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Motivated by recent advances in orbitally tuned Feshbach resonance experiments, we analyze the ground-state phase
diagram and related low-energy excitation spectra of a d-wave interacting Bose gas. A two-channel model with d-wave
symmetric interactions and background s-wave interactions is adopted to characterize the gas. The ground state is found to
have three interesting superfluid phases: atomic, molecular, and atomic—molecular. In great contrast to what was previously
known about the p-wave case, the atomic superfluid is found to be momentum-independent for the d-wave case discussed
here. The Bogoliubov spectra above each superfluid phase are obtained both analytically and numerically.
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1. Introduction

Orbital high-partial-wave interacting quantum gases!!!
have steadily attracted research interest, due to their potential
to show exotic superfluidity. For example, d-wave interact-
ing Fermi gases may be compared with a d-wave superfluid.
Recently, d-wave scattering resonance has been observed in
more and more ultracold atomic gases.>-%! In particular, the
observation of degenerate d-wave-interacting Bose gases with
d-wave shape resonance!® makes the hidden d-wave many-
body correlation more experimentally accessible.

Unlike s-wave interactions, the closed channels of high-
partial-wave Feshbach resonance carry finite momentum. For
example, the closed channels of the p-wave Feshbach reso-
nance carry a total angular momentum of 17 and the interac-
tion term is proportional to the momentum k. It is predicted
that a finite-momentum superfluid will emerge in a p-wave in-
teracting Bose gas.!”™) The closed channels of d-wave Fes-
hbach resonance carry a total angular momentum of 27, and
hence the many-body form is proportional to the square of
the momentum k2. Although d-wave electronic Fermi super-
conductors have been extensively studied in condensed-matter
physics, to the best of our knowledge, determination of the
possible many-body states that a d-wave interacting atomic
Bose gas can exhibit is an open question.

Inspired by recent experimental progress,>->°! in this pa-
per, we analyze the zero-temperature mean-field ground state
and Bogoliubov spectrum of a d-wave interacting Bose gas.
A two-channel model is adopted for a mixture of two compo-

DOI: 10.1088/1674-1056/abd7d7

nents interacting via the d-wave interaction. Similarly to the
p-wave interacting Bose gas,!”! the mean-field ground state
typically has three quantum phases: atomic superfluid (ASF),
molecular superfluid (MSF), and atomic—molecular superfluid
(AMSF). However, unlike the p-wave case, the atomic super-
fluid does not carry finite momentum. The phase boundaries
are analytically obtained. Furthermore, the Bogoliubov exci-
tation spectrum is analyzed both numerically and analytically
above the superfluid ground state with d-orbital aspects.

2. Model

Inspired by the experiments detailed in Refs. [3,10], we
will focus on a gas mixture of two distinguishable bosonic
atoms (e.g., Rb and 3"Rb). The two atomic fields are created
by ¥l = (li/;r , 1172T ) and interact through a d-wave FR associ-

(711" According to

ated with a tunable molecular bound state.
the symmetry of this system, the angular momentum is a good
quantum number and the related d-wave molecule (e.g., Rb—
$7Rb) field is created by ¢, = (¢7,,6",,4,4,,9;), which
corresponds to the five closed-channel molecular states (e.g.,
1,=0, £1, £2). Apart from the d-wave interaction, we as-
sume that the system is also subject to background atom—atom,
molecule-molecule and atom—molecule s-wave interactions.
The Hamiltonian density for this system is written as (we take
fi=1 throughout)1?!
2 2 2
= X 0(- g, mo)ter X [0~ g,

=12 m=—2
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+z< - %)2 -~ .UM) O —Z(O)ym +h.c.)} +Hpg, (1)

where the operator y,, and background interaction H,, are re-
spectively given by

ym =7 Y, Cip[(9a91)(9 ) — (3.0, V) W2
ab =X,V,2
(31;1//1)(3 ) = ¥1(9udp )] 2

Mg = ,le%ollwai [ [+ 27230 81,6m)(9160)
+ Z gam (101 ° + [ 92]*) 6, G- 3)
m=-2

Here, 1, Uy, and iy are the chemical potentials of the atoms
and the molecule, respectively. The detuning between the
atomic and molecular channels is given by v = y; + U —
Unm. g denotes the d-wave’s interaction strength. CJ; is the
Clebsch-Gordan coefficient,!!!] satisfying ¥, , C kokp, /k* =
VAryy(k), where Y3" (k) are the spherical harmonics of de-
gree 2 arising from the d-wave components of two-body wave
function. For simplicity, we have taken the two atomic masses
m to be identical, which is a good approximation for mixtures
of isotopes such as 85Rb and 37Rb. Thus, the molecules have
the mass of 2m. The z term in Eq. (1) is formally introduced to
normalize the d-wave interaction,!'?! but it does not actually
affect the mean-field dynamics. In the background interaction
Hpg, the A oo term characterizes the atom—atom interactions
caused by different species, the gam term describes the atom—
molecule interaction, and the go term describes the molecule—
molecule interaction. We restrict ourselves to the homoge-
neous case for simplicity and clarity, adopting the local density
approximation (widely applied to the study of trapped gases)
used in the experiment. It proved to be a good approxima-
tion for a slowly varying trap potential with a large number of
atoms in the experiment.

3. Mean-field theory

We will obtain the Landau free energy by applying mean-
field theory to our model and minimize it to establish the phase
This method is
equivalent to solving the Gross—Pitaevskii equation. Replac-

diagram and analyze the phase transition.

ing the atomic and molecular field operators with their relative
classical order parameters ¥, @,,, we obtain the Landau free-
energy function F[¥, ®,,] = (H).

We decompose our mean-field parameters to characterize
the states of the system. For the atomic condensates ¥| and Y5,
let us use a Fourier transform and make these fields complex
periodic functions characterized by momenta Q,,

Y=Y ¥, 4)
On

It is generally expected that if a single component is assumed,
0, = Q it is sufficient to capture the qualitative picture of
the ground state.!'3! Unlike the p-wave case,!”) the d-wave in-
teraction is proportional to the square of the momentum and
thus cannot give rise to finite-momentum molecular conden-
sates, since the minimum of the total energy remains at the
zero momentum of the molecules. To conserve momentum,
the ground state should fall into one of two universal classes:
the FF (Fulde-Ferrell)-like!'*! form WEF = ¥; ;_e'%e" or the
LO (Larkin—Ovchinnikov)-like!'>! form L0 = QelQr +
Y5, g™ 107 where ¥%s.0 = ¥5,—o. Based on an analysis of
the total energy (see supplementary), the order parameters fa-
vor the simplest but non-trivial FF-like form with a single or-

dering wavevector Q1 = —(Q» = Q, described by
lIll = 'IILQeiQ‘C
W= _ge 0. (5)

3.1. Atomic superfluid phase

For large positive detuning v > 0, the atomic channels
have lower energy and the ground state is a molecule vacuum.
The free energy is minimized by spatially uniform atomic or-
der parameters!!'® and leads to a free energy density of the
form

fa==Y wl¥%’+ Y

o=12 c,0'=1,2

Ao.o!
5% P (6)

For 4A11A2 — (A12 + A21)? > 0, the minimization of f4 leads
to different superfluid phases as y; and u, change, which are
listed in Table 1 (see Fig. 1). Otherwise, for 441142 — (A12 +
A21)? < 0, the ASF; phase tends to be unstable, there will be
a direct first-order phase transition from ASF; to ASF,, and its

phase boundary is determined to be u, = % Uy (see Fig. 2).

—H2 A

ASF, N

ASF,
ASF,,

Fig. 1. Mean-field phase diagram of a d-wave resonant two-component
Bose gas with a large positive detuning and 44,1 Ax — (A12 + A21)? > 0.
The atomic channels have lower energy. ASF; and ASF, refer to single-
atom species’ superfluid states, and ASF;, refers to a double-atom
species’s superfluid state.
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Table 1. Sub-phases of the ASF phase. (i) When u; and p, are negdtive both atomic species are in the normal (N) phase. (ii) When p; > 0,

Uy < M’Mz‘ Uy, atom 1 forms a condensate. (iii) When y; < ‘5;2” U, Uy > 0, atom 2 a forms condensate. (iv) When p; > ‘ZMZI U,
Uy > A"MZ‘ 11, both atom species form condensates.
Phase Chemical potentials Y b3
N n <0, up <0 0 0
A2+ A2 Hi
ASF, .Ul>(;7 liz; o M ’/711 0
12+ A21 H2
ASF, < s U2, 2 >0 0 -
A2+ Az A2+ Az A —2(Ai2 + A1) 2 Atz —2(Ai2 + A1)
ASF >
2 2 o, M o #1120 — (A2 + At )2 Wi — (s + ot 2
—H2 A | = Up = U. Applying the mean-field assumption, we ob-
tain the free energy density fam = F[¥s, Pun)/V = fo + fu,
where f describes the Q-dependent portion of the free energy
density fam,
ASF, N
= Yo 12— (AL W 0%
fo=Y &l¥.o,l"— (A% 0% o +cc)
o=1,2
> 2
i + ¥ | %0, ©
0,0'=1,2
ASF, go
*
fm=— Z M Py, P + Z D D, (P D,). (10)
m=—2 m, n772
In the above equations, the atomic order parameter ansatz

Fig. 2. Mean-field phase diagram of a d-wave resonant two-component
Bose gas with large positive detuning and 4A;; A2 — (A12 4+ A1) < 0.
A valid phase of the significant condensate fraction in both atomic fields
is not found by mean-field calculation. The phases ASF; and ASF, are
separated by a first-order transition boundary.

3.2. Molecular superfluid phase

In the MSF phase, there is large negative detuning v < 0,
that is, —v > |t 2|. The molecular channels have lower en-
ergy and the ground state is an atomic vacuum. The free en-

ergy density fy is given as

D SRR S (B ®) (€, D).

m=-2 m, n——2

)

The molecular condensate density is obtained by minimizing

the free energy

@ =, /ED(0,0,1,0,0)", ®)

where D is an SU (5) matrix satisfying D- D" = 1. The ground

state implies a broken symmetry group SU(5).

3.3. Atomic-molecular superfluid

For intermediate detuning, both the atomic and molecular
modes are gapless. To understand the phase boundaries and
the behavior of the order parameters, it is convenient to ap-
proach the AMSF phase by starting from the MSF phase.!!

For simplicity, we specialize in a balanced mixture, where

Eq. (5) is used to simplify fo. Also, g = (— — U+
Yoo 28aM|Pul?), Ag=Y7_ ,8VATQYY}(Q) P, Q1 =0
and O» = —0. When we approach the ASMF phase from the
MSF phase, the atomic condensate fractions are considered to
be small and perturbative. Thus, the quadratic order terms are
sufficient to characterize the free energy density fp. Besides,
when an atomic condensate is emergent in the AMSF phase, it
prefers to stay at a lower energy level. The condensate mean-

field ground states are obtained by minimizing the free energy

fam
0 =0, (11
o = [EMEZAN LG 0007, (2
gAM_gOA
Sol — gaM MM
Yiol = | 55 —F5 3 (13)
| | 2&g0—2giM

where D is an SU(5) rotation matrix. Similarly to the analy-
sis in the MSF context, the broken symmetry group is SU(5).
It is worth noting that a zero-momentum solution is needed to

minimize the free energy, which is different from the finite mo-

mentum case that applies to p-wave interaction gases.!”! The
condensate densities are
20 — AM —Av
G 1) (14)
Ago—g AM
-2 \
= (80 gAM)IJ +8gam (1)
Ago— g AM
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By setting na = 0 and ny; = 0, respectively, we obtain the two ~ The relation between the condensate densities and the detun-

phase boundaries that separate the three phases, the molec-  ing is depicted in Fig. 3,

ular superfluid (MSF) phase, the atomic—molecular super- 4 20
fluid (AMSF) phase, and the atomic superfluid (ASF) phase. Vi= (2 - gA7M> ’ (16)
vd = (ngATM)u. (17)

: 4. Low energy excitations

\/EM i

| In this section, we will focus on low-energy excitation of
MSF ! the d-wave FR to double-check the consistency of the mean-
i field results. To begin with, we expand the field operators in
V Vi v ; the ASF, MSF, and AMSF phases around their mean-field con-

densate values, "8 g = ¥ + 8y and @, = P, + 59,,. With

Fig. 3. Atomic and molecular condensate density versus FR detuning v. these perturbatlon field representatlons, the Hamiltonian (1) is

The red curves denote the molecular condensate density, the blue curves expanded up to the second order in the momentum space with
denote the atomic condensate density. (i) MSF for v < v]‘[ ; (i) AMSF . . . ~
for vi < v < v¥; (iii) ASF for v > V. creation and annihilation operators dg 4 and by, «,

Z{ Z ( €6 k+054 Gk+QGaak+QG+7Loaa k+QoaGk+Qo>+tlal k+Qazk 0 T2k 1001 j+002, k0
k Lo=12

1 I X .
+Z ( (o kbm kbm Kkt 5 bm kbm k) 2 Z <gm nbn kbm kT }/m,nbm,—kbn,k) + Z ﬁl,)n,ca;kJrQGbm,k

m#n o,m

o.,m o,m o,m

+Zﬁ2mo‘agk+ggbjn’ k+Zﬁ3m0‘a6 —k+06 mk+2ﬁ4mo‘ac k+ngm —k Zamo‘kb kaGk-‘rQo- +hc}~ (13)

The parameters are defined below: ically diagonalized up to the k>-th order, and an exact diago-
nalization is used to validate our analysis in the meanwhile.
Eok = & — o +2A6.6|¥s)* + = (/112+3~21)\ L|2
+gaM Z DD, (19) 4.1. Atomic superfluid
m

1 1 \2 In the ASF phase, the previous section confirmed that the
O = F& 12 (581{) — M +80 ) Py P molecular modes are gapped. The relative mean field &, = 0,
n

and the atoms are condensed at zero momentum Q = 0. To

+80D;, D+ I+ [W)%), 20
_ 80P P+ gam([] [#21%) (20) discover the atomic modes, we need to integrate the molecu-
Ao = 5%,6'1’(?2, (21)  lar modes out (see Supplementary). In the low-energy regime,
1 i when k — 0, we calculate the dispersion up to the k-th order.
= 5()’12 +h) B, 22) " The atomic and molecular modes are given by
1 A
g = 5 (A +22) WY —gVaTk' Y, @, v (k), (23) A K2R
2 m Efy =\ 5. (5, +22na), (32)
) ’ m - 2m
On = 580D, D, (24) (21—2,12—),21)111\
() ) mm E = . k, (33)
8mn = g0¢m¢na (25) k2
Ynn = 80P Py, (26) E¥2,71,0,1,2.k = an V- 2Ana +gaMna, (34)
Bimo = sam¥o Py, @D where na is the atomic condensate density at the mean-field
Bome = gam¥s P, (28)  level, np = |¥|* + |¥5|?. The atomic modes are gapless exci-
Bsmo = gam¥y D, (29)  tations in the superfluid states. The molecular modes have an
Bimo = gam¥s Dy (30)  energy gap given by v —2Ana + gamna. When it vanishes,
k we have a transition from the ASF phase to the AMSF phase
Om,ok = §VATY5,0, (QG ) N (k- 2Q6) GD  atthe detuning value
where g, = ﬂj =2 and 2 = 1. The Hamiltonian is theoret- V =2Ana — gamhia, 35)
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which is consistent with Eq. (17) (ny = u/A). Figure 4 shows
the theoretical and numerical results. They are a good fit for
the small-k region.

1.5 molecular mode
—— atomic mode
numerical molecular mode
.
numerical atomic mode O
1.0
<
R
0.5
0
0 0.2 0.4 0.6 0.8 1.0

Fig. 4. ASF phase excitation spectrum. Here, we use the parameters
{m =lLu=1v= 3.2,111 =An = 37112 =Xl = 1}. The units are
arbitrary. All the molecular modes are gapped, but the atomic modes
are gapless. The five molecular modes are degenerate. The numerical
and theoretical results are a good fit for the small-k regime.

4.2. Molecular superfluid

In the MSF phase, the atomic modes are gapped and
their mean fields ¥| = ¥ = 0. The vanishment of the atomic
mean fields results in &, 5 x = 0, which means that the atomic
Hamiltonian and the molecular Hamiltonian are separable (see
supplementary). Referring to the mean-field ground state (8),
we choose the simplest case, D = 1, to explore its low-energy
excitation, and it leads to @ 5 1,12 =0, Py = \/nm. The re-
spective atomic dispersions are degenerate,

E} = \/e,f —4ng?kt Y, DYy (k) D1y (k) (36)
m,n
n
Eyy = ggmM k, 37)
k2
EN g = i (38)

The five molecular modes are all gapless, which proves that
they are in a superfluid state. For the MSF phase, = %(,UM"’
V)< %(uM—i—vf), from which we can obtain —u+gamnn > 0.

1.4

molecular mode

1.2 | — atomic mode
numerical molecular mode

. numerical atomic mode

1.0

0.8

E)

0.6
0.4

0.2

0

0 0.2 0.4 0.6 0.8 1.0
k

Fig. 5. MSF phase-excitation spectrum. The parameters used for the
MSF phase are {m = 1,u =0,v = —1.44,g¢p = 1}. The units are arbi-
trary. The atomic modes are gapped and degenerate. All the molecular
modes are gapless; m = 1, +2 are degenerate and denoted by the lower
green line, and m = 0 is denoted by the upper green line.

Therefore, in Eq. (36) k = 0 yields the energy gap,
AER = — 1+ gamnu. (39)

By setting AE,? = 0, the atomic modes become gapless and
the atomic condensates are emergent. Applying vV = 21 — Ly
and iy = gonwm (see Eq. (8)), we obtain the transition from the
MSF phase to the AMSF phase at the detuning value

v= (2g0> u, (40)
8AM

which is consistent with Eq. (16). Figure 5 shows the consis-
tency between the theoretical and numerical results.

4.3. Atomic-molecular superfluid

For the intermediate phase, both atomic and molecular
condensates exist. Hence, they define a complicated coupled
Hamiltonian (see supplementary). The molecular and atomic
condensate mean-field solutions are given by

-2

o= [EMETN D 0.0,1,0,007T, @)
gAM*gO7L

W, = 80M — 8AMHM (42)

2A80 — ZgiM ’

Similarly to what we achieved in the MSF phase, we choose
the simplest case to compute the spectra, D = 1. Diagonalizing
this Hamiltonian yields the spectra up to the k-th order

)JZA

—k, (43)

A
EA =
Lk m

1
Ep =] QA — A2 — Aa1)na (2m - SnMg) k,  (44)

(45)

(46)

Figure 6 shows the consistency between the theoretical results
and numerical results.

1.5

molecular mode

—— atomic mode
numerical molecular mode
numerical atomic mode

k

Fig. 6. AMSF phase-excitation spectrum. The parameters here are:
{m=1Lu=0,v=-1,A1=2An=15A2=2%;=05,g0=2,8am =
—1,g = 0.01}. The units are arbitrary. The atomic modes are gap-
less for the two blue lines. The molecular modes are also gapless:
m = +1,+2 are degenerate and denoted by the lower green line; m = 0
is denoted by the upper green line.
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5. Final remarks and conclusions

In general, atomic loss is inevitable near a Feshbach res-
onance. In this case, the free energy becomes complex and
the ground states are no longer stable. For simplicity, let us
qualitatively estimate the effect of atomic loss by introducing
imaginary parts into the chemical potentials ;> . However,
as a criterion, different quantum phases may be straightfor-
wardly obtained from Table 1 by replacing the chemical po-
tentials with their real parts, if we determine the ground states
according to the real parts of the free energies in Egs. (6), (8),
(9), and (10). The imaginary parts of the free energies deter-
mine the damping rates of the corresponding ground states.
When the relaxation times (to the equilibrium states) are far
shorter than the lifetime of the atomic gas due to atomic loss,
the ground states predicted here are still observable. The qual-
itative properties of low-energy excitation spectra (such as the
numbers of gapless modes) are also expected to be unchanged
due to the introduction of atomic loss when the continuous
symmetries are not broken. It is hard to quantitatively esti-
mate the effect of atomic loss at this stage, since the experi-
ment lacks the necessary data.

In this paper, we studied the mean-field ground state of a
d-wave interacting Bose gas, and found that there are three su-
perfluid phases: the atomic, molecular and atomic—molecular
superfluid phases. What was most surprising was that, unlike

[7-9

the p-wave case,!’! we found that the atomic superfluid does

not carry finite momentum. Furthermore, we studied the low-

energy excitation spectrum above the superfluid phases. Our
work provides a basic reference for experiments on degenerate
d-wave interacting Bose gases.
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