

€ C(X x X) be an upper
0.IfB e

Theorem 2.3 Let F = (

oz(A)Uor (D) =or(F)U(or(D)NAY),

where Ay ={A €C:[A-
not stably solvable}.

Ala>0,[A—A]; >0and A—A is

Proof It is easy to prove that

0z(A)Uor(D) D ox(F)U(ox(D)NAY).

Conversely, let A € (0z(A) U 0z(D))\oz(F), then we have
from Corollary 2.2 that A € 6z(D)\0z(A), and so

AeA UpFMv(A).

Suppose A € ppmv(A), then [A — 4], > 0,[A — 4], > 0 and
A — A is stably solvable, and hence A — A is surjective. From
this, we can deduce that [D — 4], > 0 and [D— 4], > 0
In fact, let any bounded set N C X with a(N) # 0. Since
—B(N) € X = R(A — 1), then there exists a set M C X, such
that

(A—2)(M) =
From [A — 4], > 0, we infer that M is a bounded set. Thus, let
Q= (M N)T€X xX, then Q is bounded with &(Q) # 0, and
we have

a((D—=2A)(N))
a(N)

“B(N).

a((F-2)(Q))
a(Q)

which implies that [D — A], > 0. We can obtain [D — 4], > 0
by a similar method. This contradicts A € (D). Then
A € Ay, therefore

Z E[F_l]a>0

(0z(A)Uoz(D))\ox(F) C 6z(D)NA.
Remark 2.5 In Theorem 2.3, if further A € L(X), then
ox(A)Uox(D)

= 0z(F)U(0z(D)N0y1(A)),

where 0,,1(A) = {A € C:A— A is injective, RLA—A) # X
and R(A — 1) is closed}.

Proof From the proof of Theorem 2.3, it can be seen that
when A € 6;(D)\0z(A), we have

A€o 1(A)Up(A).

Suppose A € p(A), then A — A is invertible, and we have the
following factorization

M=(F-2)V,

where

(150 ()

040201-4
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Since A ¢ or(F), then
[M]a = [(F _A)V]a > [F_Ma[v}a >0

and
[M]q = [(F_)L)V]q 2 [F _A]q[v]q >0,

therefore [D — A, > 0 and [D — 4], > 0, so the desired result
follows from the proof of Theorem 2.3.

According to Theorem 2.3 and Remark 2.5, we immedi-
ately have the following corollaries.

A B
Corollary 2.3 Let F = 0D

per triangular block operator matrix with B(0) = D(0) = 0. If
BeU(X)NQ(X), then

€ C(X x X) be an up-

0z(A)Uog(D) = o (F)

if and only if
oz(D)NA; C ox(F).

In particular, if oz(D) NA; = &, then 67(A) U ox(D) =
ox(F).

Corollary 2.4 Let F = ( AB

0D
per triangular block operator matrix with B(0) = D(0) = 0. If

A€ L(X)and Be U(X)NQ(X), then

> € C(X x X) be an up-

0z (A)Uor(D) = or(F)
if and only if
ox(D)N oy 1(A) C ox(F).

In particular, if 0z(D) N0, 1(A) = @, then oz (A) Uox(D) =
ox(F).

Remark 2.6 For linear (not necessary bounded) up-
per triangular operator matrices, Theorem 2.3, Corollaries 2.3
and 2.4 are also valid, where A; = o,.1(A). Readers can see
Refs. [24].

In Ref. [21], it was shown that if N and M are bounded
linear operators, and satisfy N> = 0 and either NM = 0 or
MN =0, then

o(M)=0oc(M+N) “)

holds. In the following, we extended the result to the case that
M is a nonlinear operator.

Theorem 2.4 Let M € C(X) and N € L(X). If N> =0
and NM = 0, then

(i) 0a(M +N)\{0} = 64(M)\{0};

(i) 0, (M +N)\{0} = 0, (M)\{0};

(iii) 05(M +N) = 05(M);

(iv) opmv (M +N) = opmv (M).

Proof If N =0, it is obvious that (i)—(iv) hold. Without
loss of generality we may assume that N # 0. Let A € C\{0},
from NM = N? = 0, we have that N — A is invertible and

A MN-A)M—-L)=N+M—A. (5)

Since [M+N — Al = [-A " (N=2)(M— 1)), > |A| '[N -
AlaM —A)gand [M —A], = [-A(N—A) "M +N—-21)], >
|A|[(N —A)~1].[M+N — A],, we conclude that [M — 4], =0
if and only if [M +N — A], = 0. Thus o,(M + N)\{0} =
0,(M)\{0}. Similarly, we can obtain that o,(M + N)\{0} =
o,(M)\{0}. Thus we complete the proof of (i) and (ii).

(iii) From NM = 0 and N # 0, we have

0e GE(M).
Also, from N(M +N) = 0 and N # 0, we know that
0€os(M+N),

ie.,0€ 05(M)Nos(M+N). Nextlet A € C\{0}. By Eq. (5)
and Lemma 2.4, we infer that M + N — A is stably solvable if
and only if M — A is stably solvable. Thus

65(M+N) = GS(M).

(iv) From (i)—(iii), we obtain that oppmv (M + N)\{0} =
ormv (M)\{0}. Moreover, similar to the proof of (iii), we can
obtain 0 € opmy (M) Nopmy (M + N). Hence

ormv (M +N) = opmy (M).

A B
0D
per triangular block operator matrix with A(0) = D(0) = 0. If

B € L(X) and BD =0, then

(i) Ga(F)\{0} = (6u(4) UG, (D))\{0};

(i) 0 (F)\ {0} = (0,(4) U0, (D))\{0}:

(iii) 05(F) > 05(A) U 05(D);

(iv) opmv (F) D OEMV (A) U Ormv (D)

Proof Let M = (493),N = (J58), then N> =0 and
NM = 0. Thus, by Theorem 2.4, we know that c;(F)\{0} =
or(M)\{0} (where k € {a,q}) and oy(F) = o5(M) (where
s € {6,FMV}). Thus, the desired results can be obtained im-
mediately by applying Theorem 2.1.

Corollary 2.5 Let F = ( € C(X x X) be an up-

Let us give an example to show that the statement (ii) of
Corollary 2.5, in general, is not true when the spectral point is
Zero.

Example 2.1 Let X be an infinite dimensional complex
Banach space with the maximum norm, ¢ = (1,0,0,...) € X,
and

A1 (x) = Aa(x) = D1 (x) = [|x[le;  S-(x) = (0,x1,x2,---)

for x = (x1,x2,...) € X. Consider the block operator matrix

Al 0 S 0
0 A4 0 o0

F=19 0 o o |
0 0 0 D
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where

A O S0 00
AZ(O Az)’ BZ(O 0)’ D:<OD1>'

Note that B is a bounded linear operator with BD = 0. More-
over, by calculation, we have [A], = 1,[D], = 0,[F], = %.
Thus, 0 € 0,(A) Uoy(D), but 0 ¢ o,(F).

Theorem 2.5 Let M,N € C(X).

(i) If [N]a = 0, then 0,(M +N) = 0,(M).

(i) If [N]g =0, then o, (M +N) = o,(M).

(iii) If [N]4 = 0 and [N]g =0, then 65(M +N) = o5(M).

(iv) If [N]a =0 and [N]p = 0, then opmv(M +N) =
ormv (M).

Proof The proof is trivial, and its proof is omitted here.

Corollary 2.6 Let F = <A B € C(X x X) be an upper

0D
triangular block operator matrix with A(0) = D(0) = 0.

(i) If [B]4 = 0, then 0,(F) = 6,(A) Uo,(D).

(ii) If [B]a = 0 and [B]p =0, then o, (F) = 0,(A) Uoy(D).

(iii) If [B]p = 0 and [B]4 = 0, then o5(F) D o5(A) U
Os (D) .

@v) If [B]Q =0and [B]A =0, then ormv (F) D OFMV (A) @]
ormv (D).

Proof Let M = (49), N=($5), then [N]4 =0 and
[N]gp = 0. Thus, by Theorem 2.5, we know that ox(F) =
o (M) (where k € {a,q,8,FMV}), and by applying Theorem
2.1, the desired results can be obtained immediately.

In the theory of bounded and unbounded linear block
operator matrices, Schur complements are powerful tools to
study the spectrum and various spectral properties, see the se-
ries of papers.*7-3%! Given a linear block operator matrix

A B
v=(e5)
defined on the product Banach space X; x X, of two Banach
spaces X1, X2. Then

g =h = (C(A—Il)l ?) (AO/I SI?M>
) e

and

0 1 0 D-A

((p_ayict): Aeo@ @

are called the Frobenius—Schur factorization, where

M_)L:(IB(D—AW)(&(?L) 0 )

SI{A)=D—A—C(A—1)"'B, A ¢c(A)

and

$5(A)=A—A—B(D—-1)"'C, A ¢ (D)

are called the Schur complements of <7

Note that when A and C (or B and D) are bounded linear
operators, the nonlinear block operator matrix (é g) can be
decomposed into the forms of Eq. (6) (or (7)). This allows us
to extend the notion of the Frobenius—Schur factorization to
the nonlinear block operator matrix case.

In the following, we consider the relationship between
the FM V-spectrum of the whole operator matrix and its Schur
complement by means of Schur decomposition.

Theorem 2.6 Let F = 12, g € C(X x X) be a block

operator matrix. If B € U(X)NQ(X) and A,C € L(X) with
p(A) # &, then for A € p(A), the following cases will hold:

(i) A € o,(F) if and only if 0 € 0,(S1(A)); (i) A € 0,4(F)
if and only if 0 € 0,(S1(4)); (iii) if 0 € 05(S1(4)), then
Ae O'3(F); @iv)if0 e GFMV(SI (}L)), then A € O-FMV(F);
where S{(A) =D —-A—C(A—A)"'B.

Proof Since A € p(A), then F — A has the factorization
(6). Denoted it by

F—A=URV,

I 0 A=A 0
where U = (C(A%)q ,), R = ( 0 Sl(M) and V =

((I) <A*7;)7IB). Obviously, U and V are homeomorphisms on
X xX.
(i) Let A € 04(F), then [F —A], = 0. Since [U], > 0,

[V]e > 0and
[F _Ma = [URV]a 2 [U}a[R]a[V]av

it follows that [R], = 0, and hence [S1(4)], =0, i.e., 0 €
0,(S1(A)). Conversely, let 0 € 6,(S1 (1)), then [R], = 0. Since
U1,>0,[V!,>0and

Rly=[U"YF -2V o> [U ulF = AlalV e,

then we have that [F — 1], =0, i.e., L € 0,(F).

(ii) The proof is similar to (i).

(iii) Since U,V,U " and V! are all quasibounded. Then,
by Lemma 2.3 and Lemma 2.4, we obtain that F — A is stably
solvable if and only if R is stably solvable. Thus, if F — A is
stably solvable, then applying Theorem 2.1, we can infer that
S1(A) is stably solvable. So we complete the proof.

(iv) It follows immediately from (i)—(iii) and the defini-
tion of the FM V-spectrum.

Theorem 2.7 Let F = (A B

c D) € C(X x X) be a block

operator matrix. If C € U(X)NQ(X) and B,D € L(X) with
p(D) # @, then for A € p(D), the following cases hold:

(i) A € 0,(F) if and only if 0 € 0,(S>2(1));

(i) A € o,(F) if and only if 0 € 6,(S2(1));

(iil) if 0 € 05(S2(1)), then A € 65(F);

(iv) if 0 € opmv (S2(1)), then A € G]:Mv(F);
where S)(A) =A—A —B(D—A)~!C.
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Proof The proof is analogous to that of Theorem 2.6, we
only need to note that when A € p(D), F — A has the factor-
ization (7).

From the proofs of Theorems 2.6 and 2.7, we find the fol-
lowing theorem.

Theorem 2.8 Let F = <A B

Co
triangular block operator matrix, if B € L(X),C € U(X) N
0O(X), then for A # 0, the following cases hold:

(i) A € 0,(F) if and only if 0 € 6,(T;(1));

(i) A € oy(F) if and only if 0 € 0,(Ti(1));

(iil) if 0 € 05(T1 (1)), then A € o5(F);

@iv)if 0 e GFMv(T1 (A)), then A € GFMV(F);
where T (A) =A—A + +BC,A # 0.

Proof Since F —A = (A4 jl 1)’ Al is invertible as

c
A #0. Then F — A has the following factorization

(G 44

The rest of the proof is analogous to that in Theorem 2.6.

Theorem 2.9 Let F = g g € C(X x X) be an off-

diagonal block operator matrix, if B € L(X),C € U(X)NQ(X),
then the following cases hold:
(i) 0a(F)\{0} = {A € C: A% € 04(BC)}\{0}:
(i) 0,(F)\{0} = {4 € C: A% € 0,(BC)}\{0};
(iii) o5 (F)\{0} D {1 € C: A% € 65(BC)}\{0};
@iv) O'FMv(F)\{O} D) {A, eC: A2 € GFMv(BC)}\{O}.
Proof Let A # 0, then

I —-1p Ipc—-2 o0 I 0
_ 1 = A A
F=2 (o I )( 0 —/11)(—;01)'

Similar to the proof of Theorem 2.6, we have

€ C(X x X) be an anti-

[F-1l,=0< [%BC—)L]‘!:0<:> [BC — 2%, =0,

[F—)LMzO@[%BC—?L]q:O(:) BC—12), =0

and F — A is stably solvable = %BC — A is stably solvable
& BC — A? is stably solvable.

Thus, we immediately have the assertions (i)—(iii) and (iv)
hold.

Theorem 2.10 Let F = (g g € C(X x X) be an off-

diagonal block operator matrix, if C € L(X),B € U(X)NQ(X),
then the following cases hold:

(i) 0,(F)\{0} = {1 € C: 1% € 6,(CB)}\{0};

(i) 0,(F)\{0} = {1 € C: A% € 6,(CB)}\{0};

(iii) o5 (F)\{0} D {A € C: A% € 65(CB)}\{0};

@iv) O'FMv(F)\{O} D) {}\, eC: A2 € GFMv(CB)}\{O}.

Finally, we end this section with an example to illustrate
the previous results.

Example 2.2 Let X be an infinite dimensional complex
Banach space, e € X with ||¢|| = 1, and

A(x) = D(x) = lxlle, B(x) = x| e

for x € X. Consider the block operator matrix

A B
F= (0 D) |
Then by Theorem 2.3, we have (07(A) U oz(D))\ox(F) =
oz(D)NA,. Furthermore, by Corollary 2.3, we have o (F)
oz(A)Uoz(D), where Ay ={A €C:[A—A],>0,[A—-A], >
and A — A is not stably solvable}.

On the other hand, since A, B and D are compact opera-
tors, then ¢,(A) = 0,(D) = 6,(F) = 0. Moreover, by calcula-

0

tion, we havelll]
o5(A) = 05(D) =D,

where D = {4 € C: |A| < 1}. In addition, we write F in the
form F = F; + T, where F; = (4 3) and T = ($ 8) are com-

pact operators with [T|4 = [T]p = 0. We claim that
0,(F) = o,(F) = oD.

In fact, the equality [Fi]p = [F], = 1 follows from a straight-
forward calculation. Thus, o, (Fi) C dD. Moreover, for any
A € 9D, letz, = (ne/A 0)T € X x X, then ||z, || = n with

2], < tim L) =2l _ Ine—nell _,
n=e |zl n
ie.
A € oy(F1).
In summary,

6x(A) = 62(D) = 6(F) = {0} UID.

Ay ={ALeC:[A-2A],>0,[A-A];, >0and A — A is not
stably solvable}= D\ {0}.
Thus

oz(A)Uor(D)\ox(F) =9, oz(D)NA=2.
Therefore

(ox(A)Uoz(D))\oz(F)=o0z(D)NA;.

Furthermore

ox(F) = 0z(A)Uox(D).

This shows that Theorem 2.3 and Corollary 2.3 are valid.
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3. The Feng spectrum of nonlinear block opera-
tor matrices

Let X and Y be infinite dimensional complex Banach
spaces and denote by DBE(X) the family of all open,
bounded, connected subsets 2 of X withO € 2. Let F: X =Y
be a continuous nonlinear operator.

Definition 3.1'') A continuous operator F : Q — Y is
called epi on Q, if F(x) # 0 on 92, and for any compact op-
erator G : Q — Y satisfying G(x) = 0 on 9, the equation

has a solution in 2. More generally, we call F a k-epi operator
(k> 0) on Q if the above property holds for all operators with
[G]4 < k, not just compact operators.

For F: Q — Y and Q € DB¢(X) as before, we introduce

vo(F) :=inf{k:k >0, F is not k-epi on Q}

and

v(F):= inf

Vo (F
QEDBE(X) o(F),

where v(F) stands for the measure of solvability of F. Ob-
serve that V(F) > 0 if and only if there exists some k > 0,
such that F : Q — Y is k-epi for every Q € DBE(X).
Definition 3.2[''l A continuous operator F : X — X is
F-regular if [F], > 0, [F], > 0 and v(F) > 0. The set

pr(F)={A €C:F—Al is F-regular}
is called the Feng-resolvent set of F', and its complement
or(F) =C\pr(F)

is called the Feng-spectrum of F.
Obviously

or(F) = oc,(F)Uo,(F)Uoy(F),
where

6u(F)={A €C:[F—All, =0},
6y(F) = {A € C: [F — Al], =0},
6,(F) = {A € C: v(F — AI) = 0}.

Remark 3.1 Every F-regular operator F' : X — X is sur-
jective. Furthermore, L € L(X) is F-regular operator if and
only if L is an isomorphism.

Definition 3.3[!'! A continuous operator F : X — Y is
called k-stably solvable (k > 0) if for any continuous oper-
ator G : X — Y with [G]s < k and [G]p < k, the equation
F(x) = G(x) has a solution x € X.

For F € C(X,Y), we can call the number

W(F):=inf{k:k >0, F is notk-stably solvable}

the measure of stable solvability of F. Also, we can say that
a continuous operator F' : X — Y is strictly stably solvable if
W(F) >0,i.e., F is k-stably solvable for some positive k.
The next lemma provides a connection between FMV-
regular operator and strictly stably solvable operators.
Lemma 3.1!'!l Every FMV-regular operator F : X — Y
is strictly stably solvable. More precisely, the estimate

u(F) = min{[Fly, [Fla}

holds.

The next lemma connects the measure of solvability and
the measure of stable solvability of F'.

Lemma 3.2!'!! For any continuous operator F : X — Y,
we have the estimate

W(F) < V(F).

In the following, we describe the relationship between the
Feng-spectrum of the whole operator matrix and its entries.

Theorem 3.1 Let F € C(X x X) be the diagonal block
operator matrix as in Theorem 2.1. Then

or(F) C op(A)Uor(D)Uot(A)Uoy (D),

where 6 (-) = {4 € C:-— 4 is not injective or (- — A1)~ is
not continuous}.

Proof Let A ¢ op(A)Uor(D)Uoy(A)Uoy (D)), then,
by the proof of Theorem 2.1, we know that F — A is FMV-
regular operator, therefore (t(F —A) > 0 by Lemma 3.1, and
we have from Lemma 3.2 that A ¢ o (F).

Let 6y(F) = 0,(F)U0,(F), we have the following re-
sults which are similar to Theorem 2.3 and Corollaries 2.2—
2.4, and can be proved in a similar way, so their proofs are
omitted here.

Theorem 3.2 Let F € C(X x X) be the upper triangular
block operator matrix as in Corollary 2.2. If B€ U(X)NB(X),
then

0p(A) C 0yp(F) C 0p(A)U0Ty(D).

Theorem 3.3 Let F € C(X x X) be the upper triangular
block operator matrix as in Theorem 2.3. If B € U(X) N B(X)
and A(0) = 0, then

0p(A)U0g(D) = 0y (F) U (0p(D) NA,),

where Ay ={A€C:[A-1],>0,[A—A],>0andv(A—1) =
0}

Corollary 3.1 Let F € C(X x X) be the upper triangular
block operator matrix as in Theorem 2.3. If B€ U(X) NB(X)
and A(0) = 0, then

Op(A)U0y(D) = 0y(F)

if and only if
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In particular, if oy(D)NA; = @, then 6y(A) U 0p(D) =
Oy(F).

Theorem 3.4 Let F € C(X x X) be the upper triangu-
lar block operator matrix as in Theorem 2.3. If A € L(X) and
B e U(X)NB(X), then

0p(A)U0y(D) = 0¢(F) U (0p(D)N0y1(A)),

where o, (A) is defined as in Remark 2.5.

Corollary 3.2 Let F € C(X x X) be the upper triangu-
lar block operator matrix as in Theorem 2.3. If A € L(X) and
B e U(X)NB(X), then

0p(A)UGp(D) = 0y (F)
if and only if
6(D)N6,1(A) C 0p(F)).

In particular, if 6y(D) N 0;1(A) = @, then 6y(A) Ucy(D) =
Oy(F).

4. Conclusions

Block operator matrix plays a significant role in
system theory, quantum mechanics, hydrodynamics and
magnetohydro-dynamics. In this paper, we obtain some con-
nections between the FMV-spectrum (compared to the Feng
spectrum) of the diagonal as well as upper triangular nonlinear
operator matrix and that of their diagonal entries. In addition,
the relationship between the FM V-spectrum of the whole 2 x 2
nonlinear operator matrix and that of its Schur complement is
presented by means of Schur decomposition. This provides a
theoretical basis for solving systems of nonlinear equations in
mathematical physics.
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